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�++`2iBQM ~QrbfJ>.fTH�bK� T?vbB+bX _�K2b?Ƕb ?�#Bi Q7 +H2�` i?BMFBM; �#Qmi `2b2�`+? T`Q#H2Kb

?�b BMbTB`2/ K2 iQ bi`Bp2 7Q` i?2 b�K2 +H2�` i?BMFBM;X

�Mv ;`�/m�i2 bim/2Mi rQmH/ #2 7Q`imM�i2 iQ ?�p2 QM2 2t+2HH2Mi �/pBb2`c A r�b mMmbm�HHv Hm+Fv iQ

?�p2 � b2+QM/- BM GQ`2MxQ aB`QMBX GQ`2MxQǶb #QmM/H2bb QTiBKBbK �M/ 2M2`;v ?�p2 #22M +QMi�;BQmb-

�M/ +?�iiBM; rBi? GQ`2MxQ QM `2b2�`+? ?�b �Hr�vb #22M � KQ`�H2 #QQbi2`X A �K 2bT2+B�HHv i?�MF7mH

iQ GQ`2MxQ 7Q` i2�+?BM; K2 �Mvi?BM; A FMQr �#Qmi TH�bK� T?vbB+b- i?2 T�`iB+H2@BM@+2HH K2i?Q/-

�M/ i?2 +Q/2 TRISTAN-MP- r?B+? Bb i?2 +Q`M2`biQM2 Q7 i?2 rQ`F T`2b2Mi2/ BM i?Bb /Bbb2`i�iBQMX A

i?BMF i?2 }`bi iBK2 A b�i /QrM rBi? GQ`2MxQ iQ /Bb+mbb i?2 }`bi T`QD2+i QM bBKmH�iBQMb Q7 K�;M2iB+

`2+QMM2+iBQM- A #�`2Hv FM2r ?Qr iQ QT2M Terminal QM Kv +QKTmi2`c GQ`2MxQ iQQF K2 7`QK i?Bb

Bt



bi�;2- iQ #2+QKBM; � bQK2r?�i 2tT2`B2M+2/ mb2` Q7 i?2 TRISTAN-MP +Q/2- �M/ 2p2Mim�HHv iQ K�FBM;

MQMi`BpB�H +QMi`B#miBQMb iQ Qm` p2`bBQM Q7 i?2 +Q/2c A �K 2MQ`KQmbHv ;`�i27mH 7Q` �HH Q7 i?2 iBK2

�M/ 2M2`;v GQ`2MxQ BMp2bi2/ BM K2 i?`Qm;?Qmi i?Bb T`Q+2bbX A �K �HbQ i?�MF7mH iQ GQ`2MxQ 7Q`

i2�+?BM; K2 ?Qr iQ 2z2+iBp2Hv `2�/ `2b2�`+? T�T2`b- �M/ �HbQ 7Q` ?Bb i?Q`Qm;? 722/#�+F QM Kv

rQ`Fc GQ`2MxQǶb /BHB;2M+2 �M/ �ii2MiBQM iQ /2i�BH ?�p2 BMbTB`2/ BM K2 �M 2zQ`i iQ T`Q/m+2 rQ`F i?�i

Bb �b +QKTH2i2 �M/ ?B;? [m�HBiv �b A +�M K�M�;2X

A �K 2ti`2K2Hv ;`�i27mH iQ Kv +QKKBii22 K2K#2` �M/ �+�/2KB+ �/pBb2` J�b�?B`Q JQ`BB- r?Q

?�b T`QpB/2/ K2 rBi? 2t+2HH2Mi �/pB+2 bBM+2 Kv }`bi v2�`- �M/ r?Qb2 BMi2`p2MiBQM ?2HT2/ K2 iQ

�p2`i r?�i r�b bm`2 iQ #2 � MQM@B/2�H Qmi+QK2X �T�`i 7`QK i?2 2t+2HH2Mi �/pB+2 J�b�?B`Q T`QpB/2/

/m`BM; �/pBbBM; K22iBM;b- A �TT`2+B�i2/ i?2 mMT`2/B+i�#H2 �M/ �KmbBM; /Bb+mbbBQMb i?�i rQmH/

bQK2?Qr bT`Qmi mT- r?B+? �Hr�vb ?2HT2/ iQ #`B;?i2M Kv T2`bT2+iBp2 #v i?2 2M/ Q7 Qm` K22iBM;bX

A �K i?�MF7mH iQ Kv +QKKBii22 K2K#2` .Qm; 6BMF#2BM2`- r?Q ?2HT2/ /B`2+i K2 BMiQ � `2b2�`+?

�`2�f;`QmT i?�i rQmH/ mHiBK�i2Hv #2 � ;QQ/ }i 7Q` K2- �M/ 7Q` �HH Q7 i?2 mb27mH �/pB+2 QM `2b2�`+?-

`2;�`/BM; ;`�/m�i2 b+?QQH �M/ �HbQ HQQFBM; iQ i?2 7mim`2X A `2K2K#2` r2 ?�/ QM2 Q7 Qm` �/pBbBM;

K22iBM;b Qp2` 7QQ/ �i i?2 T?vbB+b /2T�`iK2Mi TB+MB+- �M/ r2 r2`2 /Bb+mbbBM; i?2 /�M;2`b Q7 mbBM;

+Q/2b �b ǵ#H�+F #Qt2b-Ƕ � ?�#Bi i?�i A r�b bm`2 A r�b ;mBHiv Q7 �i i?2 iBK2- #mi r�bMǶi [mBi2 bm`2 ?Qr

iQ #`2�F Qmi Q7X A `2K2K#2` .Qm; bm;;2biBM; i?�i ivTB+�HHv vQm M22/ iQ i�F2 i?2 BMBiB�iBp2 bQ i?�i

+Q/2 /Q2b MQi `2K�BM � #H�+F #Qt- �M/ Bi Bb bQK2iBK2b 2�bB2bi iQ /Q i?�i #v }M/BM; � bK�HH T`QD2+i

i?�i BMpQHp2b KQ/B}+�iBQMb iQ i?2 +Q/2c A r?QH2?2�`i2/Hv #2HB2p2 i?�i i?Bb �/pB+2 BKTH�Mi2/ BM Kv

bm#+QMb+BQmb iQ i`v bQK2 Q7 i?2 +Q/BM; T`QD2+ib i?�i ?2HT2/ K2 iQ Qp2`+QK2 i?2 #�``B2` Q7 mbBM;

Kv K�BM +Q/2 �b � #H�+F #QtX

A i?�MF i?2 �/KBMBbi`�iQ`b �i i?2 S?vbB+b .2T�`iK2Mi- i?2 "H�+F >QH2 AMBiB�iBp2 U">AV- �M/ i?2

*2Mi2` 7Q` �bi`QT?vbB+b U*7�V- 7Q` F22TBM; 2p2`vi?BM; `mMMBM; HBF2 +HQ+FrQ`F- �M/ 7Q` i?2B` FBM/M2bb

�M/ r2H+QKBM;X A �K 2bT2+B�HHv i?�MF7mH iQ "�`#�`� 1H7K�M �i i?2 ">Ac LBM� wQMM2pvHH2- J�`F

t



S�HK2`- �M/ _Q## a+?QHi2M �i i?2 *7�c �M/ GBb� *�++B�#�m/Q �M/ *�`QH .�pBb BM i?2 S?vbB+b

.2T�`iK2MiX �HH Q7 i?2b2 T2QTH2 r2Mi �#Qp2 �M/ #2vQM/ iQ ?2HT K2- r?2i?2` Bi r�b ?2HT rBi?

KQpBM; Kv bimz 7`QK i?2 *7� iQ i?2 ">A- ?2HTBM; K2 iQ M�pB;�i2 "vx�MiBM2 `2BK#m`b2K2Mi 7Q`Kb-

Q` T`QpB/BM; bm;;2biBQMb Q7 TH�+2b iQ pBbBi BM �M/ �`QmM/ "QbiQMX

A i?�MF 6�a `2b2�`+? +QKTmiBM;- �M/ 2bT2+B�HHv S�mH 1/KQM- 7Q` �HH Q7 i?2 i2+?MB+�H ?2HT BM mbBM;

i?2 P/vbb2v +QKTmiBM; +Hmbi2`- �M/ 7Q` `2bTQM/BM; iQ Kv 7`2[m2Mi ?2HT iB+F2ibX S�mHǶb 2tT2`iBb2

�M/ bT22/v `2bTQMb2 ?�p2 #22M +`m+B�H BM ?2HTBM; K2 iQ mb2 2z2+iBp2Hv i?2 HQ+�H +QKTmiBM; `2bQm`+2b

M22/2/ 7Q` i?2 rQ`F BM i?Bb /Bbb2`i�iBQMX

A i?�MF +m``2Mi �M/ T`2pBQmb `2b2�`+? ;`QmT K2K#2`b- 7Q` b?�`BM; i?2B` 2tT2`iBb2- 7Q` i?2B`

BMbTB`BM; /2/B+�iBQM iQ `2b2�`+?- �M/ 2p2M Dmbi i?2B` +QKT�Mv BM i?2 Q{+2 UQ7i2MiBK2b H�i2 BMiQ i?2

MB;?iVX A �K 2bT2+B�HHv i?�MF7mH iQ �M/`2r *?�2H- 7Q` ?Bb �Hr�vb mb27mH BMTmi QM p�`BQmb +QKTmiBM;

�M/ T?vbB+b [m2biBQMb- �M/ rBi? r?QK A r�b 7Q`imM�i2 iQ rQ`F rBi? QM i?2 K�;M2iB+ `2+QMM2+iBQM

?2�iBM; T`2b+`BTiBQM T`QD2+ic "`�M/QM *m`/- 7Q` M2p2`@/mHH �7i2`MQQM +QMp2`b�iBQMb- 7Q` ?Bb Qp2`�HH

TQbBiBpBiv- �M/ 7Q` ?Bb rBHHBM;M2bb iQ /Bb+mbb `2b2�`+? [m2biBQMb BM /2i�BHc �M/ sBMvB :mQ- r?Qb2

rQ`F 2i?B+ �M/ [mB+F T`Q+2bbBM; bT22/ ?�p2 #22M i`mHv BMbTB`BM;X A �K i?�MF7mH �HbQ iQ KQ`2 b2MBQ`

;`QmT K2K#2`b �M/ ">A U�M/ Qi?2`V TQbi/Q+b- BM+Hm/BM; �iBb? E�K#H2- sm2MBM; "�B- LB+F Jm`T?v-

S�mH *?2bH2`- 62`�x �x?�`- J�+B2F qB2H;mb- �M/ .QK S2b+2X AMi2`�+iBM; rBi? bm+? ?B;?@+�HB#2`

`2b2�`+?2`b- i2�+?2`b- �M/ Qp2`�HH �K�xBM; T2QTH2 Qp2` i?2 T�bi b2p2`�H v2�`b ?�b #22M � T`Q7QmM/

H2�`MBM; 2tT2`B2M+2- �M/ ?�b BMbTB`2/ K2 iQ Tmi 7Q`i? Kv #2bi 2zQ`i BM `2b2�`+?c A �K 2ti`2K2Hv

i?�MF7mH 7Q` i?2B` FBM/M2bb �M/ �/pB+2 QM p�`BQmb iQTB+bX

A i?�MF Kv 7`B2M/b 7Q` +QMi`B#miBM; iQ Kv Qp2`�HH [m�HBiv Q7 HB72- �M/ ?2HTBM; K2 iQ #�H�M+2

`2b2�`+? rBi? Qi?2` bQ`ib Q7 �+iBpBiB2bX A �K 2bT2+B�HHv i?�MF7mH iQ Kv ;QQ/ 7`B2M/ �M/ FBM/`2/

bTB`Bi C�2 >v2QM G22- r?Qb2 bBKBH�` b2Mb2 Q7 ?mKQ` ?�b ?2HT2/ K2 iQ F22T i?BM;b BM T2`bT2+iBp2c

.QK qBH/- 7Q` i?Qm;?i7mHM2bb- BM+`2/B#H2 ;2M2`QbBiv- �M/ 7Q`+BM; K2 iQ ?�p2 7mM �;�BMbi Kv #2ii2`
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Dm/;K2Mic J�ii _BbTQHB- 7Q` �Hr�vb #2BM; rBHHBM; iQ H2M/ � ?2HTBM; ?�M/- 7Q` BMD2+iBM; � ?27iv /Qb2 Q7

?mKQ` BMiQ Kv ;`�/m�i2 b+?QQH 2tT2`B2M+2- �M/ 7Q` ?Bb mT#2�iM2bbc _QM �H2t�M/2`- 7Q` ?Bb FBM/M2bb-

?mKQ`- �M/ 7mM iBK2b Qp2` Qm` b?�`2/ BMi2`2bib BM SNES- ǵh?2 _QQK-Ƕ �M/ Qi?2` `2bT2+i�#H2 ?Q##B2bc

*?`Bb 6`v2- 7Q` i?2 K�Mv 7mM ?BF2b- +�KTBM;- �M/ #�+FT�+FBM; i`BTb U�M/ r?QK A +�MMQi `2+�HH 2p2`

K�FBM; �M BM+Q``2+i T?vbB+b bi�i2K2MiVX A �K i?�MF7mH �HbQ iQ Kv ;QQ/ 7`B2M/ �M/ 72HHQr ;`�/m�i2

bim/2Mi JB+?�2H :`QK2- r?QK A ?�p2 FMQrM bBM+2 2H2K2Mi�`v b+?QQH- �M/ r?Q ?�b �Hr�vb #22M

� rQM/2`7mH bQmM/BM; #Q�`/ 7Q` +`2�iBp2 b+B2M+2 [m2biBQMb- �M/ Bb `2bTQMbB#H2 7Q` 2tT�M/BM; Kv

b+B2M+2 ?Q`BxQMb rBi? 7�Mi�biB+ /Bb+mbbBQMb QM KQH2+mH�` #BQHQ;v �M/ ;2M2iB+ 2M;BM22`BM;X

A �K BM/2#i2/ iQ Kv mM/2`;`�/m�i2 T?vbB+b �M/ K�i? �/pBb2`b C�bQM ai�HM�F2` �M/ "Q# "Qb+?-

rBi?Qmi r?Qb2 bmTTQ`i �M/ ;mB/�M+2- A +QmH/ MQi ?�p2 �ii2M/2/ ;`�/m�i2 b+?QQHX C�bQMǶb b2H~2bbM2bb-

?B;?2bi@[m�HBiv i2�+?BM;- QTiBKBbK- �M/ T�iB2M+2 ?�p2 K�/2 � H�biBM; BKT�+i- �M/ Q`B;BM�HHv BMbTB`2/

K2 iQ 7m`i?2` Tm`bm2 T?vbB+bc "Q#Ƕb bmTTQ`i- FBM/M2bb- �M/ +`2�iBpBiv ?2HT2/ iQ 2M;2M/2` BM K2

� ;2MmBM2 722HBM; Q7 b2H7@2{+�+v BM Kv `2b2�`+?- �M/ rQ`FBM; rBi? ?BK r�b � ?B;?HB;?i Q7 Kv

mM/2`;`�/m�i2 v2�`bX

6BM�HHv- A i?�MF Kv 7�KBHv, JQK- .�/- �M/ Kv #`Qi?2` _2Mc 2p2M B7 vQm /QMǶi mM/2`bi�M/ 2t�+iHv

r?v A r�Mi2/ iQ �ii2M/ ;`�/m�i2 b+?QQH- vQmǶp2 �Hr�vb #22M bmTTQ`iBp2- �M/ rBi?Qmi vQm` b�+`B}+2b-

bmTTQ`i- �M/ mM+QM/BiBQM�H +�`BM;- MQM2 Q7 i?Bb rQmH/ ?�p2 #22M TQbbB#H2c A Qr2 2p2`vi?BM; iQ vQmX

tBB



RX AMi`Q/m+iBQM

J�;M2iB+ `2+QMM2+iBQM Bb #2HB2p2/ iQ TH�v � +2Mi`�H `QH2 BM bQK2 Q7 i?2 KQbi pBQH2Mi
TH�bK� T?2MQK2M� Q#b2`p2/- BM+Hm/BM; bQH�` ~�`2b- +Q`QM�H K�bb 2D2+iBQMb- K�;M2iB+
biQ`Kb BM i?2 1�`i?Ƕb K�;M2iQbT?2`2- �M/ b�riQQi? +`�b?2b BM iQF�K�FbX UG2 2i �HX-
kyyNV

J�;M2iB+ `2+QMM2+iBQM Q7i2M H2�/b iQ 2tTHQbBp2 `2H2�b2 Q7 2M2`;v �M/ Bb i?Qm;?i iQ #2
QT2`�iBp2 BM bT�+2- H�#Q`�iQ`v- �M/ �bi`QT?vbB+�H TH�bK�bX UGBm 2i �HX- kyR9V

J�;M2iB+ `2+QMM2+iBQM Bb �M BKTQ`i�Mi 7mM/�K2Mi�H TH�bK� T`Q+2bb BMpQHpBM; � `�TB/
+?�M;2 Q7 K�;M2iB+ iQTQHQ;v �M/ Q7i2M H2�/BM; iQ � pBQH2Mi `2H2�b2 Q7 K�;M2iB+ 2M2`;vX
Ulx/2MbFv- kyRRV

J�;M2iB+ `2+QMM2+iBQM /`Bp2b i?2 `2H2�b2 Q7 K�;M2iB+ 2M2`;v BM 2tTHQbBp2 2p2Mib bm+?
�b /Bb`mTiBQMb BM H�#Q`�iQ`v 2tT2`BK2Mib- K�;M2iB+ bm#biQ`Kb BM i?2 1�`i?Ƕb K�;M2iQ@
bT?2`2 �M/ ~�`2b BM i?2 bQH�` +Q`QM�X Ua?�v 2i �HX- kyydV

h?2b2 �`2 i?2 QT2MBM; HBM2b 7`QK � 72r DQm`M�H �`iB+H2b �#Qmi K�;M2iB+ `2+QMM2+iBQM U.mM;2v-

RN8jV- �M/ MmK2`Qmb Qi?2`b #2;BM bBKBH�`HvX h?2 ǵpBQH2MiǶ �M/ ǵ2tTHQbBp2Ƕ +�T�+Biv Q7 `2+QMM2+iBQM

Bb [mQi2/ bQ Q7i2M i?�i `2T2�iBM; Bi #Q`/2`b QM TH�iBim/2X "v #`B2~v `2pB2rBM; i?2 /2i�BHb Q7 �

T�`iB+mH�`Hv b2p2`2 BMbi�M+2 Q7 � `2+QMM2+iBQM@BM/m+2/ bQH�` biQ`K- r2 K�v `2/Qm#H2 Qm` +QMpB+iBQMb

�#Qmi i?2 2tTHQbBp2 TQr2` Q7 `2+QMM2+iBQMX

h?2 >�HHQr22M bQH�` biQ`Kb Q7 kyyj r2`2 bQK2 Q7 i?2 KQbi 2M2`;2iB+ bQH�` biQ`Kb 2p2` `2+Q`/2/X

hrQ iQ i?`22 v2�`b �7i2` bQH�` K�t UBX2X i?2 iBK27`�K2 BM r?B+? bQH�` �+iBpBiv bm+? �b +Q`QM�H K�bb

2D2+iBQMb- bmMbTQib- bQH�` B``�/B�M+2- 2i+X- `2�+?2b i?2 HQ+�H K�tBKmK Q7 Bib ∼11 v2�` bQH�` +v+H2c b22

6B;X RXRV- r?B+? Bb ivTB+�HHv � T2`BQ/ Q7 /2+HBMBM; K�;M2iB+ �+iBpBiv QM i?2 amM- Bi r�b bm`T`BbBM;

i?�i Rd BMi2Mb2 bmMbTQib r2`2 Q#b2`p2/ BM i?2 bT�M Q7 Dmbi � 72r r22Fb 7`QK KB/@P+iQ#2` iQ 2�`Hv

LQp2K#2` UL�a�- kyy3VX � H�`;2 7`�+iBQM Q7 i?2b2 ~�`2/ QM P+iQ#2` k3th- `2H2�bBM; ∼6.2 × 1034

:2o Q7 2H2+i`QK�;M2iB+ 2M2`;v UJQx2` � S`Bi+?2ii- kyRyVc i?Bb Bb i?2 2M2`;v 2[mBp�H2Mi Q7 KQ`2

i?�M 20 K�bb@2tiBM+iBQM@bBx2/ K2i2Q`b- Q` �`QmM/ 400× i?2 +mKmH�iBp2 rQ`H/ 2M2`;v +QMbmKTiBQM
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7`QK R3jy iQ kyRNX �biQMBb?BM;Hv- mT iQ 8yW Q7 i?2 K�;M2iB+ 2M2`;v i?�i Bb /BbbBT�i2/ /m`BM; �

bQH�` ~�`2 +�M K�MB72bi �b �++2H2`�i2/ 2H2+i`QMb UJQx2` � S`Bi+?2ii- kyRyVXR

h?2 /�v �7i2` i?2b2 ~�`2b 2`mTi2/- i?2 +Q``2bTQM/BM; +Q`QM�H K�bb 2D2+iBQM `2�+?2/ i?2 1�`i?-

#�ii2`BM; Bib K�;M2iB+ }2H/ �M/ BM/m+BM; +m``2Mib BM i?2 1�`i?Ƕb MQ`i?2`M H�iBim/2b UJQx2` �

S`Bi+?2ii- kyRyVX h?Bb H2/ iQ TQr2` Qmi�;2b BM ar2/2M- �M/ 7Q`+2/ �B`@i`�{+ +QMi`QHH2`b iQ `2`Qmi2

~B;?ib- bQ �b iQ �pQB/ +QKKmMB+�iBQM /2�/xQM2b �M/ `2/m+2 2tTQbm`2 iQ i?2 ;2QK�;M2iB+�HHv BM/m+2/

`�/B�iBQM UL�a�- kyy3c JQx2` � S`Bi+?2ii- kyRyVX L�a� rQmH/ H�i2` `2TQ`i i?�i KQ`2 i?�M ?�H7

Q7 Bib M2�`@1�`i? �M/ bT�+2 b+B2M+2 KBbbBQMb r2`2 /�K�;2/ Q` �z2+i2/ #v i?2 bQH�` biQ`K UL�a�-

kyy3VX

6B;m`2 RXR, LmK#2` Q7 bmMbTQib pbX iBK2 UBM v2�`bV 7`QK R3R3ĜkyRdX J2�bm`2K2Mib /2MQi2 i?2 v2�`Hv
�p2`�;2 Q7 /�BHv K2�bm`2K2Mib- �M/ 2``Q` #�`b /2MQi2 i?2 bi�M/�`/ /2pB�iBQM +QKTmi2/ 7`QK /�BHv K2�@
bm`2K2Mib Qp2` i?2 +Q``2bTQM/BM; v2�`X amMbTQi /�i� �`2 Tm#HB+Hv �p�BH�#H2 7`QK i?2 qQ`H/ .�i� *2Mi2`
aAGaP- _Qv�H P#b2`p�iQ`v Q7 "2H;BmK- "`mbb2HbX

h?2 �p2`�;2 K�;M2iB+ }2H/ BM i?2 amMǶb +Q`QM� Bb �`QmM/ 1 :- �M/ rBi?BM bmMbTQib Bb K2�bm`2/

iQ #2 K�Mv iBK2b H�`;2`- Q7 Q`/2` 4000 : UGBpBM;biQM 2i �HX- kyyeVX q?BH2 FMQrM rBi? H2bb +2`i�BMiv-

�p2`�;2 K�;M2iB+ }2H/b BM i?2 2ti`2K2 2MpB`QMK2Mi Q7 bmT2`K�bbBp2 #H�+F ?QH2 U">V +Q`QM�2 UBX2X-

i?2 ;�b 7�` �#Qp2 �M/ #2HQr i?2 KB/TH�M2 Q7 i?2 "> �++`2iBQM /BbFV �M/ `2H�iBpBbiB+ D2ib �`2 2tT2+i2/

iQ #2 Q7 Q`/2` 100 : Uum�M � L�`�v�M- kyR9c CQ?MbQM 2i �HX- kyR8c .�HHBH�` 2i �HX- kyRdVck QM2 +�M
Rh?2 2{+B2M+v rBi? r?B+? K�;M2iB+ `2+QMM2+iBQM +�M ?2�i �M/ �++2H2`�i2 T�`iB+H2b rBHH T`Qp2 iQ #2 +`m+B�H

BM Qm` H�i2` /Bb+mbbBQM Q7 +QHHBbBQMH2bb �++`2iBQM ~Qrb �`QmM/ #H�+F ?QH2bX
kh?2 }2H/ Bb 2p2M bi`QM;2` �`QmM/ bi2HH�` K�bb ">X

k



BK�;BM2 i?�i- BM �M�HQ;v rBi? i?2 amM- i?2`2 �`2 `2;BQMb Q7 BMi2Mb2 K�;M2iB+ }2H/- i?Qmb�M/b Q7

iBK2b bi`QM;2` i?�M i?2 �p2`�;2- ∼100 :X :Bp2M i?2 2{+B2M+v rBi? r?B+? K�;M2iB+ `2+QMM2+iBQM-

BM i?2 +QMi2ti Q7 bQH�` T?vbB+b- Bb FMQrM iQ +QMp2`i K�;M2iB+ 2M2`;v BMiQ FBM2iB+ 2M2`;v U?2�iBM;

�M/ �++2H2`�iBQM Q7 T�`iB+H2b- �M/ #mHF KQiBQM Q7 TH�bK�V- Bi Bb M�im`�H iQ �bF r?�i K�v #2 i?2 `QH2

Q7 K�;M2iB+ `2+QMM2+iBQM BM /BbbBT�iBM; K�;M2iB+ 2M2`;v BM "> +Q`QM�2c i?Bb Bb QM2 Q7 i?2 K�BM

[m2biBQMb 2tTHQ`2/ BM i?Bb i?2bBbX

� `2�HBbiB+ /2b+`BTiBQM Q7 K�;M2iB+ /BbbBT�iBQM pB� `2+QMM2+iBQM- �M/ 2H2+i`QM ?2�iBM; BM T�`iB+mH�`-

Bb pBi�HHv BKTQ`i�Mi BM ;2M2`�iBM; KQ/2Hb i?�i K�v #2 `2HB�#Hv +QKT�`2/ rBi? Q#b2`p�iBQMb Q7 #H�+F

?QH2b Uh?2 1>h *QHH�#Q`�iBQM 2i �HX- kyRNVX hrQ Q7 i?2 T`BK�`v i�`;2ib Q7 i?2 1p2Mi >Q`BxQM

h2H2b+QT2 U1>hV �`2 J2bbB2` 3d UJ3dV- rBi? Bib /BbiBM+iBp2 D2i- �M/ a�;Bii�`Bmb �∗ Ua;` �∗V- i?2

bmT2`K�bbBp2 "> �i i?2 +2Mi2` Q7 i?2 JBHFv q�vX h?2b2 �+iBp2 ;�H�+iB+ Mm+H2B U�:LV /Bz2` 7`QK

Qi?2` /Bbi�Mi �:L BM i?�i i?2v `�/B�i2 �i QMHv � bK�HH 7`�+iBQM Q7 i?2 1//BM;iQM HBKBiX h?Bb

TmxxHBM; T`QT2`iv +�M #2 2tTH�BM2/ rBi?BM i?2 7`�K2rQ`F Q7 �/p2+iBQM@/QKBM�i2/ �++`2iBQM ~Qrb

U�.�6b- L�`�v�M � uB URNN8�Vc �HbQ FMQrM �b `�/B�iBp2Hv BM2{+B2Mi �++`2iBQM ~Qrb- _A�6b UaiQM2

2i �HX- RNNNc A;mK2Mb?+?2p 2i �HX- kyyjc "2+FrBi? 2i �HX- kyy3VVXj

AM i?2 �.�6 KQ/2H- i?2 �++`2iBM; TH�bK� UBX2X- BQMBx2/ ;�bV QMiQ i?2 "> Bb mM�#H2 iQ +QQH

2{+B2MiHv- bQ i?2 TH�bK� ?2�ib mT iQ p2`v ?B;? i2KT2`�im`2b �M/ Tmzb mT BMiQ � ;2QK2i`B+�HHv

i?B+F- QTiB+�HHv i?BM /BbFX "2+�mb2 Q7 i?2 HQr ;�b /2MbBiv- i?2 TH�bK� Bb �++m`�i2Hv KQ/2H2/ �b �

ǵ+QHHBbBQMH2bbǶ ;�b- K2�MBM; i?�i i?2 K2�M 7`22 T�i? BM i?2 TH�bK� Bb Km+? H�`;2` i?�M i?2 /vM�KB+�H

iBK2b+�H2- BX2X *QmHQK# +QHHBbBQMb K�v #2 M2;H2+i2/X .2bTBi2 i?2 �#b2M+2 Q7 *QmHQK# +QHHBbBQMb-

2M2`;v i`�Mb72` �KQM;bi T�`iB+H2 +QMbiBim2Mib U�M/ �HbQ #2ir22M T�`iB+H2b �M/ i?2 2H2+i`QK�;M2iB+

}2H/V Q7 i?2 TH�bK� K�v T`Q+22/ i?`Qm;? p�`BQmb TH�bK� T`Q+2bb2b- 2X;X `2+QMM2+iBQMX

.BbbBT�iBQM Q7 K�;M2iB+ 2M2`;v- �M/ i?2 �bbQ+B�i2/ T�`iB+H2 ?2�iBM;- BM +QHHBbBQMH2bb- K�;M2iBx2/
j�M ǵ�++`2iBQM ~QrǶ `272`b iQ i?2 K�i2`B�H Q`#BiBM; � K�bbBp2 +2Mi`�H #Q/vc BM Qm` +�b2- i?2 K�i2`B�H Bb

TH�bK�- �M/ i?2 +2Mi`�H #Q/v r2 +QMbB/2` Bb � #H�+F ?QH2X

j



;�b Bb +QMi`QHH2/ #v 7mM/�K2Mi�H TH�bK� T?vbB+b- r?B+? Bb �#b2Mi BM b+�H2@7`22 i?2Q`B2b bm+? �b

K�;M2iQ?v/`Q/vM�KB+b UJ>.V- �M/ p�`B�Mib i?2`2Q7X h?Bb HBKBi�iBQM Q7 i`�/BiBQM�H J>. bBKmH�@

iBQMb Bb TQi2MiB�HHv b2p2`2X qBi?Qmi }`bi@T`BM+BTH2b- 7mHHv@FBM2iB+ KQ/2HBM; Q7 K�;M2iB+ /BbbBT�iBQM

BM TH�bK�- �M/ i?2 +Q``2bTQM/BM; 2M2`;v T�`iBiBQM #2ir22M 2H2+i`QMb �M/ T`QiQMb- +QMp2MiBQM�H

J>. bBKmH�iBQMb ?�p2 MQ r�v Q7 `2bQHpBM; i?2 TH�bK� KB+`QT?vbB+b i?�i Bb +`m+B�HHv BKTQ`i�Mi iQ

+QMi`QHHBM; i?2 ?2�iBM; Q7 2H2+i`QMb- i?2 T�`iB+H2b BM "> �++`2iBQM ~Qrb r?B+? T`Q/m+2 i?2 `�/B�iBQM

i?�i Bb mHiBK�i2Hv +QKT�`2/ rBi? bBKmH�i2/ `�/B�iBQM #�b2/ QM ;2M2`�H `2H�iBpBbiB+ J>. KQ/2Hb

Q7 �++`2iBQM ~Qrb Ub22 6B;X RXk 7Q` �M BHHmbi`�iBQMVX h?2 bBim�iBQM K�v #2 BKT`Qp2/ #v T`QpB/@

BM; � bm#@;`B/ T`2b+`BTiBQM 7Q` 2H2+i`QM ?2�iBM;- KQiBp�i2/ #v 7mHHv@FBM2iB+ KQ/2HBM; Q7 K�;M2iB+

`2+QMM2+iBQMX .2p2HQTBM; bm+? �b T`2b+`BTiBQM Bb � K�BM ;Q�H Q7 i?Bb i?2bBb Ua22 *?bX k �M/ jVX

A

B0

B

6B;m`2 RXk, 1H2+i`QMb U#Hm2 +B`+H2bV +�M T`Q/m+2 `�/B�iBQM Ur�pv HBM2bV i?`Qm;? U�V bvM+?`Qi`QM `�/B�@
iBQM- r?2`2 i?2 2H2+i`QM ;v`�i2b �#Qmi � K�;M2iB+ }2H/ HBM2 UBM/B+�i2/ #v i?2 /�b?2/ #Hm2 �``Qrc i?2 K�;@
MBim/2 Bb B0V �M/ U"V BMp2`b2 *QKTiQM b+�ii2`BM;- r?2`2BM � HQr@2M2`;v T?QiQM ;�BMb 2M2`;v pB� b+�ii2`@
BM; Qz � ?B;?2`@2M2`;v 2H2+i`QMc #2+�mb2 2H2+i`QMb T`Q/m+2 i?2 `�/B�iBQM i?�i Bb mHiBK�i2Hv Q#b2`p�#H2 QM
1�`i?- � /2i�BH2/ mM/2`bi�M/BM; Q7 i?2 KB+`QT?vbB+b Q7 2H2+i`QM ?2�iBM; BM +QHHBbBQMH2bb �++`2iBQM ~Qrb Bb
+`BiB+�H r?2M +QKT�`BM; KQ/2Hb Q7 "> �++`2iBQM ~Qrb rBi? Q#b2`p�iBQMbX

RXR ar22i@S�`F2` K�;M2iB+ `2+QMM2+iBQM, � bBKTHB}2/ �M�HviB+ KQ/2H

6Q` i?2 KQK2Mi- H2i mb �#bi`�+i �r�v i?2 UBKTQ`i�Mi �M/ +QKTHB+�i2/V +QMi2tim�H /2i�BHb Q7 `2@

+QMM2+iBQM BM "> +Q`QM�2- �M/ 7Q+mb QM � bBKTHB}2/ �M�HviB+�H /2b+`BTiBQM Q7 `2+QMM2+iBQM- i?2

9



ar22i@S�`F2` KQ/2H Uar22i- RN83c S�`F2`- RN8dVX q?BH2 i?2 ar22i@S�`F2` KQ/2H Bb BKT2`72+i U2X;X-

Bi T`2/B+ib � ǵbHQrǶ `2+QMM2+iBQM `�i2 r?B+? Bb BM+QKT�iB#H2 rBi? 2tT2`BK2Mi�HHv Q#b2`p2/ `2+QMM2+@

iBQM `�i2b BM i?2 bQH�` �iKQbT?2`2- 1�`i?Ƕb K�;M2iQbT?2`2- �M/ H�#Q`�iQ`v TH�bK�bV- � ;QQ/ /2�H

Q7 T?vbB+�H BMimBiBQM K�v #2 ;H2�M2/ 7`QK i?2 ar22i@S�`F2` KQ/2HX

q2 +QMbB/2` � `2+QMM2+iBQM H�v2` rBi? ?�H7@H2M;i? L �M/ ?�H7@i?B+FM2bb δ Ub22 6B;X RXjVX SH�bK� BM

i?2 ǵBM~QrǶ U2[mBp�H2MiHv- ǵmTbi`2�KǶV `2;BQMb- +Q``2bTQM/BM; `Qm;?Hv iQ i?2 #Hm2 �M/ `2/ �`2�b- ~Qr

�HQM; ±y rBi? bT22/ vin BMiQ i?2 +m``2Mi b?22i U;`22M `2;BQMV- �M/ i?2M Bb 2D2+i2/ �HQM; ±x U�HQM;

i?2 ǵQmi~QrbǶ Q` ǵ/QrMbi`2�KǶV rBi? bT22/ voutX h?2 K�;M2iB+ }2H/ TQBMib �HQM; −x BM i?2 mTT2`

T�`i Q7 i?2 /QK�BM- �M/ �HQM; +x BM i?2 HQr2` ?�H7X h?2 K�bb /2MbBiv BM i?2 mTbi`2�K Bb ρinc �b �

bBKTHB}+�iBQM- r2 �bbmK2 2[m�H BM~Qr �M/ Qmi~Qr /2MbBiB2bX h?2 +QM};m`�iBQM b?QrM BM 6B;X RXj Bb

�bbmK2/ iQ #2 iBK2@BM/2T2M/2Mi- �b r2HH �b bvKK2i`B+ �M/ BbQi`QTB+ �HQM; i?2 BM~Qrb �M/ Qmi~QrbX

qBi? i?Bb BMimBiBp2 TB+im`2 Q7 K�;M2iB+ `2+QMM2+iBQM- r2 rBHH /2`Bp2 i?2 b+�HBM; Q7 i?2 Qmi~Qr bT22/

vout rBi? i?2 bi`2M;i? Q7 i?2 K�;M2iB+ }2H/ Bin �M/ K�bb /2MbBiv ρin BM i?2 mTbi`2�KX q2 +�M

bi�`i #v MQiBM; i?�i K�bb@~mt Bb +QMb2`p2/ 7`QK i?2 BM~Qr #QmM/�`v iQ i?2 Qmi~Qr #QmM/�`vX h?2

K�bb UT2` mMBi H2M;i? BM z T2` iBK2V �/p2+i2/ BMiQ i?2 +m``2Mi b?22i Bb 2L× 2ρinvin- �M/ i?2 K�bb

�/p2+i2/ Qmi Q7 i?2 +m``2Mi b?22i Bb 2δ × 2ρinvout- bQ #v K�bb@~mt +QMb2`p�iBQM- i?2 �bT2+i `�iBQ Q7

i?2 `2+QMM2+iBQM H�v2` ;Qp2`Mb i?2 `�iBQ Q7 BM~Qr iQ Qmi~Qr bT22/b-

δ

L
=

vin
vout

. URXRV

q2 ;2i � b2+QM/ 2[m�iBQM #v #�H�M+BM; i?2 K�;M2iB+ 2M2`;v �/p2+i2/ �+`Qbb i?2 BM~Qr rBi? i?2

FBM2iB+ 2M2`;v �/p2+i2/ �+`Qbb i?2 Qmi~Qr-

δ

L
=

vinB2
in/(8π)

1
2ρinv

3
out

. URXkV

8



x̂ẑ

ŷ

current sheet

Bin

v
in

v i
n

voutvout

2L

2�

6B;m`2 RXj, a2imT 7Q` i?2 ar22i@S�`F2` KQ/2H Q7 K�;M2iB+ `2+QMM2+iBQMX J�;M2iB+ }2H/b Q7 QTTQbBi2 TQ@
H�`Biv Ub?QrM #v #Hm2 �M/ `2/c i?2 K�;MBim/2 Bb BinV T2`K2�i2 TH�bK� BM i?2 BM~Qr `2;BQMbX AM i?2 i`�M@
bBiBQM `2;BQM #2ir22M i?2 K�;M2iB+ }2H/b- +m``2Mi ~Qrb BM i?2 Qmi@Q7@TH�M2 /B`2+iBQM UzV- +QMbBbi2Mi rBi?
�KTĕ`2Ƕb H�rX .BbbBT�iBQM Q7 K�;M2iB+ 2M2`;v Q++m`b BM i?2 ǵ+m``2Mi b?22iǶ U;`22M `2;BQMV- KQ/2H2/ �b �
#Qt Q7 /BK2MbBQM 2δ #v 2LX AM~QrBM; TH�bK� �HQM; i?2 ±y /B`2+iBQMb Bb 2D2+i2/ �HQM; i?2 Qmi~Qr /B`2+@
iBQMb ±x- �b K�;M2iB+ 2M2`;v BM i?2 mTbi`2�K Bb +QMp2`i2/ iQ FBM2iB+ 2M2`;vX

lbBM; 1[bX RXR �M/ RXk- r2 ;2i � b+�HBM; H�r 7Q` i?2 Qmi~Qr bT22/ rBi? BM~Qr K�;M2iB+ }2H/ �M/

K�bb /2MbBiv,

vout ∼

√
B2

in

4πρin
, URXjV

r?B+? r2 B/2MiB7v �b i?2 UMQM`2H�iBpBbiB+V /2}MBiBQM Q7 �H7pûM bT22/X q2 +�M BMi`Q/m+2 i?2 K�;M2@

iBx�iBQM BM i?2 mTbi`2�K- σin ≡ B2
in/(4πρinc

2)- i?2M i?2 b+�HBM; H�r 1[X RXj b�vb i?�i i?2 Qmi~Qr

p2HQ+Biv b+�H2b rBi? K�;M2iBx�iBQM �b

vout
c

∼
√
σin. URX9V

h?2 ar22i@S�`F2` KQ/2H vB2H/b i?2 T?vbB+�HHv BMimBiBp2 `2bmHi i?�i �b i?2 `2+QMM2+iBQM mTbi`2�K

e



#2+QK2b KQ`2 K�;M2iBx2/- i?2 Qmi~Qr p2HQ+Biv BM+`2�b2b- r?B+? Bb BMimBiBp2 #2+�mb2 �b i?2 K�;M2iB@

x�iBQM BM+`2�b2b BM i?2 mTbi`2�K- KQ`2 7`22 K�;M2iB+ 2M2`;v Bb �p�BH�#H2 iQ #2 /BbbBT�i2/ �b FBM2iB+

2M2`;v BM i?2 Qmi~QrbX lbBM; �M �`;mK2Mi i?�i Bb bBKBH�` iQ i?2 �#Qp2- �M/ �bbmKBM; �HbQ i?�i

i?2 TH�bK� Bb 7Q`+2 7`22 BM i?2 mTbi`2�K UBX2X Ein ∼ (vin/c)BinV- i?2 ar22i@S�`F2` KQ/2H T`QpB/2b

� b+�HBM; 7Q` i?2 `2+QMM2+iBQM 2H2+i`B+ }2H/9 Erec BM i?2 +m``2Mi b?22i US�`F2`- RN8dV-

Erec ∼
δ

L
σin

√
4πρinc2. URX8V

q?BH2 bBKTH2 �M/ 2H2;�Mi- i?2 ar22i@S�`F2` KQ/2H Q7 K�;M2iB+ `2+QMM2+iBQM Bb MQi `2�HBbiB+X

S�`F2` Q`B;BM�HHv T`QTQb2/ i?�i i?2 b+�HBM; H�rb +QmH/ 2tTH�BM i?2 7�bi K�;M2iB+ /BbbBT�iBQM Q#b2`p2/

BM bQH�` ~�`2b- #mi bQQM `2�HBx2/ i?�i i?2v T`2/B+i � `2+QMM2+iBQM `�i2 i?�i Bb iQQ HQr US�`F2`- RNejVX

h?2 T?vbB+�H HBKBi�iBQM Q7 i?2 KQ/2H Bb i?�i i?2 `2+QMM2+iBQM `�i2 U1[X RX8V /2T2M/b QM i?2 �bT2+i

`�iBQ Q7 i?2 +m``2Mi b?22i- δ/Lc �b i?2 �bT2+i `�iBQ /2+`2�b2b- i?2 BM~Qr bT22/ /2+`2�b2b- #2+�mb2

+QMb2`p�iBQM Q7 K�bb@~mt �/p2+i2/ �+`Qbb i?2 BM~Qr �M/ �+`Qbb i?2 Qmi~Qr /2K�M/b vin/vout ∼ δ/L-

�M/ i?2 Qmi~Qr bT22/ Bb }t2/ �++Q`/BM; iQ 1[X RXj U*�bb�F 2i �HX- kyRdVX

a2�`+?BM; 7Q` � T?vbB+�H- [m�MiBi�iBp2- �M/ T`2+Bb2 mM/2`bi�M/BM; Q7 i?2 b+�HBM; H�rb 1[bX RXj

�M/ RX8 ?�b +QMbmK2/ /2+�/2b rQ`i? Q7 `2b2�`+? BM K�;M2iB+ `2+QMM2+iBQMX � #�ii2`v Q7 2pB/2M+2

7`QK Q#b2`p�iBQM�H- i?2Q`2iB+�H- �M/ +QKTmi�iBQM�H bim/B2b bm;;2bib i?�i i?2 `2+QMM2+iBQM `�i2 Bb

ǵmMBp2`b�HHvǶ US�`F2`- RNdjc "Q`QpbFv 2i �HX- kyy3c *QKBbbQ � "?�ii�+?�`D22- kyRec *�bb�F 2i �HX-

kyRdV

vin
vout

∼ 0.1. URXeV

h?Bb b+�HBM; Bb 2bT2+B�HHv `2H2p�Mi r?2M +QMbB/2`BM; `2+QMM2+iBQM BM �M 2MpB`QMK2Mi i?�i Bb MQi
9h?2 p�Hm2 Erec Bb Q7i2M `272``2/ iQ BM i?2 HBi2`�im`2 �b i?2 ǵ`2+QMM2+iBQM `�i2XǶ

d



/B`2+iHv �++2bbB#H2 pB� Q#b2`p�iBQM- 2X;X "> +Q`QM�2- �M/ BKTHB2b i?�i `2+QMM2+iBQM 2{+B2MiHv /BbbB@

T�i2b K�;M2iB+ 2M2`;v- 2p2M BM i?2 +QHHBbBQMH2bb �++`2iBQM ~Qrb bm``QmM/BM; #H�+F ?QH2bX

RXk S�`iB+H2@BM@+2HH bBKmH�iBQM

AM a2+X RXR- r2 `2pB2r2/ i?2 /2i�BHb Q7 � bBKTHB}2/- iBK2@BM/2T2M/2Mi KQ/2H Q7 `2+QMM2+iBQMc r?BH2

Bi T`QpB/2b T?vbB+�HHv `2�bQM�#H2 b+�HBM;b- Bi Bb FMQrM iQ #2- �i � [m�MiBi�iBp2 H2p2H- BM+QKT�iB#H2

rBi? i?2 7�bi 2M2`;v +QMp2`bBQM `�i2b Q#b2`p2/ BM �+im�H `2+QMM2+iBQM 2p2Mib U2X;X- bQH�` ~�`2b Q`

i?2 1�`i?Ƕb K�;M2iQbT?2`2VX 6Q` i?2 7mHH iBK2@/2T2M/2Mi- MQMHBM2�` T`Q#H2K Q7 `2+QMM2+iBQM- +QK@

Tmi2` bBKmH�iBQMb- �M/ BM T�`iB+mH�` T�`iB+H2@BM@+2HH USA*V bBKmH�iBQMb U>Q+FM2v � 1�birQQ/- RN33c

"B`/b�HH � G�M;/QM- RNNRV- ?�p2 T`Qp2M 2MQ`KQmbHv mb27mH BM T`QpB/BM; [m�MiBi�iBp2Hv �++m`�i2

KQ/2Hb Q7 `2+QMM2+iBQM U"B`M 2i �HX- RN8dc a?�v 2i �HX- kyR9c GBm 2i �HX- kyRdV- i?2`2#v T`QpB/BM;

�HbQ � 7`�K2rQ`F BM r?B+? iQ �//`2bb i?2 `2�bQM 7Q` TmxxBM; �bT2+ib Q7 `2+QMM2+iBQM- bm+? �b i?2

�TT�`2MiHv mMBp2`b�H p�Hm2 Q7 i?2 `2+QMM2+iBQM `�i2- �M/ i?2 7`�+iBQM Q7 /BbbBT�i2/ K�;M2iB+ 2M2`;v

T�`iBiBQM2/ iQ 2H2+i`QMb pbX T`QiQMb U1�birQQ/ 2i �HX- kyRjc u�K�/� 2i �HX- kyR8c >Qb?BMQ- kyR3VX

h?2`2 �`2 b2p2`�H +QKT`2?2MbBp2 i2tib U>Q+FM2v � 1�birQQ/- RN33c "B`/b�HH � G�M;/QM- RNNRV

�M/ `2pB2r T�T2`b U.�rbQM- RN3jc "mM2K�M 2i �HX- RNNjc *�B 2i �HX- kyyjc S`Bi+?2ii- kyyjc G�T2Mi�-

kyR8V r?B+? +Qp2` i?2 SA* K2i?Q/X >2`2- r2 `2pB2r #`B2~v i?2 7mM/�K2Mi�Hb Q7 SA*- #mi `272` i?2

`2�/2` iQ i?2 T`2pBQmbHv K2MiBQM2/ bQm`+2b 7Q` � KQ`2 +QKTH2i2 /2b+`BTiBQMX

6Q`K�HHv- i?2 SA* K2i?Q/ Bb � MmK2`B+�H �TT`Q�+? iQ bQHpBM; i?2 7mHH b2p2M@/BK2MbBQM�H Ui?`22

bT�iB�H /BK2MbBQMb xc i?`22 KQK2MimK /BK2MbBQMb pc QM2 iBK2 /BK2MbBQM tV +QHHBbBQMH2bb oH�bQp@

3



J�tr2HH bvbi2K- BX2X

/f(x,p, t)
/t = 0, URXdV

∇∇∇ ·E = 4πρ, URX3V

∇∇∇ ·B = 0, URXNV

∇∇∇×E = −1

c

∂B

∂t
, URXRyV

∇∇∇×B =
4π

c
j+

1

c

∂E

∂t
. URXRRV

h?2 }`bi 2[m�iBQM 1[X RXd Bb i?2 +QHHBbBQMH2bb "QHixK�MM 2[m�iBQM- �M/ 1[bX RX3ĜRXRR �`2 i?2

J�tr2HH 2[m�iBQMbc i?2 +?�`;2 /2MbBiv ρ �M/ +m``2Mi /2MbBiv j ?2`2 �`2 +QKTmi2/ �b KQK2Mib Q7

i?2 /Bbi`B#miBQM 7mM+iBQM f X 1tT�M/BM; i?2 iQi�H /2`Bp�iBp2 BM 1[X RXd- �M/ 2KTHQvBM; i?2 GQ`2Mix

7Q`+2 H�r- i?2 +QHHBbBQMH2bb "QHixK�MM 2[m�iBQM Bb

∂fs
∂t

+ vs ·∇∇∇fs + qs
(
E+

vs

c
×B

)
· ∂fs
∂p

= 0, URXRkV

r?2`2 i?2 bm#b+`BTi s `272`b iQ i?2 T�`iB+H2 bT2+B2b UBM "> +Q`QM�2- i?Bb +�M #2 2H2+i`QMb Q` T`QiQMbV-

�M/ qs Bb i?2 +?�`;2 Q7 i?2 T�`iB+H2c 7Q` 2�+? T�`iB+H2 bT2+B2b BM i?2 TH�bK�- i?2`2 Bb � "QHixK�MM

2[m�iBQM Q7 i?2 7Q`K Q7 1[X RXRkX

hQ bQHp2 i?2 oH�bQp@J�tr2HH bvbi2K 1[bX RXdĜRXRR- SA* bBKmH�iBQMb iBK2 2pQHp2 /Bb+`2iBx2/

+?mMFb Q7 i?2 T?�b2 bT�+2 Q7 f(x,p, t)- 2�+? Q7 r?B+? +Q``2bTQM/b iQ K�Mv T?vbB+�H T�`iB+H2b Ui?2b2

�`2 Q7i2M `272``2/ iQ �b ǵK�+`QǶ Q` ǵbmT2`Ƕ T�`iB+H2bVX hBK2 2pQHmiBQM Q7 K�+`QT�`iB+H2b T`Q+22/b BM

� b2`B2b Q7 bi2Tb,

RX S�`iB+H2 TQbBiBQMb �M/ KQK2Mi� �`2 bi2TT2/ 7Q`r�`/ BM iBK2 x(t) → x(t + ∆t), p(t) →
p(t+∆t)- �++Q`/BM; iQ i?2 GQ`2Mix 7Q`+2 H�rc

kX �++Q`/BM; iQ i?2 /Bbi�M+2 KQp2/ �M/ i?2 +?�`;2 Q7 i?2 T�`iB+H2- +m``2Mi Bb /2TQbBi2/ QM i?2

N



;`B/c

jX .2TQbBi2/ +m``2Mi Bb i`2�i2/ �b � bQm`+2 i2`K BM i?2 J�tr2HH 2[m�iBQMb- �M/ mb2/ iQ mT/�i2
i?2 U/Bb+`2iBx2/V 2H2+i`QK�;M2iB+ }2H/c

9X 1H2+i`B+ �M/ K�;M2iB+ }2H/b- /2}M2/ �i /Bb+`2i2 TQBMib QM i?2 +QKTmi�iBQM�H ;`B/- �`2 mb2/
iQ BMi2`TQH�i2 i?2 p�Hm2 Q7 i?2 2H2+i`B+ �M/ K�;M2iB+ }2H/b �i U+QMiBMmQmbV T�`iB+H2 HQ+�iBQMbX

h?2 T`Q+2/m`2 /2b+`B#2/ BM bi2Tb RĜ9 �#Qp2 Bb FMQrM �b i?2 ǵSA* HQQTǶ U"mM2K�M- RN8Nc .�rbQM-

RNekV- �M/ BM T`BM+BTH2 K�v #2 `2T2�i2/ 7Q` �b HQM; �b +QKTmi�iBQM�H `2bQm`+2b �HHQrX AM T`�+iB+2-

QM2 Kmbi �HbQ +QMbB/2` 2z2+ib bm+? �b ǵMmK2`B+�H ?2�iBM;Ƕ U"B`/b�HH � J�`QM- RN3yc "B`/b�HH �

G�M;/QM- RNNRc J2Hx�MB 2i �HX- kyRjV- r?B+? +Q``2bTQM/b iQ � MQMT?vbB+�H BM+`2�b2 BM i?2 TH�bK�

i2KT2`�im`2- �M/ K�v Q++m` 7Q` /Bz2`2Mi `2�bQMb- BM+Hm/BM; pBQH�iBQM Q7 2M2`;v +QMb2`p�iBQM i?�i

Bb BM?2`2Mi BM +2`i�BM bi�M/�`/ SA* �H;Q`Bi?Kb UBM+Hm/BM; i?2 "Q`Bb URNdyV Tmb?2`8V- �M/ �HbQ

BMbi�#BHBiB2b �bbQ+B�i2/ rBi? +QmTHBM; #2ir22M TH�bK� KQ/2b �M/ i?2 /Bb+`2iBx2/ ;`B/ U2X;X ǵ6BMBi2

:`B/ AMbi�#BHBiv-Ƕ b22 "B`/b�HH � G�M;/QM URNNRVVX �/2[m�i2 +QMi`QH Q7 MmK2`B+�H ?2�iBM; �M/

`2H�i2/ MmK2`B+�H BMbi�#BHBiB2b Bb +`m+B�H iQ Q#i�BMBM; `2HB�#H2 `2bmHib rBi? SA* bBKmH�iBQMb- �M/

Bb �M QKMBT`2b2Mi +QMbB/2`�iBQM 7Q` �HH Q7 i?2 bBKmH�iBQM rQ`F T`2b2Mi2/ BM i?Bb i?2bBbc *?X e Bb

/2pQi2/ iQ i?2 2tTHQ`�iBQM Q7 MmK2`B+�H ?2�iBM;- �M/ � +m``2Mi /2TQbBiBQM b+?2K2 i?�i +�M `2/m+2

Bib BKT�+iX

AM i?2 H�bi 72r v2�`b- +`m+B�H �/p�M+2b BM MmK2`B+�H K2i?Q/b �M/ ?B;?@T2`7Q`K�M+2 +QKTmiBM;

?�`/r�`2 ?�p2 2M�#H2/ SA* bBKmH�iBQMb iQ KQ/2H +QHHBbBQMH2bb TH�bK�b mT iQ i?2 HQM; iBK2 /m`�iBQMb

�M/ H�`;2 H2M;i? b+�H2b `2[mB`2/ Q7 �bi`QT?vbB+�H T`Q#H2KbX SA* bBKmH�iBQM Bb QM2 Q7 i?2 K�BM iQQHb

r2 mb2 iQ bim/v "> +Q`QM�2 BM *?bX kĜ8X

�b � T`2Hm/2 iQ H�i2` /2i�BH2/ /Bb+mbbBQMb- r2 b?Qr BM 6B;X RX9 � `2T`2b2Mi�iBp2 SA* bBKmH�iBQM

Q7 K�;M2iB+ `2+QMM2+iBQMX h?2 b2imT ?2`2 Bb bBKBH�` iQ i?�i b?QrM BM 6B;X RXj- rBi? K�;M2iB+ }2H/b
8.2bTBi2 pBQH�iBM; 2M2`;v +QMb2`p�iBQM- i?2 "Q`Bb Tmb?2` Bb � bi�#H2 �H;Q`Bi?K- BM i?2 b2Mb2 i?�i rBi?

bm{+B2Mi bT�iBQ@i2KTQ`�H `2bQHmiBQM- i?2 �bbQ+B�i2/ MmK2`B+�H ?2�iBM;- r?B+? Q++m`b BM � T`2/B+i�#H2 K�MM2`-
K�v #2 �/2[m�i2Hv +QMi`QHH2/X

Ry



Q7 QTTQbBi2 TQH�`Biv i?`2�/BM; TH�bK� BM i?2 iQT �M/ #QiiQK T�`ib Q7 i?2 /QK�BM Ub22 T�M2H �Vc

?Qr2p2`- bBM+2 6B;X RX9 +Q``2bTQM/b iQ � SA* bBKmH�iBQM- i?2 7mHH iBK2@/2T2M/2Mi `2+QMM2+iBQM T`Q#@

H2K Bb bQHp2/- �M/ i?2 2H2+i`QK�;M2iB+ }2H/ �M/ T�`iB+H2b 2pQHp2 �++Q`/BM; iQ i?2 oH�bQp@J�tr2HH

bvbi2K U1[MbX RXdĜRXRRVX S�M2H " b?Qrb ?Qr i?2 K�;M2iB+ }2H/ U#H�+F HBM2bV ?�p2 `2�``�M;2/ �i

� H�i2` iBK2 BM i?2 bBKmH�iBQM- +�Tim`BM; /2i�BHb Q7 `2+QMM2+iBQM i?�i �`2 �#b2Mi BM i?2 bBKTHB}2/

/2b+`BTiBQM Q7 a2+X RXRX

RXkXR S�`iB+H2@BM@+2HH bBKmH�iBQM rBi? TRISTAN-MP

hQ bBKmH�i2 +QHHBbBQMH2bb TH�bK�- r2 mb2 i?2 2H2+i`QK�;M2iB+ SA* +Q/2 TRISTAN-MP UaTBiFQpbFv-

kyy8V- � K�bbBp2Hv T�`�HH2H /2b+2M/�Mi Q7 i?2 SA* +Q/2 TRISTAN Q`B;BM�HHv /2p2HQT2/ #v "mM2K�M

URNNjVX TRISTAN-MP mb2b � }MBi2@/Bz2`2M+2 b+?2K2 iQ bQHp2 i?2 J�tr2HH 2[m�iBQMbX 1H2+i`B+ �M/

K�;M2iB+ }2H/b �`2 bi�;;2`2/ QM � u22 URNeeV K2b?X ai�M/�`/ T�`iB+H2 TQbBiBQM �M/ KQK2MimK

BMi2;`�iQ`b- BX2X i?2 "Q`Bb URNdyV �M/ o�v Ukyy3V Tmb?2`b �`2 BKTH2K2Mi2/ U7Q` i?2 p�bi K�DQ`Biv Q7

bBKmH�iBQMb T`2b2Mi2/ BM *?bX kĜ8- r2 mb2 i?2 o�v �H;Q`Bi?K- r?B+? r2 }M/ Bb KQ`2 �++m`�i2 BM Qm`

b2imTb i?�M i?2 "Q`Bb Tmb?2`VX � i?`22@TQBMi /B;Bi�H }Hi2` Bb mb2/ iQ bKQQi? +m``2Mib /2TQbBi2/ #v

T�`iB+H2b QMiQ i?2 +QKTmi�iBQM�H ;`B/- r?B+? r2 }M/ bB;MB}+�MiHv BKT`Qp2b +QMi`QH Qp2` MmK2`B+�H

?2�iBM; BM Qm` bBKmH�iBQMbX hrQ p2`bBQMb Q7 i?2 +Q/2 2tBbi- QM2 BM r?B+? i?2 +QKTmi�iBQM�H /QK�BM

Bb /2+QKTQb2/ �HQM; x- �M/ �MQi?2` �HQM; #Qi? x �M/ yX J2bb�;2 S�bbBM; AMi2`7�+2 UJSAV ai�M/�`/

Bb mb2/ 7Q` T�`�HH2H +QKKmMB+�iBQM QM i?2 /2+QKTQb2/ /QK�BMX PmiTmi /�i� 7`QK TRISTAN-MP �`2

b�p2/ �i mb2`@b2H2+i2/ BMi2`p�Hb pB� >B2`�`+?B+�H .�i� 6Q`K�i 8 U>.68V HB#`�`B2bX

AM �TT2M/Bt �- r2 T`2b2Mi K2�bm`2K2Mib �M/ /�i� QM i?2 T�`�HH2H b+�H�#BHBiv Q7 TRISTAN-MPX

AM i?2b2 i2bib- r2 }M/ i?�i Qm` +Q/2 b?Qrb 2t+2HH2Mi T�`�HH2H b+�H�#BHBiv �b i?2 MmK#2` Q7 +QKTmi2

MQ/2b BM+`2�b2bX

hQ #mii`2bb i?2 bBKmH�iBQM�H +�T�#BHBiB2b Q7 TRISTAN-MP- r2 /2p2HQT2/ � ;`�T?B+�H mb2` BMi2`7�+2

7Q` pBbm�HBx�iBQM �M/ �M�HvbBb Q7 TRISTAN-MP /�i�c i?Bb iQQH Bb /2b+`B#2/ BM �TT2M/Bt "X

RR



6B;m`2 RX9, AHHmbi`�iBQM Q7 `2+QMM2+iBM; K�;M2iB+ }2H/ HBM2b Ub?QrM #v #H�+FVX U�V AMBiB�HHv �MiB@T�`�HH2H
+QM};m`�iBQM Q7 K�;M2iB+ }2H/c i?2 `2/ `2;BQM BM/B+�i2b K�;M2iB+ }2H/ TQBMiBM; BM i?2 +x /B`2+iBQM- �M/
i?2 #Hm2 `2;BQM BM/B+�i2b K�;M2iB+ }2H/ TQBMiBM; BM i?2 −x /B`2+iBQMX U"V �7i2` `2+QMM2+iBQM Bb i`B;;2`2/-
K�;M2iB+ }2H/ HBM2b ǵ#`2�F �T�`iǶ �M/ ǵ`2+QMM2+i-Ƕ r?B+? H2�/b iQ T�`iB+H2 ?2�iBM;- �++2H2`�iBQM Q7 T�`iB+H2b-
�M/ #mHF KQiBQM Q7 TH�bK� �HQM; i?2 Qmi~Qrb U±x /B`2+iBQMbVX h?2 +2Mi`�H `2;BQM Q7 i?2 /QK�BM +Q``2@
bTQM/b iQ �M ǵs@TQBMi-Ƕ +�HH2/ bQ #2+�mb2 i?2 b?�T2 Q7 i?2 K�;M2iB+ }2H/ i?2`2 `2b2K#H2b �M ǵsXǶ

RXj PmiHBM2

AM i?Bb +?�Ti2`- r2 BMi`Q/m+2/ i?2 7mM/�K2Mi�H TH�bK� T`Q+2bb Q7 K�;M2iB+ `2+QMM2+iBQM- T`QpB/2/

KQiBp�iBQM �b iQ i?2 BKTQ`i�M+2 Q7 K�;M2iB+ /BbbBT�iBQM pB� `2+QMM2+iBQM BM +QHHBbBQMH2bb �++`2iBQM

~Qrb Q7 #H�+F ?QH2b- �M/ /Bb+mbb2/ ?Qr bm+? 2ti`2K2 2MpB`QMK2Mib K�v #2 bim/B2/ mbBM; T�`iB+H2@

BM@+2HH bBKmH�iBQMb Q7 +QHHBbBQMH2bb TH�bK�X AM i?2 7QHHQrBM; +?�Ti2`b- r2 2tTHQ`2 b2p2`�H BKTQ`i�Mi

Rk



[m2biBQMb �i i?2 BMi2`b2+iBQM Q7 Tm`2 TH�bK� T?vbB+b- �M/ #H�+F ?QH2 �bi`QT?vbB+bX

AM *?X k- BMp2biB;�i2 2M2`;v T�`iBiBQM BM i?2 B/2�HBx2/ +�b2 Q7 �MiBT�`�HH2H `2+QMM2+iBQM- �M/

/2p2HQT � T`2b+`BTiBQM 7Q` 2H2+i`QM ?2�iBM; r?B+? /2T2M/b QM QMHv � 72r TH�bK� T�`�K2i2`bX L2ti-

BM *?X j- r2 bim/v � KQ`2 ;2M2`�H +QM};m`�iBQM +�HH2/ ǵ;mB/2 }2H/Ƕ `2+QMM2+iBQMc r2 bim/v i?2

b+�HBM; Q7 2M2`;v T�`iBiBQM rBi? /Bz2`2Mi TH�bK� T�`�K2i2`b- �M/ /2p2HQT � ;2M2`�H T`2b+`BTiBQM

7Q` 2H2+i`QM ?2�iBM; pB� K�;M2iB+ `2+QMM2+iBQMc r2 2tTHQ`2 �HbQ i?2 K2+?�MBbKb `2bTQMbB#H2 7Q`

2H2+i`QM ?2�iBM; BM ;mB/2 }2H/ `2+QMM2+iBQMX AM *?X 9- r2 BMp2biB;�i2 i?2 E2HpBM@>2HK?QHix UE>V

BMbi�#BHBiv pB� HBM2�` bi�#BHBiv �M�HvbBb �M/ K�;M2iQ?v/`Q/vM�KB+ bBKmH�iBQM- rBi? �M 2v2 iQr�`/b

i?2 TQbbB#BHBiv Q7 E>@BM/m+2/ K�;M2iB+ `2+QMM2+iBQMX L2ti- BM *?X 8- � +QKT�MBQM iQ *?X 9-

r2 +QMiBMm2 Qm` 2tTHQ`�iBQM Q7 i?2 E> BMbi�#BHBiv rBi? SA* bBKmH�iBQMbc 7Q` � i2bi +�b2- r2 bim/v

K�;M2iB+ /BbbBT�iBQM BM/m+2/ #v i?2 E> BMbi�#BHBivX 6BM�HHv- BM *?X e- r2 bim/v i?2 1bB`F2TQp

UkyyRV �H;Q`Bi?K Q7 +m``2Mi /2TQbBiBQM- �b � K2i?Q/ Q7 BM+`2�bBM; MmK2`B+�H +QMi`QH BM Qm` SA*

2tT2`BK2MibX h?2 rQ`F BM i?Bb i?2bBb �//`2bb2b i?2 BKTQ`i�Mi [m2biBQM Q7 ?Qr K�;M2iB+ 2M2`;v Bb

/BbbBT�i2/ BM i?2 +QHHBbBQMH2bb TH�bK� Q7 "> �++`2iBQM ~Qrb- �M/ bm;;2bib 7m`i?2` HBM2b Q7 BM[mB`v

`2;�`/BM; i?2 +QMM2+iBQM #2ir22M i?2 E> BMbi�#BHBiv �M/ K�;M2iB+ `2+QMM2+iBQMX

Rj



kX 1H2+i`QM �M/ T`QiQM ?2�iBM; BM i`�Mb@`2H�iBpBbiB+
K�;M2iB+ `2+QMM2+iBQM

h2ti BM i?Bb +?�Ti2` r�b Q`B;BM�HHv Tm#HBb?2/ BM,
�TC- 38y- kN- UkyRdc _Qr�M- JX- aB`QMB- GX- � L�`�v�M- _XVX

kXR �#bi`�+i

h?2 +Q`QM�2 Q7 +QHHBbBQMH2bb �++`2iBQM ~Qrb- bm+? �b a;` �∗ �i Qm` :�H�+iB+ +2Mi2`- T`QpB/2 � mMB[m2

b2iiBM; 7Q` i?2 BMp2biB;�iBQM Q7 K�;M2iB+ `2+QMM2+iBQMX >2`2- T`QiQMb �`2 ;2M2`�HHv MQM@`2H�iBpBbiB+

r?BH2 2H2+i`QMb +�M #2 mHi`�@`2H�iBpBbiB+- � `2;BK2 i?�i Bb H�`;2Hv mM2tTHQ`2/X "v K2�Mb Q7 irQ@

/BK2MbBQM�H T�`iB+H2@BM@+2HH bBKmH�iBQMb- r2 BMp2biB;�i2 2H2+i`QM �M/ T`QiQM ?2�iBM; BM i?2 Qmi~Qrb

Q7 i`�Mb@`2H�iBpBbiB+ UBX2X- σw ∼ 0.1- r?2`2 i?2 K�;M2iBx�iBQM σw Bb i?2 `�iBQ Q7 K�;M2iB+ 2M2`;v

/2MbBiv iQ 2Mi?�HTv /2MbBivV �MiB@T�`�HH2H `2+QMM2+iBQMX q2 2tTHQ`2 i?2 /2T2M/2M+2 Q7 i?2 ?2�iBM;

2{+B2M+v QM K�bb `�iBQ UmT iQ i?2 `2�HBbiB+ p�Hm2V- K�;M2iBx�iBQM σw- T`QiQM TH�bK� βi UBX2X- i?2

`�iBQ Q7 T`QiQM i?2`K�H T`2bbm`2 iQ K�;M2iB+ T`2bbm`2V- �M/ 2H2+i`QM@iQ@T`QiQM i2KT2`�im`2 `�iBQ

Te/TiX 6Q` #Qi? 2H2+i`QMb �M/ T`QiQMb- ?2�iBM; �i ?B;? βi i2M/b iQ #2 /QKBM�i2/ #v �/B�#�iB+

+QKT`2bbBQM Uǳ�/B�#�iB+ ?2�iBM;ǴV- r?BH2 �i HQr βi Bi Bb �++QKT�MB2/ #v � ;2MmBM2 BM+`2�b2 BM

2Mi`QTv UǳB``2p2`bB#H2 ?2�iBM;ǴVX 6Q` Qm` }/m+B�H σw = 0.1- r2 }M/ i?�i �i βi ! 1 i?2 B``2p2`bB#H2

?2�iBM; 2{+B2M+v Bb M2�`Hv BM/2T2M/2Mi Q7 Te/Ti Ur?B+? r2 p�`v 7`QK 0.1 mT iQ 1VX A7 Te/Ti = 1-

i?2 7`�+iBQM Q7 BM~QrBM; K�;M2iB+ 2M2`;v +QMp2`i2/ iQ 2H2+i`QM B``2p2`bB#H2 ?2�iBM; /2+`2�b2b 7`QK

∼ 1.6% /QrM iQ ∼ 0.2% �b βi `�M;2b 7`QK βi ∼ 10−2 mT iQ βi ∼ 0.5- #mi i?2M Bi BM+`2�b2b mT iQ ∼ 3%

�b βi �TT`Q�+?2b ∼ 2X S`QiQMb �`2 ?2�i2/ Km+? KQ`2 2{+B2MiHv i?�M 2H2+i`QMb �i HQr �M/ KQ/2`�i2

βi U#v � 7�+iQ` Q7 ∼ 7V- r?2`2�b i?2 2H2+i`QM �M/ T`QiQM ?2�iBM; 2{+B2M+B2b #2+QK2 +QKT�`�#H2

�i βi ∼ 2 B7 Te/Ti = 1- r?2M #Qi? bT2+B2b bi�`i �H`2�/v `2H�iBpBbiB+�HHv ?QiX q2 }M/ +QKT�`�#H2

?2�iBM; 2{+B2M+B2b #2ir22M i?2 irQ bT2+B2b �HbQ BM i?2 HBKBi Q7 `2H�iBpBbiB+ `2+QMM2+iBQM- r?2M i?2

K�;M2iBx�iBQM 2t+22/b mMBivX Pm` `2bmHib ?�p2 BKTQ`i�Mi BKTHB+�iBQMb 7Q` i?2 irQ@i2KT2`�im`2
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M�im`2 Q7 +QHHBbBQMH2bb �++`2iBQM ~Qrb- �M/ K�v T`QpB/2 i?2 bm#@;`B/ T?vbB+b M22/2/ BM ;2M2`�H

`2H�iBpBbiB+ J>. bBKmH�iBQMbX

kXk AMi`Q/m+iBQM

h?2 mHi`�@HQr@HmKBMQbBiv bQm`+2 �i i?2 +2Mi2` Q7 i?2 JBHFv q�v- a�;Bii�`Bmb �∗ Ua;` �∗V- Bb i?Qm;?i

iQ #2 TQr2`2/ #v �++`2iBQM QMiQ � bmT2`K�bbBp2 #H�+F ?QH2X a;` �∗ `�/B�i2b r2HH #2HQr i?2 1/@

/BM;iQM HBKBi �M/ i?2`2 Bb bi`QM; 2pB/2M+2 i?�i i?2 �++`2iBM; ;�b +�M #2 /2b+`B#2/ �b �M �/p2+iBQM@

/QKBM�i2/ �++`2iBQM ~Qr U�.�6- �HbQ `272``2/ iQ �b � `�/B�iBp2Hv BM2{+B2Mi �++`2iBQM ~Qr- _A�6V

UL�`�v�M � uB- RNN9- RNN8#-�c �#`�KQrB+x 2i �HX- RNN8c L�`�v�M � J+*HBMiQ+F- kyy3c um�M �

L�`�v�M- kyR9VX AM �.�6b- i?2 /BbF Bb ;2QK2i`B+�HHv i?B+F �M/ QTiB+�HHv i?BMX �//BiBQM�HHv- i?2

TH�bK� Bb T`2/B+i2/ iQ #2 irQ@i2KT2`�im`2 7Q` b2p2`�H `2�bQMb, }`bi- BM i?2 �.�6 +QM};m`�iBQM- i?2

/2MbBiv Q7 �++`2iBM; ;�b Bb HQr 2MQm;? i?�i *QmHQK# +QHHBbBQMb #2ir22M 2H2+i`QMb �M/ T`QiQMb �`2

2ti`2K2Hv `�`2 QM �++`2iBQM iBK2b+�H2b- bQ i?�i i?2 bT2+B2b #2+QK2 i?2`K�HHv /2+QmTH2/X a2+QM/-

2H2+i`QMb `�/B�i2 KQ`2 2{+B2MiHv i?�M T`QiQMbX G�biHv- `2H�iBpBbiB+ 2H2+i`QMb �`2 ?2�i2/ H2bb i?�M

MQM@`2H�iBpBbiB+ T`QiQMb r?2M bm#D2+i2/ iQ i?2 b�K2 �/B�#�iB+ +QKT`2bbBQMX 6Q` �HH i?2b2 `2�bQMb-

i?2 TH�bK� Bb 2tT2+i2/ iQ #2 irQ@i2KT2`�im`2- rBi? T`QiQMb bB;MB}+�MiHv ?Qii2` i?�M 2H2+i`QMb

UL�`�v�M � uB- RNN8#c um�M 2i �HX- kyyjVX

.2bTBi2 i?2 �#Qp2 �`;mK2Mib- i?2 irQ@i2KT2`�im`2 ;�b K�v #2 /`Bp2M iQ � bBM;H2@i2KT2`�im`2

bi�i2 #v FBM2iB+ T`Q+2bb2b- bm+? �b `2+QMM2+iBQM �M/ BMbi�#BHBiB2b UZm�i�2`i 2i �HX- kyykc _B[m2HK2

2i �HX- kyRk- kyR8c aB`QMB � L�`�v�M- kyR8c aB`QMB- kyR8c q2`M2` 2i �HX- kyReVX hQ +�Tim`2 i?2

2z2+ib Q7 i?2b2 TH�bK� T`Q+2bb2b- QM2 `2[mB`2b � 7mHHv@FBM2iB+ /2b+`BTiBQM- r?B+? +�M #2 �+?B2p2/

pB� MmK2`B+�H i2+?MB[m2b bm+? �b T�`iB+H2@BM@+2HH USA*V bBKmH�iBQMbX AM T`BM+BTH2- bm+? �# BMBiBQ

bBKmH�iBQMb +�M #2 mb2/ iQ T`QpB/2 i?2 M2+2bb�`v bm#@;`B/ T?vbB+b i?�i- iQ /�i2- +�MMQi #2 +�Tim`2/

BM K�;M2iQ?v/`Q/vM�KB+ UJ>.V bBKmH�iBQMb U2X;X- _2bbH2` 2i �HX- kyR8- kyRd#c "�HH 2i �HX- kyRe-

kyRdc *?�2H 2i �HX- kyRdc a�/QrbFB 2i �HX- kyRdVX
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AM bmT2`K�bbBp2 #H�+F ?QH2 �++`2iBQM ~Qrb- i?2 `�iBQ Q7 BQM i?2`K�H T`2bbm`2 iQ K�;M2iB+ T`2bbm`2-

βi =
8πn0kBTi

B2
0

, UkXRV

Ur?2`2 n0 Bb i?2 BQM MmK#2` /2MbBiv- kB Bb "QHixK�MMǶb +QMbi�Mi- Ti Bb i?2 BQM i2KT2`�im`2- �M/ B0

Bb i?2 K�;MBim/2 Q7 i?2 K�;M2iB+ }2H/V Bb 2tT2+i2/ iQ p�`v BM i?2 /BbF KB/TH�M2 BM i?2 `�M;2 βi ∼ 10

Ĝ 30 Ua22 6B;X R Q7 a�/QrbFB 2i �HX- kyRjVX >Qr2p2`- BM TH�bK� 7�` �#Qp2 �M/ #2HQr i?2 KB/TH�M2-

i?2 ǳ+Q`QM�-Ǵ i?2 bvbi2K Bb 2tT2+i2/ iQ #2 K�;M2iB+�HHv /QKBM�i2/- bm+? i?�i βi ! 1X >2`2- i?2

/BbbBT�iBQM Q7 K�;M2iB+ 2M2`;v pB� `2+QMM2+iBQM +�M `2bmHi BM T�`iB+H2 ?2�iBM;- �++2H2`�iBQM- �M/

#mHF KQiBQMX

1p2M BM i?2 K�;M2iBx2/ +Q`QM�- i?2 K�;M2iBx�iBQM-

σi =
B2

0

4πn0mic2
, UkXkV

Bb ;2M2`�HHv bK�HH- BX2X- σi ! 1X 1H2+i`QM ?2�iBM; #v `2+QMM2+iBQM BM i?2 MQM@`2H�iBpBbiB+ HBKBi

Uσi ≪ 1V ?�b #22M bim/B2/ 2ti2MbBp2Hv- #Qi? i?2Q`2iB+�HHv �M/ #v K2�Mb Q7 SA* bBKmH�iBQMb- BM

i?2 +QMi2ti Q7 i?2 bQH�` rBM/- 1�`i?Ƕb K�;M2iQi�BH- �M/ H�#Q`�iQ`v TH�bK�b U>Qb?BMQ 2i �HX- kyyRc

C�`Qb+?2F 2i �HX- kyy9c GQm`2B`Q 2i �HX- kyRjc a+?Q2|2` 2i �HX- kyRR- kyRjc a?�v 2i �HX- kyR9c .�?HBM

2i �HX- kyR9c .�m;?iQM 2i �HX- kyR9c GB 2i �HX- kyR8c >�;;2`iv 2i �HX- kyR8c LmK�i� � GQm`2B`Q- kyR8c

G2 2i �HX- kyRec GB 2i �HX- kyRd�VX h?Qm;? H2bb +QKKQMHv bim/B2/- `2H�iBpBbiB+ `2+QMM2+iBQM UBX2X-

σi ≫ 1V BM 2H2+i`QM@T`QiQM TH�bK�b ?�b �HbQ `2+2Bp2/ bQK2 �ii2MiBQM BM `2+2Mi v2�`b UaB`QMB 2i �HX-

kyR8c :mQ 2i �HX- kyReVX

h?2 +QHHBbBQMH2bb TH�bK� BM ?Qi �++`2iBQM ~Qrb �`QmM/ #H�+F ?QH2b T`QpB/2b � T2+mHB�` 2MpB`QMK2Mi

7Q` `2+QMM2+iBQM- bBM+2 σi ! 1- � `2;BK2 i?�i 7�HHb #2ir22M i?2 r2HH@bim/B2/ MQM@`2H�iBpBbiB+ �M/ mHi`�@

`2H�iBpBbiB+ `2;BK2bX 6Q` βi ∼ 1 �M/ σi ! 1- T`QiQMb �`2 ;2M2`�HHv MQM@`2H�iBpBbiB+- v2i 2H2+i`QMb
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+�M #2 mHi`�@`2H�iBpBbiB+X h?Bb i2``BiQ`v `2K�BMb H�`;2Hv mM2tTHQ`2/- BM i2`Kb Q7 #Qi? bBKmH�iBQM

�M/ i?2Q`v- �M/ bim/B2b ?�p2 QMHv `2+2MiHv #2;mM iQ T`Q#2 `2+QMM2+iBQM BM i?Bb T�`�K2i2` `2;BK2

UJ2Hx�MB 2i �HX- kyR9c q2`M2` 2i �HX- kyReVX

h?2 �BK Q7 i?Bb rQ`F Bb iQ 2tTHQ`2 T�`iB+H2 ?2�iBM; pB� K�;M2iB+ `2+QMM2+iBQM BM i?2 i`�Mb@

`2H�iBpBbiB+ `2;BK2 σi ! 1. q2 bim/v ?2�iBM; BM i?2 Qmi~Qrb Q7 �MiB@T�`�HH2H `2+QMM2+iBQM UBX2X- BM

i?2 �#b2M+2 Q7 � ;mB/2 }2H/ T2`T2M/B+mH�` iQ i?2 �Hi2`M�iBM; }2H/bV #v K2�Mb Q7 7mHHv@FBM2iB+ SA*

bBKmH�iBQMb- +?QQbBM; BM~Qr T�`�K2i2`b �TT`QT`B�i2 7Q` i?2 +Q`QM�2 Q7 +QHHBbBQMH2bb �++`2iBQM ~QrbX

q2 T`2b2Mi i?2 2H2+i`QM �M/ T`QiQM ?2�iBM; �b � 7mM+iBQM Q7 K�bb `�iBQ UmT iQ i?2 T?vbB+�H p�Hm2V-

BM~Qr K�;M2iBx�iBQM- BQM TH�bK� βi �M/ i2KT2`�im`2 `�iBQ Te/TiX

q2 b?Qr i?�i ?2�iBM; BM i?2 ?B;?@βi `2;BK2 Bb T`BK�`BHv /QKBM�i2/ #v �/B�#�iB+ +QKT`2bbBQM Ur2

b?�HH +�HH i?Bb +QMi`B#miBQM ǳ�/B�#�iB+ ?2�iBM;ǴV- r?BH2 7Q` HQr βi i?2 ?2�iBM; Bb ;2MmBM2- BM i?2 b2Mb2

i?�i Bi Bb �bbQ+B�i2/ rBi? �M BM+`2�b2 BM 2Mi`QTv UǳB``2p2`bB#H2 ?2�iBM;ǴVX �i Qm` }/m+B�H σi ∼ 0.1-

r2 }M/ i?�i 7Q` βi ! 1 i?2 B``2p2`bB#H2 ?2�iBM; 2{+B2M+v Bb BM/2T2M/2Mi Q7 Te/Ti Ur?B+? r2 p�`v

7`QK 0.1 mT iQ 1VX 6Q` 2[m�H 2H2+i`QM �M/ T`QiQM i2KT2`�im`2b- i?2 7`�+iBQM Q7 BM~QrBM; K�;M2iB+

2M2`;v +QMp2`i2/ iQ 2H2+i`QM B``2p2`bB#H2 ?2�iBM; �i `2�HBbiB+ K�bb `�iBQb /2+`2�b2b 7`QK ∼ 1.6%

/QrM iQ ∼ 0.2% �b βi `�M;2b 7`QK βi ∼ 10−2 mT iQ βi ∼ 0.5- #mi i?2M Bi BM+`2�b2b mT iQ ∼ 3% �b

βi �TT`Q�+?2b ∼ 2X S`QiQMb �`2 ?2�i2/ Km+? KQ`2 2{+B2MiHv i?�M 2H2+i`QMb �i HQr �M/ KQ/2`�i2

βi U#v � 7�+iQ` Q7 ∼ 7V- r?2`2�b i?2 2H2+i`QM �M/ T`QiQM ?2�iBM; 2{+B2M+B2b #2+QK2 +QKT�`�#H2

�i βi ∼ 2 B7 Te/Ti = 1- r?2M #Qi? bT2+B2b bi�`i �H`2�/v `2H�iBpBbiB+�HHv ?QiX q2 }M/ +QKT�`�#H2

?2�iBM; 2{+B2M+B2b #2ir22M i?2 irQ bT2+B2b �HbQ BM i?2 HBKBi Q7 `2H�iBpBbiB+ `2+QMM2+iBQM- r?2M i?2

K�;M2iBx�iBQM 2t+22/b mMBivX h?2 mMB7vBM; 72�im`2 Q7 i?2b2 irQ +�b2b UBX2X- ?B;? K�;M2iBx�iBQM- �M/

?B;? βi �i HQr K�;M2iBx�iBQMV Bb i?�i i?2 b+�H2 b2T�`�iBQM #2ir22M 2H2+i`QMb �M/ T`QiQMb BM i?2

`2+QMM2+iBQM Qmi~Qrb �TT`Q�+?2b mMBiv- bQ i?2 irQ bT2+B2b #2?�p2 M2�`Hv i?2 b�K2X JQiBp�i2/

#v Qm` }M/BM;b- r2 T`QTQb2 �M 2KTB`B+�H 7Q`KmH� U1[X kXj9V i?�i +�Tim`2b i?2 K�;M2iBx�iBQM �M/
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TH�bK�@βi /2T2M/2M+2 Q7 i?2 2H2+i`QM ?2�iBM; 2{+B2M+v UMQ`K�HBx2/ iQ i?2 Qp2`�HH 2H2+i`QM Y T`QiQM

?2�iBM; 2{+B2M+vV Qp2` i?2 r?QH2 `�M;2 Q7 K�;M2iBx�iBQM �M/ βi i?�i r2 2tTHQ`2X

q2 �HbQ K2�bm`2 i?2 BM~Qr bT22/ UBX2X- i?2 `2+QMM2+iBQM `�i2V �b � 7mM+iBQM Q7 i?2 ~Qr +QM/BiBQMb-

}M/BM; i?�i 7Q` Qm` }/m+B�H K�;M2iBx�iBQM σw = 0.1 Bi /2+`2�b2b 7`QK vin/vA ≈ 0.08 /QrM iQ 0.04

�b βi `�M;2b 7`QK βi ∼ 10−2 mT iQ βi ∼ 2 U?2`2- vA Bb i?2 �H7pûM bT22/VX aBKBH�`Hv- i?2 Qmi~Qr bT22/

b�im`�i2b �i i?2 �H7pûM p2HQ+Biv 7Q` HQr βi- #mi Bi /2+`2�b2b rBi? BM+`2�bBM; βi /QrM iQ vout/vA ≈ 0.7

�i βi ∼ 2. h?2 BM~Qr UQmi~Qr- `2bT2+iBp2HvV bT22/ Bb BM/2T2M/2Mi Q7 Te/Ti �i HQr βi- rBi? QMHv �

KBMQ` i2M/2M+v 7Q` HQr2` U?B;?2`- `2bT2+iBp2HvV bT22/b �i H�`;2` Te/Ti BM i?2 ?B;?@βi `2;BK2X

h?2 Q`;�MBx�iBQM Q7 i?2 T�T2` Bb �b 7QHHQrbX AM a2+iBQM kXj- r2 T`QpB/2 /2i�BHb �#Qmi i?2 bBKmH�iBQM

b2imT �M/ T�`�K2i2`bX AM a2+iBQM kX9- r2 /Bb+mbb Qm` i2+?MB[m2 7Q` 2ti`�+iBM; 7`QK SA* bBKmH�iBQMb

i?2 ?2�iBM; 2{+B2M+B2bX AM a2+iBQM kX8- r2 /Bb+mbb i?2 /2T2M/2M+2 Q7 i?2 `2+QMM2+iBQM `�i2- i?2

Qmi~Qr bT22/ �M/ i?2 2H2+i`QM �M/ T`QiQM ?2�iBM; 2{+B2M+B2b QM i?2 ~Qr +QM/BiBQMbX q2 +QM+Hm/2

BM a2+iBQM kXe- rBi? � bmKK�`v �M/ /Bb+mbbBQMX

kXj aBKmH�iBQM b2imT

q2 mb2 i?2 2H2+i`QK�;M2iB+ SA* +Q/2 TRISTAN-MP iQ T2`7Q`K 7mHHv@FBM2iB+ bBKmH�iBQMb Q7 `2+QM@

M2+iBQM U"mM2K�M- RNNjc aTBiFQpbFv- kyy8VX q2 2KTHQv irQ@/BK2MbBQM�H Uk.V bBKmH�iBQMb- #mi �HH

i?`22 +QKTQM2Mib Q7 p2HQ+Biv �M/ 2H2+i`QK�;M2iB+ }2H/b �`2 i`�+F2/X Pm` b2imT Bb bBKBH�` iQ i?�i

/2b+`B#2/ BM aB`QMB � aTBiFQpbFv UkyR9VX h?2 BMBiB�H }2H/ +QM};m`�iBQM Bb BHHmbi`�i2/ BM 6B;X kXRX

6`QK i?2 `2/ iQ i?2 #Hm2 `2;BQM- i?2 TQH�`Biv Q7 i?2 BM~Qr K�;M2iB+ }2H/ `2p2`b2b- �b b?QrM #v

i?2 r?Bi2 �``QrbX �M Qmi@Q7@TH�M2 +m``2Mi- BM i?2 ;`22M `2;BQM- b�iBb}2b �KT2`2Ƕb H�r 7Q` i?2 +m`H

Q7 i?2 K�;M2iB+ }2H/X h?2 `2+QMM2+iBQM H�v2` Bb BMBiB�HBx2/ BM >�``Bb 2[mBHB#`BmK- rBi? � K�;M2iB+

}2H/ T`Q}H2 B = B0 tanh(2πy/∆) x̂X q2 7Q+mb QM �MiB@T�`�HH2H `2+QMM2+iBQM- TQbiTQMBM; i?2 bim/v
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x̂ẑ

ŷ Current sheet

Bx at initialization

6B;m`2 kXR, a+?2K�iB+ /2TB+iBQM Q7 i?2 `2+QMM2+iBQM H�v2` BMBiB�H +QM};m`�iBQMX _2/ �M/ #Hm2 `2;BQMb
b?Qr K�;M2iB+ }2H/ HBM2b Q7 QTTQbBi2 TQH�`BivX � ?Qi- Qp2`@/2Mb2 +QKTQM2Mi Q7 TH�bK� U;`22M `2;BQMV #�H@
�M+2b i?2 K�;M2iB+ T`2bbm`2 QmibB/2 i?2 +m``2Mi b?22iX

Q7 ;mB/2 }2H/ 2z2+ib iQ � 7mim`2 rQ`FX h?2 }2H/ bi`2M;i? Bb T�`�K2i2`Bx2/ pB� i?2 K�;M2iBx�iBQM-

σw =
B2

0

4πw
, UkXjV

r?2`2 B0 Bb i?2 K�;MBim/2 Q7 i?2 K�;M2iB+ }2H/ BM i?2 BM~Qr `2;BQM- w = (ρe + ρi)c2 + γ̂eue + γ̂iui

Bb i?2 2Mi?�HTv /2MbBiv T2` mMBi pQHmK2- �M/ ρe = men0- ρi = min0- γ̂e- γ̂i- �M/ ue- ui �`2 i?2

`2bi K�bb /2MbBiB2b- �/B�#�iB+ BM/B+2b- �M/ BMi2`M�H 2M2`;v /2MbBiB2b- `2bT2+iBp2Hv- Q7 2H2+i`QMb �M/

T`QiQMbX >2`2- n0 Bb i?2 2H2+i`QM MmK#2` /2MbBiv BM i?2 BM~Qr `2;BQM- me �M/ mi �`2 i?2 2H2+i`QM

�M/ T`QiQM K�bb2bX h?2 /2}MBiBQM Q7 K�;M2iBx�iBQM BM 1[X kXj `2/m+2b iQ 1[X kXk BM i?2 HBKBi Q7

MQM@`2H�iBpBbiB+ i2KT2`�im`2b- #mi 7Q` `2H�iBpBbiB+ T�`iB+H2b i?2 2Mi?�HTv BM σw T`QT2`Hv �++QmMib 7Q`

i?2 `2H�iBpBbiB+ BM2`iB�X

AM �HH `mMb- r2 b2i i?2 +m``2Mi b?22i i?B+FM2bb iQ #2 ∆ = 40 c/ωpe- r?2`2 c/ωpe Bb i?2 2H2+i`QM

bFBM /2Ti?-

ωpe =

√
4πn0e2

me

(
1 +

θe
γ̂e − 1

)−1/2

UkX9V

Bb i?2 2H2+i`QM TH�bK� 7`2[m2M+vX >2`2- θe = kBTe/mec2 Bb i?2 /BK2MbBQMH2bb 2H2+i`QM i2KT2`�im`2-

RN



r?2`2�b e Bb i?2 2H2+i`B+ +?�`;2X h?2 bBx2 Q7 i?2 +QKTmi�iBQM�H /QK�BM BM i?2 x /B`2+iBQM Bb Lx =

4318 c/ωpe, r?B+? Bb H�`;2 2MQm;? iQ `2bQHp2 #Qi? 2H2+i`QM �M/ T`QiQM ?2�iBM; T?vbB+b Ub22 �TT2M/Bt

kX�- r?2`2 r2 bim/v i?2 +QMp2`;2M+2 Q7 Qm` `2bmHib rBi? `2bT2+i iQ i?2 /QK�BM bBx2VX q?BH2 Lx

BM mMBib Q7 c/ωpe `2K�BMb }t2/ �+`Qbb Qm` bBKmH�iBQMb- i?2 /QK�BM bBx2 BM mMBib Q7 i?2 T`QiQM bFBM

/2Ti?

c

ωpi
≈ c

ωpe

√
mi

me

(
1+

θe
γ̂e − 1

)−1/2(
1+

θi
γ̂i − 1

)1/2

, UkX8V

BM+`2�b2b �b 2H2+i`QMb #2+QK2 KQ`2 `2H�iBpBbiB+ Ub22 h�#X kXRVX >2`2- θi = kBTi/mic2 Bb i?2 /BK2M@

bBQMH2bb T`QiQM i2KT2`�im`2X

q2 ivTB+�HHv 2KTHQv T2`BQ/B+ #QmM/�`v +QM/BiBQMb �HQM; i?2 x /B`2+iBQM- #mi r2 ?�p2 i2bi2/ i?�i

Qm` K�BM `2bmHib /Q MQi +?�M;2 r?2M mbBM; Qmi~Qr #QmM/�`v +QM/BiBQMb- bBKBH�` iQ i?Qb2 /2b+`B#2/

BM aB`QMB 2i �HX UkyReVX qBi? i?2 H�ii2`- Bi Bb TQbbB#H2 iQ bim/v i?2 /vM�KB+�H 2pQHmiBQM Q7 i?2

`2+QMM2+iBQM bvbi2K Qp2` KmHiBTH2 �H7pûMB+ +`QbbBM; iBK2b- r?2`2�b i?2 2pQHmiBQM Q7 � T2`BQ/B+ bBK@

mH�iBQM Bb HBKBi2/ iQ � 72r �H7pûMB+ +`QbbBM; iBK2b- #27Q`2 i?2 T2`BQ/B+ #QmM/�`B2b bi�`i �z2+iBM; i?2

`2+QMM2+iBQM T?vbB+bX q2 +QKT�`2 i?2 `2bmHib Q7 bBKmH�iBQMb rBi? Qmi~Qr �M/ T2`BQ/B+ #QmM/�`B2b

BM �TT2M/Bt kX"X

6`2b? TH�bK�- /2b+`B#2/ #v � J�tr2HH@CɃiiM2` /Bbi`B#miBQM- Bb BMi`Q/m+2/ �i irQ KQpBM; BMD2+iQ`bX

1�+? BMD2+iQ` `2+2/2b 7`QK y = 0 �i i?2 bT22/ Q7 HB;?i- �M/ i?2 bBKmH�iBQM /QK�BM Bb 2MH�`;2/

r?2M i?2 BMD2+iQ`b `2�+? i?2 #QmM/�`B2b- bQ i?�i i?2 BMD2+iQ`b K�v +QMiBMm2 `2+2/BM; BM i?2 ±ŷ

/B`2+iBQMbX h?Bb bi`�i2;v ě /2b+`B#2/ BM KQ`2 /2i�BH BM aB`QMB � aTBiFQpbFv UkyRRV ě 2Mbm`2b

i?�i i?2 /QK�BM BM+Hm/2b �HH +�mb�HHv +QMM2+i2/ `2;BQMb i?`Qm;?Qmi i?2 2pQHmiBQM Q7 i?2 bvbi2K-

r?BH2 K�FBM; 2{+B2Mi mb2 Q7 i?2 �p�BH�#H2 K2KQ`v �M/ +QKTmiBM; iBK2X �//BiBQM�H +QKTmi�iBQM�H

QTiBKBx�iBQM Bb �+?B2p2/ #v �HHQrBM; i?2 BMD2+iQ`b iQ T2`BQ/B+�HHv ǳDmKTǴ #�+Fr�`/b UiQr�`/ y = 0V-

ky



`2KQpBM; �HH T�`iB+H2b #2vQM/ i?2 BMD2+iQ`b �M/ `2b2iiBM; i?2 2H2+i`QK�;M2iB+ }2H/b iQ i?2B` BMBiB�H

p�Hm2b UaB`QMB � aTBiFQpbFv- kyRRVX

� ?Qi- Qp2`@/2Mb2 TQTmH�iBQM Q7 T�`iB+H2b Bb BMBiB�HBx2/ BM i?2 +m``2Mi b?22i iQ #�H�M+2 i?2 K�;M2iB+

T`2bbm`2 7`QK QmibB/2X h?2b2 T�`iB+H2b ?�p2 i2KT2`�im`2 kBTcs/mic2 = σi/2η, r?2`2 η Bb i?2 Qp2`@

/2MbBiv `2H�iBp2 iQ i?2 BM~QrBM; TH�bK�c r2 mb2 η = 3X _2+QMM2+iBQM Bb i`B;;2`2/ �i i?2 BMBiB�H iBK2

#v +QQHBM; #v ?�M/ i?2 Qp2`@/2Mb2 TQTmH�iBQM BM i?2 KB//H2 Q7 i?2 +m``2Mi b?22i (x, y) ≈ (0, 0)X

h?Bb +�mb2b � HQ+�H +QHH�Tb2 Q7 i?2 H�v2`- H2�/BM; iQ i?2 7Q`K�iBQM Q7 �M s@TQBMi- �7i2` r?B+? i?2

bvbi2K 2pQHp2b b2H7@+QMbBbi2MiHv UaB`QMB 2i �HX- kyReVX

�/2[m�i2 `2bQHmiBQM Q7 i?2 2H2+i`QM bFBM /2Ti? c/ωpe Bb `2[mB`2/ 7Q` �++m`�+v �M/ bi�#BHBiv Q7

SA* +Q/2bX q2 mb2 9 +2HHb T2` 2H2+i`QM bFBM /2Ti?- �M/ }t c = 0.45 +2HHbfiBK2bi2T- r?B+? Bb

H2bb i?�M `2[mB`2/ #v i?2 *Qm`�Mi@6`B2/`B+?b@G2rv +QM/BiBQM BM k.X h?2 iBK2 `2bQHmiBQM Q7 Qm`

bBKmH�iBQMb Bb i?2M ∆t ≈ 0.1ω−1
pe - r?B+? T`QT2`Hv +�Tim`2b i?2 T?vbB+b �i 2H2+i`QM b+�H2bX 6Q` irQ

+�b2b Uβi = 0.0078 �M/ βi = 2- rBi? i?2 b�K2 σw = 0.1 �M/ Te/Ti = 1V- r2 ?�p2 i2bi2/ 7Q`

+QMp2`;2M+2 #v p�`vBM; i?2 bT�iB�H `2bQHmiBQM Ur2 ?�p2 i2bi2/ rBi? c/ωpe = 2 Q` 8 +2HHbV- r?B+?

?�b i?2 2z2+i Q7 +?�M;BM; �HbQ i?2 i2KTQ`�H `2bQHmiBQM Ur2 biBHH }t c = 0.45 +2HHbfiBK2bi2TVX 6Q`

#Qi? +?QB+2b Q7 βi- Qm` `2bmHib �`2 2bb2MiB�HHv i?2 b�K2 Ub22 �TT2M/Bt kX*- r?2`2 r2 bim/v i?2

+QMp2`;2M+2 Q7 Qm` `2bmHib rBi? `2bT2+i iQ i?2 bT�iB�H `2bQHmiBQM Q7 i?2 2H2+i`QM bFBM /2Ti?VX

6Q` bBKmH�iBQMb rBi? βi = 2, r2 mb2 64 T�`iB+H2b T2` +2HH UNppcV- r?2`2�b Nppc = 16 �i HQr2`

βiX q2 ?�p2 7QmM/ i?�i i?2b2 p�Hm2b Q7 Nppc �`2 bm{+B2Mi iQ F22T MmK2`B+�H ?2�iBM; mM/2` +QMi`QH-

2p2M 7Q` Te/Ti ≪ 1X q2 ?�p2 2ti2MbBp2Hv i2bi2/ i?2 BKT�+i Q7 MmK2`B+�H ?2�iBM; BM bBKmH�iBQMb

rBi? βi = 2 7Q` b2p2`�H p�Hm2b Q7 Nppc, BM bQK2 +�b2b mT iQ Nppc = 256c b22 �TT2M/Bt kX. 7Q` bQK2

/Bb+mbbBQMX

AM Qm` T�`�K2i2` b+�M Uh�#X kXRV- r2 }t σw �M/ bim/v i?2 `2+QMM2+iBQM T?vbB+b �b � 7mM+iBQM Q7

βi �M/ Te/TiX q2 +?QQb2 iQ }t σw `�i?2` i?�M σi, ;Bp2M i?�i i?2 T�`�K2i2` bT�+2 r2 T`Q#2 BMpQHp2b

kR



A. �(y) �(R) �(k) �(j) �(9)

βi yXyyd3 yXyjR yXRj yX8y kXy
βe yXyyyd3 yXyyjR yXyRj yXy8y yXky
θi yXyyy9R yXyyRe yXyyee yXyk3 yXRe
θe yXyyRy yXyy9R yXyRd yXydy yXjN
υi yXyyyeR yXyyk9 yXyRy yXy9j yXkd
υe yXyyR8 yXyyek yXyk8 yXRR yXd3
σi yXRy yXRy yXRy yXRR yXR8

Te/Ti yXRy yXRy yXRy yXRy yXRy
Nppc Re Re Re Re e9
c/ωpi ky ky ky RN Re

Lx[c/ωpi] 3ey 3dy 3dy 3Ny RRyy

A. "(y) "(R) "(k) "(j) "(9)

βi yXyyd3 yXyjR yXRj yX8y kXy
βe yXyykj yXyyN9 yXyj3 yXR8 yXey
θi yXyyy9R yXyyRe yXyyee yXykN yXR3
θe yXyyjR yXyRk yXy8y yXkR RXj
υi yXyyyeR yXyyk8 yXyRy yXy99 yXjk
υe yXyy9e yXyRN yXydN yXjN jXj
σi yXRy yXRy yXRy yXRR yXRd

Te/Ti yXjy yXjy yXjy yXjy yXjy
Nppc Re Re Re Re e9
c/ωpi ky ky RN Rd RR

Lx[c/ωpi] 3dy 3dy 3Ny Ryyy Reyy

A. *(y) *(R) *(k) *(j) *(9)

βi yXyyd3 yXyjR yXRj yX8y kXy
βi yXyyd3 yXyjR yXRj yX8y kXy
θi yXyyy9R yXyyRe yXyyed yXyjR yXjN
θe yXyRy yXy9R yXRd yXdd NXN
υi yXyyyeR yXyyk9 yXyRy yXy93 yXdN
υe yXyR8 yXye9 yXjy RX3 kN
σi yXRy yXRy yXRy yXRk yXj3

Te/Ti RXy RXy RXy RXy RXy
Nppc Re Re Re Re e9
c/ωpi ky RN Rd Rk 8Xy

Lx[c/ωpi] 3dy 3Ny NNy R8yy j9yy

h�#H2 kXR, AMBiB�H T�`�K2i2`b 7Q` i?2 mi/me = 25 bBKmH�iBQMb rBi? Qm` }/m+B�H σw = 0.1X h?2 T`QiQM bFBM
/2Ti? c/ωpi- +�H+mH�i2/ �++Q`/BM; iQ 1[X kX8- Bb 2tT`2bb2/ BM MmK#2` Q7 +2HHbX h?2 /2}MBiBQM Q7 i?2 p�`BQmb
[m�MiBiB2b Bb BM a2+iBQM kXjX aBKmH�iBQM b2ib �- "- �M/ * /Bz2` #v i?2 BMBiB�H i2KT2`�im`2 `�iBQ- rBi?
Te/Ti = 0.1, 0.3, �M/ 1- `2bT2+iBp2HvX 6`QK H27i iQ `B;?i- βi BM+`2�b2bX q2 }t i?2 K�bb `�iBQ mi/me = 25,
K�;M2iBx�iBQM σw = 0.1, 2H2+i`QM bFBM /2Ti? c/ωpe = 4 +2HHb- �M/ /QK�BM bBx2 Lx = 4318 c/ωpe. q2 �HbQ
T2`7Q`K � MmK#2` Q7 �//BiBQM�H bBKmH�iBQMb- mT iQ i?2 `2�HBbiB+ K�bb `�iBQ mi/me = 1836 �M/ rBi? ?B;?2`
K�;M2iBx�iBQMb Uσw = 0.3- R- j- RyV- �b /2b+`B#2/ BM a2+iBQM kXjX

kk



`2H�iBpBbiB+ T�`iB+H2b r?Qb2 i?2`K�H +QMi`B#miBQM iQ i?2 BM2`iB� Bb MQM@M2;HB;B#H2 Ub22 1[X kXjVX 6Q`

� +QMbi�Mi σw- i?2 �H7pûM p2HQ+Biv

vA
c

=

√
σw

1 + σw
, UkXeV

`2K�BMb }t2/ �+`Qbb Qm` bBKmH�iBQMbX h?2 `2+QMM2+iBQM H�v2` Bb 2pQHp2/ 7Q` ∼ 1 �H7pûMB+ +`QbbBM;

iBK2 (tA = Lx/vA)- r?B+? 7Q` Qm` `272`2M+2 K�;M2iBx�iBQM Q7 σw = 0.1 �M/ Lx = 4318 c/ωpe

+Q``2bTQM/b iQ t ≈ 14000ω−1
pe .

h?2 7Q+mb Q7 Qm` BMp2biB;�iBQM Bb i?2 bQ@+�HH2/ i`�Mb@`2H�iBpBbiB+ `2;BK2 Q7 `2+QMM2+iBQM- ?2M+2 r2

b2H2+i σw = 0.1 �b Qm` }/m+B�H K�;M2iBx�iBQM- �M/ r2 p�`v βi 7`QK 0.0078 iQ 2. �//BiBQM�HHv- r2

bim/v i?2 2z2+i Q7 i?2 BMBiB�H 2H2+i`QM@iQ@T`QiQM i2KT2`�im`2 `�iBQ Te/Ti QM i?2 `2+QMM2+iBQM T?vbB+bX

6Q` 2�+? p�Hm2 Q7 βi, r2 `mM i?`22 bBKmH�iBQMb rBi? Te/Ti = 0.1, 0.3, �M/ 1. Pm` +?QB+2 Q7 BMBiB�H

T�`�K2i2`b- #Qi? T?vbB+�H Uσw,βi- �M/ Te/TiV �M/ +QKTmi�iBQM�H UNppc- c/ωpeV- Bb bmKK�`Bx2/ BM

h�#X kXRX Pi?2` /2`Bp2/ T?vbB+�H T�`�K2i2`b BM i?2 BM~Qr `2;BQM- M�K2Hv i?2 2H2+i`QM TH�bK� βe =

βiTe/Ti, i?2 /BK2MbBQMH2bb T`QiQM �M/ 2H2+i`QM i2KT2`�im`2b θi = kBTi/mic2 �M/ θe = kBTe/mec2,

i?2 /BK2MbBQMH2bb BMi2`M�H 2M2`;v T2` T�`iB+H2 7Q` T`QiQMb �M/ 2H2+i`QMb υi ≡ ui/n0mic2 �M/ υe ≡

ue/n0mec2- �M/ i?2 `�iBQ σi Q7 K�;M2iB+ T`2bbm`2 iQ `2bi K�bb 2M2`;v /2MbBiv- �`2 �HbQ BM+Hm/2/X

AM �//BiBQM iQ i?2 bBKmH�iBQMb HBbi2/ BM i?2 i�#H2- r?B+? 2KTHQv K�bb `�iBQ mi/me = 25- r2 �HbQ

BMp2biB;�i2 K�bb `�iBQb mi/me = 10, 50, �M/ 1836 7Q` βi BM i?2 `�M;2 5 × 10−4 − 2 UrBi? }t2/

σw = 0.1 �M/ � }t2/ 2H2+i`QM@iQ@T`QiQM i2KT2`�im`2 `�iBQ Te/Ti = 1VX qBi? `2�HBbiB+ K�bb `�iBQb

�M/ Te/Ti = 1- r2 �HbQ 2tTHQ`2 i?2 βi@/2T2M/2M+2 Q7 i?2 ?2�iBM; 2{+B2M+v �i ?B;?2` p�Hm2b Q7 i?2

K�;M2iBx�iBQM, σw = 0.3- R- j �M/ RyX

kj
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(a)  ωpe t =3713(a)  ωpe t =3713

(b)  ωpe t =7200(b)  ωpe t =7200

(c)  ωpe t =10688(c)  ωpe t =10688

6B;m`2 kXk, hBK2 2pQHmiBQM Q7 � `2T`2b2Mi�iBp2 HQr@βi bBKmH�iBQM U�(y) BM h�#X kXRV- rBi? βi = 0.0078
�M/ Te/Ti = 0.1X h?2 bM�Tb?Qib b?Qr MmK#2` /2MbBiv Q7 2H2+i`QMb BM mMBib Q7 i?2 BMBiB�H /2MbBiv �i U�V,
t = 3713ω−1

pe ≈ 0.25 tAc U#V, t = 7200ω−1
pe ≈ 0.50 tAc U+V, t = 10688ω−1

pe ≈ 0.75 tAX q2 b?Qr i?2 r?QH2
/BK2MbBQM Q7 i?2 #Qt BM x- �M/ QMHv � bK�HH TQ`iBQM +HQb2 iQ i?2 +2Mi2` BM yX � +?�`�+i2`BbiB+ 72�im`2 Q7
i?Bb �M/ Qi?2` HQr@βi bBKmH�iBQMb Bb i?2 T`2b2M+2 Q7 b2+QM/�`v K�;M2iB+ BbH�M/b- BX2X- bi`m+im`2b HBF2 i?Qb2 �i
x ≈ 300 c/ωpe �M/ x ≈ −900 c/ωpe UT�M2H U+VVX h?2b2 �`2 iQ #2 /BbiBM;mBb?2/ 7`QK i?2 H�`;2 T`BK�`v BbH�M/
�i x ≈ ±2200 c/ωpe, r?Qb2 T`QT2`iB2b /2T2M/ QM +?QB+2b �i BMBiB�HBxB�iBQMX �b i?2 T`BK�`v BbH�M/ ;`Qrb- Bi
rBHH 2p2Mim�HHv BM?B#Bi 7m`i?2` �++`2iBQM Q7 K�;M2iB+ ~mt �M/ i?2 `2+QMM2+iBQM T`Q+2bb rBHH i2`KBM�i2X

kX9 h2+?MB[m2 7Q` 2ti`�+iBM; i?2 ?2�iBM; 2{+B2M+v

AM i?Bb b2+iBQM- r2 /Bb+mbb Qm` K2i?Q/ Q7 2ti`�+iBM; i?2 ?2�iBM; 2{+B2M+v 7`QK SA* bBKmH�iBQMbX

6B`bi- BM a2+iBQM kX9XR- r2 /Bb+mbb i?2 iBK2 2pQHmiBQM Q7 i?2 `2+QMM2+iBQM H�v2` 7Q` irQ `2T`2b2Mi�iBp2

+�b2b �i HQr �M/ ?B;? βiX h?2M- BM a2+iBQM kX9Xk- r2 /2b+`B#2 i?2 B/2MiB}+�iBQM Q7 BM~Qr UmTbi`2�KV

�M/ Qmi~Qr U/QrMbi`2�KV `2;BQMbX G�biHv- BM a2+iBQM kX9Xj- r2 BbQH�i2 i?2 B``2p2`bB#H2 ?2�iBM;-

BX2X- i?2 T�`i �bbQ+B�i2/ rBi? � ;2MmBM2 BM+`2�b2 BM 2Mi`QTv- 7`QK i?2 `2p2`bB#H2 ?2�iBM; BM/m+2/ #v

�/B�#�iB+ +QKT`2bbBQMX

k9
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6B;m`2 kXj, k. THQi Q7 i?2 `�iBQ Q7 iQT@iQ@iQi�H T�`iB+H2 /2MbBiv- ntop/ntot, 7Q` � `2T`2b2Mi�iBp2 bBKmH�iBQM
rBi? βi = 0.0078 �M/ Te/Ti = 0.1 U�(y) BM h�#X kXRV �i iBK2 t ≈ 11000ω−1

pe ≈ 0.8 tAX h?2 ;`22M �M/
#H�+F +QMiQm`b b?Qr i?2 #QmM/�`B2b Q7 i?2 `2;BQMb r2 mb2 iQ +�H+mH�i2 i?2 /QrMbi`2�K �M/ mTbi`2�K i2K@
T2`�im`2b- `2bT2+iBp2HvX h?2 #Qt 2/;2b �i i?2 BMi2`7�+2 #2ir22M mTbi`2�K �M/ /QrMbi`2�K +?�M;2 �b i?2
bvbi2K 2pQHp2b- �M/ �`2 +�H+mH�i2/ �++Q`/BM; iQ 1[bX kXd �M/ kX3X S�`iB+H2 KBtBM; b2`p2b �b � i`�+2` 7Q` i?2
/QrMbi`2�K `2;BQMX S�`iB+H2b 7`QK i?2 iQT Uy > 0V Q7 i?2 /QK�BM �`2 i�;;2/c �b i?2v 2Mi2` i?2 `2+QMM2+@
iBQM H�v2`- i?2v KBt rBi? T�`iB+H2b 7`QK i?2 #QiiQK Uy < 0V Q7 i?2 /QK�BMX h?2 `2+QMM2+iBQM /QrMbi`2�K
Bb B/2MiB}2/ pB� i?2 KBtBM; 7`�+iBQM ntop/ntot- �M/ � +?QB+2 Q7 i?2 i?`2b?QH/ rdown, �b BM 1[X kXdX

kX9XR hBK2 2pQHmiBQM Q7 i?2 `2+QMM2+iBQM H�v2`

hQ BHHmbi`�i2 i?2 iBK2 2pQHmiBQM Q7 i?2 `2+QMM2+iBQM H�v2`- r2 b?Qr BM 6B;X kXk � 72r bM�Tb?Qib Q7

/2MbBiv 7`QK � `2T`2b2Mi�iBp2 bBKmH�iBQM U�(y) BM h�#X kXRV rBi? βi = 0.0078 �M/ Te/Ti = 0.1X q2

THQi i?2 k. T`Q}H2 Q7 i?2 MmK#2` /2MbBiv BM mMBib Q7 i?2 BMBiB�H p�Hm2- n/n0X AM 2�+? T�M2H- r2 b?Qr

QMHv � bK�HH 7`�+iBQM Q7 i?2 /QK�BM BM i?2 y /B`2+iBQM Ur2 T`2b2Mi QMHv i?2 `2;BQM +HQb2bi iQ i?2

+m``2Mi b?22iV- �M/ i?2 7mHH 2ti2Mi Q7 i?2 /QK�BM BM xX q?Bi2 HBM2b rBi? �``Qrb b?Qr K�;M2iB+ }2H/

HBM2bX

S�M2Hb U�VĜU+V b?Qr i?2 iBK2 2pQHmiBQM Q7 i?2 bvbi2K Qp2` ∼ 1 �H7pûMB+ +`QbbBM; iBK2X "v

`2KQpBM; #v ?�M/ i?2 TH�bK� T`2bbm`2 �i i?2 +2Mi2` Q7 i?2 +m``2Mi b?22i Ux ∼ 0V- r2 i`B;;2` �

HQ+�H +QHH�Tb2 Q7 i?2 H�v2`- 7Q`KBM; �M s@TQBMiX �7i2` i?2 7Q`K�iBQM Q7 i?2 +2Mi`�H s@TQBMi- irQ

`2+QMM2+iBQM ǳr�p27`QMibǴ �`2 TmHH2/ Qmir�`/b BM i?2 ±x̂ /B`2+iBQMb #v i?2 K�;M2iB+ i2MbBQM Q7 i?2

}2H/ HBM2b- �M/ i?2 7`QMib `2+2/2 7`QK i?2 +2Mi2` �i +HQb2 iQ i?2 �H7pûM bT22/X AM T�M2Hb U�V- U#V-

�M/ U+V- i?2 r�p27`QMib �`2 HQ+�i2/ �i x ≈ ±400, 1100, �M/ 1800 c/ωpe, `2bT2+iBp2Hv- +Q``2bTQM/BM;

iQ i?2 BMM2`KQbi UBX2X- +HQb2bi iQ x = 0V HQ+�iBQMb Q7 i?2 H�`;2 b2KB@+B`+mH�` `2/fv2HHQr /2MbBiv #HQ#bX
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6B;m`2 kX9, U�V, R. T`Q}H2 �HQM; i?2 y /B`2+iBQM Q7 iQT@iQ@iQi�H T�`iB+H2 /2MbBiv `�iBQ UbQHB/ HBM2V �M/
#QiiQK@iQ@iQi�H `�iBQ U/�b?2/ HBM2V BM � bHB+2 �i x ≈ 1000 c/ωpe- �i iBK2 t ≈ 8400ω−1

pe ≈ 0.60 tA. h?2 T`Q@
}H2b �`2 7`QK i?2 b�K2 bBKmH�iBQM r2 b?Qr BM 6B;X kXj UrBi? βi = 0.0078 �M/ Te/Ti = 0.1VX o2`iB+�H /Qii2/
HBM2b BM/B+�i2 i?2 HQ+�iBQMb BM x r?2`2 i?2 iQT@iQ@iQi�H /2MbBiv `�iBQ Bb #2ir22M yXj �M/ yXd U�i y ≈ −25
�M/ 25 c/ωpe, `2bT2+iBp2HvVX "2ir22M i?2 p2`iB+�H /Qii2/ HBM2b UBX2X- BM i?2 `2;BQM r2 /2}M2 �b i?2 `2+QMM2+@
iBQM /QrMbi`2�KV- KBtBM; ?�b 2{+B2MiHv Q++m``2/X U#V, S`QiQM �M/ 2H2+i`QM i2KT2`�im`2 T`Q}H2b BM i?2
b�K2 `2;BQMX AM #2ir22M i?2 p2`iB+�H /Qii2/ HBM2b- i?2 i2KT2`�im`2 T`Q}H2b �`2 M2�`Hv ~�iX

ke



h?2 7`QMib +�``v �r�v i?2 ?Qi T�`iB+H2b BMBiB�HBx2/ BM i?2 +m``2Mi b?22iX qBi? T2`BQ/B+ #QmM/�`v

+QM/BiBQMb- i?Bb H2�/b iQ i?2 7Q`K�iBQM Q7 � T`BK�`v BbH�M/ �i i?2 #QmM/�`v Q7 i?2 bBKmH�iBQM /QK�BM

UBM 6B;X kXkU+V- HQ+�i2/ �i x ≈ ±2200 c/ωpe). h?2 T`BK�`v BbH�M/ +QMiBMm2b iQ �++`2i2 TH�bK� �b i?2

bvbi2K 2pQHp2b- #mi 2p2Mim�HHv Bi ;`Qrb bQ H�`;2 i?�i 7m`i?2` �++`2iBQM Q7 K�;M2iB+ ~mt BMiQ i?2

H�v2` Bb BM?B#Bi2/- �M/ `2+QMM2+iBQM biQTbX

h?2 T`BK�`v BbH�M/ b?Qrb i?2 ?Qii2bi 2H2+i`QM i2KT2`�im`2bX >2`2- 2H2+i`QM ?2�iBM; KB;?i #2 /m2

BM T�`i iQ `2+QMM2+iBQM- #mi �HbQ BM T�`i iQ r2�F b?Q+Fb �i i?2 BMi2`7�+2 #2ir22M i?2 `2+QMM2+iBQM

Qmi~Qr �M/ i?2 BbH�M/X AM �//BiBQM- i?2 TH�bK� +QM/BiBQMb BM i?2 BbH�M/ �`2 b2MbBiBp2 iQ Qm` �`#Bi`�`v

+?QB+2 7Q` i?2 +m``2Mi b?22i BMBiB�HBx�iBQMX 6Q` i?2b2 `2�bQMb- r2 +?QQb2 MQi iQ 7Q+mb QM i?2 ?2�iBM;

T?vbB+b BM i?2 T`BK�`v BbH�M/X

AM i?Bb T�T2`- r2 7Q+mb 2t+HmbBp2Hv QM i?2 Qmi~Qr UBX2X- #27Q`2 i?2 i?2 TH�bK� `2�+?2b i?2 T`BK�`v

BbH�M/c b22 �HbQ a?�v 2i �HX UkyR9V- BM i?2 +QMi2ti Q7 MQM@`2H�iBpBbiB+ `2+QMM2+iBQMV- b?QrM #v i?2

;`22M `2;BQM #2ir22M i?2 irQ r�p27`QMib BM 6B;X kXkX AM a2+iBQM kX9Xk- r2 /2i�BH i?2 bi2Tb r2 i�F2

iQ �pQB/ +QMi�KBM�iBQM Q7 Qm` i2KT2`�im`2 K2�bm`2K2Mib #v i?2 T`BK�`v BbH�M/X

�b i?2 irQ `2+QMM2+iBQM 7`QMib `2+2/2 7`QK i?2 +2Mi2`- TH�bK� ~Qrb BMiQ i?2 `2+QMM2+iBQM H�v2`

�M/ T�`iB+H2b �`2 ?2�i2/ �M/ �++2H2`�i2/ �b � #mHF- ~QrBM; �HQM; ±x̂ iQr�`/ i?2 /QK�BM #QmM/�`B2bX

h?2 /2Mb2 U;`22MV `2;BQM BM #2ir22M i?2 irQ r�p27`QMib Bb i?2 `2+QMM2+iBQM Qmi~QrX � F2v 72�im`2

Q7 HQr@βi bBKmH�iBQMb Bb i?2 7Q`K�iBQM BM i?2 `2+QMM2+iBQM 2t?�mbib Q7 b2+QM/�`v BbH�M/b /m2 iQ i?2

b2+QM/�`v i2�`BM; BMbi�#BHBiv- 2X;X- 6B;X kXkU+V �i x ≈ 300 c/ωpe �M/ x ≈ −900 c/ωpe U.�m;?iQM

� E�`BK�#�/B- kyydc lx/2MbFv 2i �HX- kyRyVX "2ir22M 2�+? T�B` Q7 b2+QM/�`v BbH�M/b- i?2`2 Bb �

b2+QM/�`v s@TQBMi- 2X;X- �i x ≈ −1000 c/ωpeX q2 /Bb+mbb i?2 bi`m+im`2 Q7 i?2 `2+QMM2+iBQM H�v2` �b

� 7mM+iBQM Q7 βi BM a2+iBQM kX8XRX
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kX9Xk lTbi`2�K �M/ /QrMbi`2�K B/2MiB}+�iBQM

q2 MQr /2b+`B#2 ?Qr r2 /2i2`KBM2 r?B+? +QKTmi�iBQM�H +2HHb BM i?2 bBKmH�iBQM /QK�BM #2HQM; iQ

i?2 mTbi`2�K UQ`- BM~QrV �M/ /QrMbi`2�K UQ`- Qmi~QrV `2;BQMbX q2 B/2MiB7v /QrMbi`2�K +2HHb #v

mbBM; � T�`iB+H2 KBtBM; +`Bi2`BQM #2ir22M i?2 irQ bB/2b Q7 i?2 +m``2Mi b?22iX S�`iB+H2b i?�i Q`B;BM�i2

�#Qp2 y = 0 UiQT Q7 i?2 /QK�BMV �`2 i�;;2/- iQ /BbiBM;mBb? i?2K 7`QK T�`iB+H2b Q`B;BM�iBM; #2HQr

y = 0 U#QiiQK Q7 i?2 /QK�BMVX

AM 6B;X kXj- r2 b?Qr i?2 `�iBQ Q7 iQT@iQ@iQi�H MmK#2` /2MbBivX �r�v 7`QK i?2 +m``2Mi b?22i- BX2X-

BM i?2 #Hm2 �M/ `2/ `2;BQMb- i?2`2 Bb MQ KBtBM; #2ir22M i?2 irQ TQTmH�iBQMbX S�`iB+H2b 7`QK i?2 irQ

bB/2b Q7 i?2 +m``2Mi b?22i ;2i KBt2/ �b i?2v 2Mi2` i?2 `2+QMM2+iBQM H�v2`c i?2 `2;BQM rBi? i?2 ;`2�i2bi

�KQmMi Q7 KBtBM; Bb b?QrM BM r?Bi2fHB;?i@v2HHQrX q2 +QKTmi2 i?2 `�iBQ Q7 iQT@T�`iB+H2 /2MbBiv ntop

iQ iQi�H@T�`iB+H2 /2MbBiv ntot = n UBM+Hm/BM; T�`iB+H2b 7`QK #Qi? iQT �M/ #QiiQKV BM 2�+? +2HHX A7 i?Bb

`�iBQ BM � ;Bp2M +2HH 2t+22/b � +?Qb2M i?`2b?QH/ rdown �M/ Bb #2HQr i?2 +QKTH2K2Mi�`v i?`2b?QH/-

BX2X-

rdown <
ntop

ntot
< 1− rdown, UkXdV

i?2M i?2 +2HH Bb +QmMi2/ �b QM2 r?2`2 TH�bK� ?�b `2+QMM2+i2/ UBX2X- i?2 +2HH #2HQM;b iQ i?2 `2+QM@

M2+iBQM /QrMbi`2�KVX h?Bb i2+?MB[m2 Bb bBKBH�` iQ i?�i mb2/ BM .�m;?iQM 2i �HX UkyR9VX AM Qm`

�M�HvbBb- r2 +?QQb2 rdown = 0.3, #mi r2 ?�p2 p2`B}2/ i?�i i?2 B/2MiB}+�iBQM Q7 i?2 `2+QMM2+iBQM

`2;BQM- �M/ i?2`27Q`2 i?2 ?2�iBM; 2{+B2M+B2b i?�i r2 2ti`�+i- /Q MQi bB;MB}+�MiHv /2T2M/ QM i?Bb

+?QB+2X 6Q` rdown BM i?2 `�M;2 0.1 Ĝ 0.3- i?2 ?2�iBM; 2{+B2M+B2b ivTB+�HHv /Bz2` QMHv #v ∼ 15%. h?2

+?QB+2 rdown = 0.3 Bb `2bi`B+iBp2 2MQm;? iQ 2t+Hm/2 +QMi�KBM�iBQM #v i?2 mTbi`2�K `2;BQMX h?Bb Bb

2bT2+B�HHv BKTQ`i�Mi 7Q` ?B;? βi- r?2`2- 2p2M B7 i?2 2H2+i`QM ;v`Q+2Mi2` Bb HQ+�i2/ BM � +2HH i?�i Bb

b�72Hv T�`i Q7 i?2 /QrMbi`2�K- B7 i?2 +2HH Bb +HQb2 iQ i?2 BMi2`7�+2 #2ir22M /QrMbi`2�K �M/ mTbi`2�K-
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i?2 T�`iB+H2 ;v`Q@KQiBQM K�v i2KTQ`�`BHv H2�/ i?Bb ǳ/QrMbi`2�KǴ 2H2+i`QM iQ i?2 mTbi`2�K bB/2X A7

rdown r2`2 iQ #2 iQQ bK�HH- i?2 `2;BQM r?2`2 i?2 2H2+i`QM KQiBQM 2ti2M/b BMiQ i?2 mTbi`2�K KB;?i

#2 BM+Q``2+iHv +QmMi2/ �b T�`i Q7 i?2 /QrMbi`2�K- #B�bBM; Qm` i2KT2`�im`2 2biBK�i2b iQr�`/ HQr2`

p�Hm2bX Pm` +?QB+2 Q7 rdown Bb iQ bQK2 2ti2Mi �`#Bi`�`v- #mi r2 ?�p2 7QmM/ i?�i � `2H�iBp2Hv H�`;2

p�Hm2 HBF2 rdown = 0.3 Bb bmBi�#H2 7Q` B/2MiB7vBM; i?2 ;2MmBM2 `2+QMM2+iBQM /QrMbi`2�KX

AM 6B;X kX9- r2 b?Qr R. THQib Q7 i?2 /2MbBiv 7`�+iBQM Q7 i�;;2/ T�`iB+H2b �M/ i?2 i2KT2`�im`2

T`Q}H2b �HQM; i?2 y /B`2+iBQM- BM � bHB+2 HQ+�i2/ �i x ≈ 1000 c/ωpe. AM T�M2H U�V- r2 b?Qr i?2

T`Q}H2b Q7 i?2 `�iBQ Q7 iQT@ �M/ #QiiQK@/2MbBiv iQ iQi�H /2MbBiv- /2MQi2/ #v bQHB/ �M/ /�b?2/ HBM2b-

`2bT2+iBp2Hv- �i iBK2 t ≈ 8400ω−1
pe ≈ 0.60 tAX "2ir22M i?2 irQ p2`iB+�H /Qii2/ HBM2b- i?2 `�iBQ Q7 iQT@

iQ@iQi�H /2MbBiv `�M;2b #2ir22M yXj �M/ yXd- �b `2[mB`2/ iQ b�iBb7v Qm` KBtBM; +`Bi2`BQMX �b b?QrM

BM T�M2H U#V- #Qi? i?2 2H2+i`QM U#Hm2V �M/ i?2 T`QiQM U`2/V i2KT2`�im`2 BM i?2 `2;BQM #2ir22M i?2

p2`iB+�H HBM2b �`2 `2K�`F�#Hv mMB7Q`K- T`QpBM; i?�i Qm` KBtBM; +`Bi2`BQM +�M +QM}/2MiHv +�Tim`2

i?2 `2+QMM2+iBQM /QrMbi`2�KX

h?2 mTbi`2�K `2;BQM Bb B/2MiB}2/ pB�

(
ntop

ntot
< rup

)
or

(
ntop

ntot
> 1− rup

)
, UkX3V

�M/ r2 +?QQb2 rup = 3 × 10−5X �b #27Q`2- i?Bb /2}MBiBQM �pQB/b +QMi�KBM�iBQM Q7 i?2 mTbi`2�K

`2;BQM #v �Mv ǳ/QrMbi`2�KǴ T�`iB+H2b i?�i H2�F Qmi Q7 i?2 +m``2Mi b?22iX AM T`�+iB+2- � #mz2` xQM2

rBi? � rB/i? QM i?2 Q`/2` Q7 � 72r i2Mb Q7 c/ωpe Bb 2bi�#HBb?2/ #2ir22M i?2 `2;BQMb r2 B/2MiB7v �b

mTbi`2�K �M/ /QrMbi`2�KX

q?BH2 1[X kXd U1[X kX3- `2bT2+iBp2HvV B/2MiB}2b i?2 r?QH2 `2+QMM2+iBQM Qmi~Qr UBM~Qr- `2bT2+@

iBp2HvV- r2 2M7Q`+2 �M �//BiBQM�H +QMbi`�BMi QM i?2 /QrMbi`2�K �M/ mTbi`2�K `2;BQMb i?�i r2 2KTHQv

iQ 2ti`�+i Qm` ?2�iBM; 2{+B2M+B2bX q2 b2H2+i /QrMbi`2�K `2;BQMb 7�` 2MQm;? 7`QK i?2 +2Mi`�H s@
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TQBMi i?�i i?2 2H2+i`QM �M/ T`QiQM Qmi~Qr #mHF p2HQ+BiB2b ?�p2 b�im`�i2/- �M/ �HbQ i?�i i?2 2H2+i`QM

�M/ T`QiQM i2KT2`�im`2b ?�p2 `2�+?2/ i?2B` �bvKTiQiB+ p�Hm2bX �i i?2 b�K2 iBK2- r2 b2H2+i i?2b2

`2;BQMb iQ #2 7�` 2MQm;? 7`QK i?2 #QmM/�`B2b iQ �pQB/ +QMi�KBM�iBQM 7`QK i?2 K�i2`B�H BMbB/2 i?2

T`BK�`v BbH�M/- �M/ QMHv +�Tim`2 i?2 ;2MmBM2 `2+QMM2+iBQM Qmi~QrX h?2 /QrMbi`2�K `2;BQM i?�i

b�iBb}2b i?2b2 +QMbi`�BMib UB/2MiB}2/ #v i?2 ;`22M +QMiQm`b BM 6B;X kXjV p�`B2b 7Q` /Bz2`2Mi bBKmH�@

iBQMb, 7Q` βi < 2 Bi Bb HQ+�i2/ �i � /Bbi�M+2 Q7 ∼ 630 c/ωpe 7`QK i?2 +2Mi2`- r?2`2�b 7Q` βi = 2

Bi Bb �i ∼ 350 c/ωpe 7`QK i?2 +2Mi2` U�b r2 b?Qr #2HQr- i?2 T`BK�`v BbH�M/ i2M/b iQ #2 H�`;2` �i

?B;?2` βiVX h?2 2ti2Mi Q7 i?2 /QrMbi`2�K `2;BQM �+`Qbb i?2 H�v2` UBX2X- �HQM; yV Bb /2i2`KBM2/ #v

i?2 KBtBM; +`Bi2`BQM BM 1[X kXd- r?BH2 i?2 H2M;i? �HQM; i?2 H�v2` Bb }t2/ �i ∼ 170 c/ωpe Ub22 i?2

;`22M +QMiQm`b BM 6B;X kXjVX h?2 +Q``2bTQM/BM; mTbi`2�K p�Hm2b �`2 K2�bm`2/ �i i?2 b�K2 /Bbi�M+2

7`QK i?2 +2Mi2` Q7 i?2 H�v2`- rBi?BM i?2 #H�+F +QMiQm`b BM 6B;X kXjX h?2B` 2t2Mi �HQM; i?2 y /B`2+iBQM

/Q2b MQi bB;MB}+�MiHv �z2+i Qm` `2bmHibX

kX9Xj *?�`�+i2`Bx�iBQM Q7 ?2�iBM;

AM i?Bb b2+iBQM- r2 /2b+`B#2 Qm` �bb2bbK2Mi Q7 T�`iB+H2 ?2�iBM;X 6B`bi- BM a2+iBQM kX9XjXR- r2 /2b+`B#2

Qm` +�H+mH�iBQM Q7 `2bi@7`�K2 BMi2`M�H 2M2`;v �M/ i2KT2`�im`2X L2ti- BM a2+iBQM kX9XjXk- r2 /2}M2

`�iBQb i?�i +?�`�+i2`Bx2 i?2 iQi�H �KQmMi Q7 ?2�iBM;X 6BM�HHv- BM a2+iBQM kX9XjXj- r2 T`QpB/2 � KQ`2

/2i�BH2/ �M�HvbBb Q7 i?2 ?2�iBM; T?vbB+b #v BbQH�iBM; i?2 2z2+i Q7 � ;2MmBM2 2Mi`QTv BM+`2�b2 Ur?B+?

r2 +�HH ǳB``2p2`bB#H2 ?2�iBM;ǴV 7`QK i?2 +QMi`B#miBQM Q7 �/B�#�iB+ +QKT`2bbBQM U;BpBM; ǳ�/B�#�iB+

?2�iBM;ǴVX

kX9XjXR h2KT2`�im`2 +�H+mH�iBQM

q2 K2�bm`2 i?2 iQi�H T�`iB+H2 2M2`;v /2MbBiv BM i?2 bBKmH�iBQM 7`�K2- i?2M 2ti`�+i i?2 +Q``2@

bTQM/BM; ~mB/@7`�K2 BMi2`M�H 2M2`;v �M/ i2KT2`�im`2- #v 2KTHQvBM; i?2 T2`72+i- BbQi`QTB+ ~mB/

jy



�TT`QtBK�iBQM- BX2X

Tµν = (e+ p)UµUν − pgµν , UkXNV

r?2`2 Tµν Bb i?2 bi`2bb@2M2`;v i2MbQ` Q7 i?2 ~mB/- e Bb i?2 `2bi@7`�K2 2M2`;v /2MbBiv- p Bb i?2

T`2bbm`2- Uµ Bb i?2 ~mB/ /BK2MbBQMH2bb 7Qm`@p2HQ+Biv- �M/ gµν Bb i?2 ~�i@bT�+2 JBMFQrbFB K2i`B+X

h?2 `2bi@7`�K2 2M2`;v /2MbBiv Bb i?2 bmK Q7 `2bi@K�bb �M/ BMi2`M�H 2M2`;v /2MbBiB2b- BX2X

e = nmc2 + u UkXRyV

= nmc2 +
p

γ̂ − 1
, UkXRRV

r?2`2 n Bb i?2 `2bi@7`�K2 T�`iB+H2 MmK#2` /2MbBiv- u Bb i?2 BMi2`M�H 2M2`;v /2MbBiv- �M/ γ̂ Bb i?2

�/B�#�iB+ BM/2tX h?2 /BK2MbBQMH2bb BMi2`M�H 2M2`;v T2` T�`iB+H2 BM i?2 ~mB/ `2bi 7`�K2 υs K�v #2

2tT`2bb2/ �b

υs =
(T 00

s /nsmsc2 − Γs)Γs

1 + γ̂s(Γ2
s − 1)

, UkXRkV

r?2`2 T 00
s Bb i?2 iQi�H 2M2`;v /2MbBiv BM i?2 bBKmH�iBQM 7`�K2- ns Bb i?2 H�#@7`�K2 T�`iB+H2 MmK#2`

/2MbBiv- Γs Bb i?2 GQ`2Mix 7�+iQ` +Q``2bTQM/BM; iQ i?2 HQ+�H ~mB/ p2HQ+Biv- γ̂s Bb i?2 �/B�#�iB+ BM/2t-

�M/ i?2 bm#b+`BTi s = e, i `272`b iQ i?2 T�`iB+H2 bT2+B2bX

hQ K�F2 mb2 Q7 1[X kXRk- r2 M22/ iQ 2tT`2bb i?2 �/B�#�iB+ BM/2t γ̂s �b � 7mM+iBQM Q7 i?2 BMi2`M�H

2M2`;v T2` T�`iB+H2- bQ i?�i i?2 2[m�iBQM K�v #2 bQHp2/ Bi2`�iBp2HvX 6Q` � TH�bK� /2b+`B#2/ #v �

J�tr2HH@CɃiiM2` /Bbi`B#miBQM rBi? /BK2MbBQMH2bb i2KT2`�im`2 θs-

fMJ(γ, θs) ∝ γ
√
γ2 − 1 exp (−γ/θs) , UkXRjV

jR



r?2`2 γ /2MQi2b i?2 T�`iB+H2 GQ`2Mix 7�+iQ`- i?2 /BK2MbBQMH2bb BMi2`M�H 2M2`;v Bb ;Bp2M #v

υs =

∫∞
1 γfMJ(γ, θs)dγ∫∞
1 fMJ(γ, θs)dγ

− 1. UkXR9V

q2 ?�p2 MmK2`B+�HHv 2p�Hm�i2/ i?2 BMi2;`�H QM i?2 `B;?i ?�M/ bB/2 7Q` � `�M;2 Q7 i2KT2`�im`2b �M/

i?2`2#v T`Q/m+2/ BMi2`TQH�iBM; i�#H2b 7Q` γ̂s(υs) �M/ θs(υs)- iQ #2 mb2/ 7Q` }M/BM; υs BM 1[X kXRkX

1[bX kXN �M/ kXRk �bbmK2 i?�i i?2 bi`2bb@2M2`;v i2MbQ` Bb /B�;QM�H �M/ BbQi`QTB+ BM i?2 ~mB/

7`�K2X q2 ?�p2 2tTHB+BiHv i2bi2/ i?Bb �bbmKTiBQM #v K2�bm`BM; �HH i?2 +QKTQM2Mib Q7 i?2 bi`2bb@

2M2`;v i2MbQ` BM Qm` +QKTmi�iBQM�H /QK�BMX "v #QQbiBM; BMiQ i?2 HQ+�H ~mB/ 7`�K2- r2 +�M +�H+mH�i2

�HH i?2 +QKTQM2Mib Q7 i?2 T`2bbm`2 i2MbQ`X q2 }M/ i?�i i?2 Qz@/B�;QM�H +QKTQM2Mib �`2 ;2M2`�HHv

M2;HB;B#H2X �b `2;�`/ iQ i?2 /B�;QM�H +QKTQM2Mib- r2 [m�MiB7v i?2 /2;`22 Q7 �MBbQi`QTv rBi? i?2

i2KT2`�im`2 `�iBQb Txx/Ttot, Tyy/Ttot, �M/ Tzz/Ttot, r?2`2 Ttot = (Txx + Tyy + Tzz)/3X 6Q` �M

BbQi`QTB+ ~mB/- Txx/Ttot = Tyy/Ttot = Tzz/Ttot = 1X 6Q` 2H2+i`QMb BM i?2 `2+QMM2+iBQM /QrMbi`2�K-

r2 }M/ i?�i i?2b2 `�iBQb ivTB+�HHv HB2 BM i?2 `�M;2 Tyy/Ttot ≈ Tzz/Ttot ≈ 0.9 Ĝ 0.95 �M/ Txx/Ttot ≈

1.2 Ĝ 1.1 Ub22 �TT2M/Bt kX1 7Q` 7m`i?2` /Bb+mbbBQM- BM+Hm/BM; i?2 /2T2M/2M+2 Q7 i?2 �MBbQi`QTv QM βi

�M/ Te/TiVX q2 }M/ ;`2�i2` �MBbQi`QTv �HQM; i?2 Qmi~Qr /B`2+iBQM x̂ i?�M 2Bi?2` ŷ Q` ẑX h?Bb Bb BM

[m�HBi�iBp2 �;`22K2Mi rBi? i?2 }M/BM;b Q7 a?�v 2i �HX UkyR9V- r?Q /2KQMbi`�i2/ i?�i i?2 2H2+i`QM

T`2bbm`2 i2MbQ` BM i?2 BKK2/B�i2 `2+QMM2+iBQM 2t?�mbib Bb �MBbQi`QTB+- rBi? i?2 +QKTQM2Mi T�`�HH2H

iQ i?2 HQ+�H K�;M2iB+ }2H/ H�`;2` i?�M i?2 T2`T2M/B+mH�` +QKTQM2MiX

�b �M �//BiBQM�H i2bi- r2 ?�p2 �HbQ K2�bm`2/ i?2 i2KT2`�im`2 �M/ BMi2`M�H 2M2`;v pB� �M 2tTHB+Bi

#QQbi Q7 i?2 bi`2bb@2M2`;v i2MbQ` BMiQ i?2 ~mB/ `2bi 7`�K2- �M/ +QKT�`2/ i?2 `2bmHib iQ i?Qb2

+QKTmi2/ #v 2KTHQvBM; i?2 T2`72+i@~mB/ �TT`QtBK�iBQM �b /2b+`B#2/ �#Qp2X q2 }M/ i?�i i?2

/Bb�;`22K2Mi #2ir22M i?2 irQ K2i?Q/b Bb QMHv Q7 Q`/2` ∼ 1%, T`QpB/BM; � TQbi2`BQ`B � DmbiB}+�iBQM

7Q` i?2 T2`72+i@~mB/ �bbmKTiBQMX

jk



kX9XjXk hQi�H ?2�iBM;

h?2 K�BM 7Q+mb Q7 Qm` BMp2biB;�iBQM Bb T�`iB+H2 ?2�iBM; #v `2+QMM2+iBQM- �M/ ?Qr i?2 ?2�iBM; 27@

}+B2M+v /2T2M/b QM i?2 mTbi`2�K T�`�K2i2`bX 6`QK 2�+? bBKmH�iBQM- r2 2ti`�+i � /BK2MbBQMH2bb

`�iBQ Mue,tot, r?B+? r2 /2}M2 �b

Mue,tot ≡
υe,down − υe,up

σimi/me
. UkXR8V

h?2 MmK2`�iQ` Bb i?2 /Bz2`2M+2 BM /BK2MbBQMH2bb BMi2`M�H 2M2`;v T2` 2H2+i`QM #2ir22M /QrMbi`2�K

�M/ mTbi`2�K- r?BH2 i?2 /2MQKBM�iQ` `2T`2b2Mib U�T�`i 7`QK � 7�+iQ` Q7 irQV i?2 �p�BH�#H2 K�;M2iB+

2M2`;v T2` 2H2+i`QM BM i?2 mTbi`2�K- BM mMBib Q7 i?2 2H2+i`QM `2bi K�bb 2M2`;v U= B2
0/4πn0mec2VX

h?2 `�iBQ Mue,tot Bb i?2M � K2�bm`2 Q7 i?2 2{+B2M+v Q7 `2+QMM2+iBQM BM +QMp2`iBM; �p�BH�#H2 K�;M2iB+

2M2`;v iQ 2H2+i`QM ?2�iBM;X �Hi2`M�iBp2Hv- i?2 2{+B2M+v T�`�K2i2` K�v #2 T?`�b2/ BM i2`Kb Q7 i?2

/BK2MbBQMH2bb i2KT2`�im`2-

MT e,tot ≡
θe,down − θe,up

σimi/me
, UkXReV

�b BM a?�v 2i �HX UkyR9VX q2 /2}M2 �M�HQ;Qmb `�iBQb 7Q` T`QiQMb �b

Mui,tot ≡
υi,down − υi,up

σi
, UkXRdV

�M/

MT i,tot ≡
θi,down − θi,up

σi
. UkXR3V

6Q` i?2 `2bmHib T`2b2Mi2/ #2HQr- r2 �p2`�;2 i?2 /BK2MbBQMH2bb BMi2`M�H 2M2`;v �M/ i2KT2`�im`2

�TT2�`BM; BM i?2 �#Qp2 2[m�iBQMb Qp2` iBK2- bi�`iBM; �i∼ 0.3�H7pûMB+ +`QbbBM; iBK2b UQ` 2[mBp�H2MiHv-

jj



∼ 4500 ω−1
pe V- r?2M i?2 irQ `2+QMM2+iBQM r�p27`QMib ě �M/ rBi? i?2K- i?2 T�`iB+H2b BMBiB�HBx2/ BM

i?2 +m``2Mi b?22i ě ?�p2 KQp2/ #2vQM/ i?2 `2;BQM i?�i r2 mb2 7Q` Qm` +QKTmi�iBQMb U;`22M �M/

#H�+F #Qt2b BM 6B;X kXjVX q2 ivTB+�HHv iBK2@�p2`�;2 Qm` `2bmHib Qp2` �M BMi2`p�H Q7 ∼ 0.3 �H7pûMB+

+`QbbBM; iBK2bX

kX9XjXj �/B�#�iB+ �M/ B``2p2`bB#H2 ?2�iBM;

q?2M ;�b Bb �/B�#�iB+�HHv +QKT`2bb2/- Bib BMi2`M�H 2M2`;v BM+`2�b2b r?BH2 Bib 2Mi`QTv `2K�BMb +QM@

bi�MiX h?2 `2+QMM2+iBM; TH�bK� K�v 2tT2`B2M+2 bm+? �/B�#�iB+ ?2�iBM;- bBM+2 i?2 /QrMbi`2�K

`2;BQM Bb /2Mb2` i?�M i?2 mTbi`2�K Ub22 6B;X kXkVX >Qr2p2`- �/B�#�iB+ ?2�iBM; Bb MQi � ;2MmBM2

bB;M�im`2 Q7 i?2 +QMp2`bBQM Q7 }2H/ 2M2`;v BMiQ T�`iB+H2 2M2`;vX q2 BbQH�i2 i?2 B``2p2`bB#H2 ?2�iBM;

;2M2`�i2/ #v K�;M2iB+ }2H/ /BbbBT�iBQM #v bm#i`�+iBM; Qmi i?2 �/B�#�iB+ ?2�iBM; 7`QK i?2 iQi�H

T�`iB+H2 ?2�iBM;X

h?2 T`2/B+i2/ BMi2`M�H 2M2`;v T2` T�`iB+H2 BM i?2 /QrMbi`2�K `2bmHiBM; 7`QK �/B�#�iB+ +QKT`2b@

bBQM �HQM2 Ur?B+? r2 b?�HH +�HH υads,down 7Q` bT2+B2b sV Bb +�H+mH�i2/ 7`QK i?2 mTbi`2�K BMi2`M�H 2M2`;v

T2` T�`iB+H2 υs,up- i?2 mTbi`2�K `2bi@7`�K2 MmK#2` /2MbBiv n̄s,up �M/ i?2 /QrMbi`2�K `2bi@7`�K2

MmK#2` /2MbBiv n̄s,down mbBM; i?2 b2+QM/ H�r Q7 i?2`KQ/vM�KB+b 7Q` +QMbi�Mi 2Mi`QTv-

dUs = −psdV UkXRNV

6`QK i?2 B/2�H ;�b 2[m�iBQM Q7 bi�i2- i?2 T`2bbm`2 Bb ps = n̄skBTs = (γ̂s − 1)usX lbBM; i?2 `2H�iBQM

Us/V = us = υsn̄smsc2- r2 +�M BMi2;`�i2 1[X kXRN iQ Q#i�BM

∫ υad
s,down

υs,up

1

(γ̂(υs)− 1)υs
dυs − log

(
n̄s,down

n̄s,up

)
= 0. UkXkyV

q2 +QKTmi2 i?2 �`;mK2Mi Q7 i?2 HQ;�`Bi?K BM 1[X kXky �b i?2 `�iBQ Q7 /QrMbi`2�K iQ mTbi`2�K

`2bi@7`�K2 /2MbBiv- bT�iB�HHv �p2`�;2/ Qp2` i?2 `2;BQMb K�`F2/ BM 6B;X kXjX h?2 HQr2` #QmM/ Q7 i?2

j9



BMi2;`�H υs,up Bb +QKTmi2/ �b � /2MbBiv@r2B;?i2/ bT�iB�H �p2`�;2 BM i?2 b2H2+i2/ mTbi`2�K `2;BQMX

h?2 �/B�#�iB+ BM/2t γ̂s(υs) Bb i�#mH�i2/ �b /Bb+mbb2/ �#Qp2X q2 MmK2`B+�HHv bQHp2 1[X kXky 7Q` i?2

T`2/B+i2/ /QrMbi`2�K /BK2MbBQMH2bb BMi2`M�H 2M2`;v T2` T�`iB+H2 υads,down `2bmHiBM; 7`QK �/B�#�iB+

+QKT`2bbBQMX q2 `272` iQ i?2 +Q``2bTQM/BM; /BK2MbBQMH2bb i2KT2`�im`2 �b θads,downX q2 +�HH i?2

/Bz2`2M+2 #2ir22M i?2 BMBiB�H �M/ i?2 T`2/B+i2/ /BK2MbBQMH2bb i2KT2`�im`2 Q` BMi2`M�H 2M2`;v T2`

T�`iB+H2 /m2 iQ �/B�#�iB+ +QKT`2bbBQM- BX2X- ∆θs,ad ≡ θads,down − θs,up �M/ ∆υs,ad = υads,down − υs,up- �b

i?2 ǳ�/B�#�iB+Ǵ +QKTQM2Mi Q7 ?2�iBM;X

h?2 B``2p2`bB#H2 ?2�iBM;- r?B+? Bb �bbQ+B�i2/ rBi? � ;2MmBM2 BM+`2�b2 BM 2Mi`QTv- Bb i?2 `2bB/m�H

#2ir22M i?2 iQi�H ?2�iBM; �M/ i?2 �/B�#�iB+ ?2�iBM;,

∆θs,irr = (θs,down − θs,up)−∆θs,ad, UkXkRV

∆υs,irr = (υs,down − υs,up)−∆υs,ad. UkXkkV

�b BM a2+iBQM kX9XjXk- r2 BMi`Q/m+2 2{+B2M+v `�iBQb iQ +?�`�+i2`Bx2 i?2 B``2p2`bB#H2 �M/ �/B�#�iB+

?2�iBM; Q7 2H2+i`QMb-

MT e,irr ≡
∆θe,irr

σimi/me
, MT e,ad ≡

∆θe,ad
σimi/me

, UkXkjV

Mue,irr ≡
∆υe,irr
σimi/me

, Mue,ad ≡
∆υe,ad
σimi/me

, UkXk9V

�M/ /2}M2 �M�HQ;Qmb `�iBQb 7Q` T`QiQMb

MT i,irr ≡
∆θi,irr
σi

, MT i,ad ≡
∆θi,ad
σi

, UkXk8V

Mui,irr ≡
∆υi,irr
σi

, Mui,ad ≡
∆υi,ad
σi

. UkXkeV
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βi=0.0078, Te/Ti=0.1

6B;m`2 kX8, k. bi`m+im`2 �i t = 11250ω−1
pe ≈ 0.75 tA 7`QK � `2T`2b2Mi�iBp2 HQr@βi bBKmH�iBQM U�(y) BM

h�#X kXRV rBi? βi = 0.0078- σw = 0.1- Te/Ti = 0.1 �M/ mi/me = 25X q2 T`2b2Mi k. THQib Q7 U�V, T�`iB+H2
/2MbBiv BM mMBib Q7 i?2 mTbi`2�K BMBiB�H p�Hm2- n/n0- rBi? Qp2`THQii2/ K�;M2iB+ }2H/ HBM2bc U#V, /BK2MbBQM@
H2bb 2H2+i`QM i2KT2`�im`2- θec U+V, HQ;�`Bi?K Q7 i?2 K�;M2iB+ 2M2`;v 7`�+iBQM- εB = B2

0/8πn0mic2c U/V,
BM~Qr p2HQ+Biv- BM mMBib Q7 �H7pûM bT22/ vin/vA = v · ŷ/vA; U2V, Qmi~Qr p2HQ+Biv- BM mMBib Q7 �H7pûM bT22/
vout/vA = v · x̂/vAX q2 b?Qr i?2 7mHH 2ti2Mi Q7 i?2 /QK�BM BM i?2 x /B`2+iBQM ULx = 4318 c/ωpeV- �M/
QMHv � bK�HH 7`�+iBQM Q7 i?2 #Qt +HQb2 iQ i?2 +m``2Mi b?22i BM i?2 y /B`2+iBQMX h?2 T`BK�`v BbH�M/- r?B+?
+QMi�BMb i?2 T�`iB+H2b BMBiB�HBx2/ BM i?2 +m``2Mi b?22i- +�M #2 b22M �i i?2 #QmM/�`B2b Ux = ±2200 c/ωpeVX
�b b?QrM BM T�M2H U�V- i?2 /2MbBiv `2�+?2b n/n0 ≈ 2.3 BM i?2 #mHF Q7 i?2 Qmi~Qr- rBi? b?�`T BM+`2�b2b mT
iQ n/n0 ≈ 5 BM i?2 +Q`2 Q7 b2+QM/�`v BbH�M/b U2X;X- �i x = −1000 c/ωpe �M/ x = 300 c/ωpeVX h?2 T`BK�`v
BbH�M/ ?�b � ?B;? /2MbBiv i?`Qm;?Qmi Bib BMi2`BQ`- n/n0 ≈ 5. aBKBH�`Hv- i?2 i2KT2`�im`2 UT�M2H U#VV Bb mMB@
7Q`K θe ≈ 0.1 BM i?2 #mHF Q7 i?2 Qmi~Qr- rBi? bTBF2b mT iQ θe ≈ 0.25 �i i?2 +2Mi2` Q7 b2+QM/�`v BbH�M/bX
h?2 T`BK�`v BbH�M/ ?�b � i2KT2`�im`2 θe ≈ 0.15 i?`Qm;?Qmi Bib BMi2`BQ`X AM T�M2H U+V- r2 b?Qr i?�i i?2
K�;M2iB+ 2M2`;v 7`�+iBQM εB Bb 2ti`2K2Hv bK�HH BM i?2 Qmi~Qr- εB ! 0.01X h?2 BM~Qr p2HQ+Biv BM T�M2H
U/V Bb � 7`�+iBQM Q7 i?2 �H7pûM HBKBi |vin|/vA ≈ 0.08- �M/ i?2 Qmi~Qr p2HQ+Biv BM T�M2H U2V �TT`Q�+?2b i?2
�H7pûM HBKBi- |vout|/vA ≈ 1.

kX8 _2bmHib

AM i?Bb b2+iBQM- r2 /2b+`B#2 Qm` K�BM `2bmHib- 7Q+mbBM; QM i?2 /2T2M/2M+2 Q7 i?2 ?2�iBM; 2{+B2M+v

QM i?2 TH�bK� +QM/BiBQMbX 6B`bi- BM a2+iBQM kX8XR- r2 T`2b2Mi i?2 /vM�KB+b Q7 i?2 `2+QMM2+iBQM H�v2`-

je
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βi=2, Te/Ti=0.1

6B;m`2 kXe, k. bi`m+im`2 �i t = 11250ω−1
pe ≈ 0.75 tA 7`QK � `2T`2b2Mi�iBp2 ?B;?@βi bBKmH�iBQM U�(9) BM

h�#X kXRV rBi? βi = 2- σw = 0.1- Te/Ti = 0.1 �M/ mi/me = 25 UBX2X- �T�`i 7`QK βi- rBi? i?2 b�K2 T�@
`�K2i2`b �b BM 6B;X kX8VX h?2 T�M2Hb b?Qr i?2 b�K2 [m�MiBiB2b �b BM 6B;X kX8X �b b?QrM BM T�M2H U�V- i?2
/2MbBiv Bb `Qm;?Hv n/n0 ≈ 1.2 BM i?2 #mHF Q7 i?2 Qmi~Qr- r?B+? Bb QMHv bHB;?iHv H�`;2` i?�M i?2 mTbi`2�K
/2MbBivX AM i?2 T`BK�`v BbH�M/- i?2 /2MbBiv `2�+?2b n/n0 ≈ 4. h?2 2H2+i`QM i2KT2`�im`2 UT�M2H U#VV Bb
M2�`Hv mMB7Q`K BM i?2 `2+QMM2+iBQM 2t?�mbib UBX2X- rBi?BM � /Bbi�M+2 Q7 ≈ 700 c/ωpe 7`QK i?2 +2Mi`�H s@
TQBMiV- rBi? θe ≈ 0.6X qBi?BM i?2 T`BK�`v BbH�M/- i?2 i2KT2`�im`2 `2�+?2b θe ≈ 0.8. AM T�M2H U+V- r2
T`2b2Mi i?2 HQ;�`Bi?K Q7 K�;M2iB+ 2M2`;v 7`�+iBQM εB - b?QrBM; i?�i i?2 `2+QMM2+iBQM H�v2` Bb r2�FHv K�;@
M2iBx2/ UεB ! 0.01VX S�M2H U/V b?Qrb i?�i i?2 BM~Qr p2HQ+Biv Bb M2�`Hv mMB7Q`K BM i?2 mTbi`2�K- rBi? �
ivTB+�H p�Hm2 |vin|/vA ≈ 0.04. S�M2H U2V b?Qrb i?�i i?2 Qmi~Qr p2HQ+Biv BM i?2 `2+QMM2+iBQM 2t?�mbib Bb
|vout|/vA ≈ 0.6X �i i?2 +2Mi2` Q7 i?2 T`BK�`v BbH�M/- x ≈ ±2200 c/ωpe, i?2 TH�bK� 7`QK i?2 `2+QMM2+iBQM
Qmi~Qrb +QK2b iQ `2bi- |vout|/vA ≈ 0.
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6B;m`2 kXd, *QKT�`BbQM #2ir22M � HQr@βi UH27i +QHmKM- rBi? βi = 0.0078- �(y) BM h�#X kXRV �M/ � ?B;?@
βi U`B;?i +QHmKM- rBi? βi = 0.5- �(j) BM h�#X kXRV bBKmH�iBQM- �i iBK2 t = 9225ω−1

pe ≈ 0.65 tAX AM #Qi?
+�b2b- σw = 0.1- Te/Ti = 0.1 �M/ mi/me = 25X U�V-U/V, R. T`Q}H2b �HQM; x U�p2`�;2/ �HQM; y rBi?BM i?2
`2+QMM2+iBQM /QrMbi`2�K- �b B/2MiB}2/ #v 1[X kXdV Q7 T`QiQM U`2/V �M/ 2H2+i`QM U#Hm2V Qmi~Qr p2HQ+Biv BM
mMBib Q7 i?2 �H7pûM bT22/- vout/vAc U#V-U2V, R. T`Q}H2b �HQM; x Q7 i?2 mTbi`2�K UK�;2Mi�V �M/ /QrMbi`2�K
U;`22MV /BK2MbBQMH2bb 2H2+i`QM i2KT2`�im`2- θe Ui?2 irQ bH�#b BM #2ir22M i?2 p2`iB+�H /Qii2/ HBM2b BM/B+�i2
i?2 `2;BQMb r2 mb2 iQ +�H+mH�i2 i?2 /QrMbi`2�K �M/ mTbi`2�K i2KT2`�im`2bVc U+V-U7V, k. THQib Q7 log(θe)X
AM #Qi? i?2 HQr@ �M/ ?B;?@βi +�b2b- i?2 bT�iB�H T`Q}H2b Q7 Qmi~Qr p2HQ+Biv �M/ 2H2+i`QM i2KT2`�im`2 b?Qr
i?�i i?2 /QrMbi`2�K `2;BQM `2�+?2b � [m�bB@bi2�/v bi�i2X
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βi=0.0078, Te/Ti=0.1

βi=2, Te/Ti=0.1

6B;m`2 kX3, hBK2 2pQHmiBQM Q7 iQi�H UMT e,totc #H�+F bQHB/V- B``2p2`bB#H2 UMT e,irrc `2/ /�b?2/V- �M/ �/B�@
#�iB+ UMT e,adc #Hm2 /�b?2/V ?2�iBM; 2{+B2M+v- 7Q` � HQr@βi bBKmH�iBQM UiQT T�M2H- rBi? βi = 0.0078V �M/
� ?B;?@βi +�b2 U#QiiQK T�M2H- rBi? βi = 2VX AM #Qi? +�b2b- σw = 0.1- Te/Ti = 0.1 �M/ mi/me = 25X h?2
?2�iBM; 2{+B2M+B2b �`2 K2�bm`2/ bi�`iBM; �i t ≈ 5000ω−1

pe , �i r?B+? TQBMi i?2 irQ `2+QMM2+iBQM r�p27`QMib
`2+2/2 T�bi i?2 HQ+�iBQM Q7 i?2 /QrMbi`2�K `2;BQM mb2/ 7Q` Qm` +QKTmi�iBQMb Ub?QrM BM 6B;X kXj rBi? i?2
;`22M +QMiQm`bVX 6Q` i?2 HQr@βi +�b2- i?2 iQi�H ?2�iBM; 2{+B2M+v Qb+BHH�i2b �`QmM/ MT e ≈ 0.04, �M/ Bi Bb
/QKBM�i2/ #v ;2MmBM2fB``2p2`bB#H2 ?2�iBM; UT�M2H U�VVX 6Q` ?B;? βi, i?2 iQi�H ?2�iBM; 2{+B2M+v b�im`�i2b �i
� bK�HH2` p�Hm2- MT e ≈ 0.016. >2`2- �/B�#�iB+ �M/ B``2p2`bB#H2 ?2�iBM; 2[m�HHv +QMi`B#mi2 UT�M2H U#VVX

jN



�M/ /2b+`B#2 i?2 K�BM /Bz2`2M+2b #2ir22M HQr@βi �M/ ?B;?@βi +�b2b- 7Q` Qm` }/m+B�H K�;M2iBx�iBQM

σw = 0.1 �M/ K�bb `�iBQ mi/me = 25X L2ti- BM a2+iBQM kX8Xk- r2 /Bb+mbb i?2 BM~Qr �M/ Qmi~Qr `�i2b

�b � 7mM+iBQM Q7 βi �M/ Te/Ti. h?2M- BM a2+iBQM kX8Xj- r2 b?Qr i?2 /2T2M/2M+2 Q7 2H2+i`QM �M/ T`QiQM

?2�iBM; QM βi �M/ Te/Ti, biBHH 7Q` Qm` }/m+B�H K�;M2iBx�iBQM σw = 0.1 �M/ K�bb `�iBQ mi/me = 25X

AM a2+iBQM kX8X9- r2 2ti2M/ Qm` `2bmHib 7Q` Te/Ti = 1 �M/ σw = 0.1 mT iQ i?2 T?vbB+�H K�bb

`�iBQ mi/me = 1836, 2KT?�bBxBM; i?2 βi@/2T2M/2M+2 Q7 i?2 T�`iB+H2 ?2�iBM; 2{+B2M+B2bX 6BM�HHv-

BM a2+iBQM kX8X8- r2 b?Qr ?Qr i?2 ?2�iBM; T?vbB+b +?�M;2b r?2M i?2 K�;M2iBx�iBQM σw 2ti2M/b

�#Qp2 mMBiv UBX2X- BM i?2 `2;BK2 Q7 mHi`�@`2H�iBpBbiB+ `2+QMM2+iBQMV- 7Q` K�bb `�iBQ mi/me = 1836 �M/

i2KT2`�im`2 `�iBQ Te/Ti = 1X

kX8XR _2+QMM2+iBQM T?vbB+b �b � 7mM+iBQM Q7 βi

h?2 T?vbB+b Q7 `2+QMM2+iBQM b?Qrb � K�`F2/ /Bz2`2M+2 #2ir22M HQr@ �M/ ?B;?@βi `2;BK2bX AM 6B;bX

kX8 �M/ kXe- r2 T`2b2Mi p�`BQmb ~mB/ [m�MiBiB2b 7Q` `2T`2b2Mi�iBp2 HQr@ �M/ ?B;?@βi bBKmH�iBQMb-

`2bT2+iBp2Hv Uβi = 0.0078 BM 6B;X kX8 �M/ βi = 2 BM 6B;X kXeVX AM #Qi? +�b2b- σw = 0.1- Te/Ti = 0.1

�M/ mi/me = 25X �i t = 11250ω−1
pe ≈ 0.75 tA- r2 b?Qr k. THQib Q7, U�V i?2 iQi�H /2MbBiv BM i?2

bBKmH�iBQM 7`�K2 BM mMBib Q7 i?2 BMBiB�H /2MbBiv- n/n0c U#V i?2 /BK2MbBQMH2bb 2H2+i`QM i2KT2`�im`2

θec U+V i?2 K�;M2iB+ 2M2`;v 7`�+iBQM εB = B2/8πn0mic2c U/V i?2 BM~Qr p2HQ+Biv vin/vA = v · ŷ/vA

UvA Bb i?2 �H7pûM bT22/V- �M/ U2V i?2 Qmi~Qr p2HQ+Biv vout/vA = v · x̂/vAX

� bi`BFBM; /Bz2`2M+2 #2ir22M i?2 bBKmH�iBQMb b?QrM BM 6B;bX kX8 �M/ kXe Bb i?�i- r?BH2 i?2

`2+QMM2+iBQM Qmi~Qr �i ?B;? βi Bb M2�`Hv ?QKQ;2M2Qmb- � MmK#2` Q7 b2+QM/�`v K�;M2iB+ BbH�M/b

�TT2�` �i HQr βi Ub22 6B;X kX8U�VVX h?2 b2+QM/�`v BbH�M/b �`2 Qp2`@/2Mb2- �M/ �i i?2B` +2Mi2` i?2v

+�M `2�+? i2KT2`�im`2b � 72r iBK2b H�`;2` i?�M i?2 #mHF Q7 i?2 Qmi~Qr U6B;X kX8U#VVX h?2v �HbQ

+Q``2bTQM/ iQ T2�Fb BM K�;M2iB+ 2M2`;v U6B;X kX8U+VVX

h?2 /Bz2`2M+2 BM 2H2+i`QM i2KT2`�im`2 #2ir22M BM~Qr �M/ Qmi~Qr `2;BQMb Bb KQ`2 T`QMQmM+2/

BM i?2 HQr@ i?�M BM i?2 ?B;?@βi +�b2 U+QKT�`2 6B;bX kX8U#V �M/ kXeU#VVX >Qr2p2`- �b r2 /2KQMbi`�i2
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BM a2+iBQM kX8Xj- i?2 7`�+iBQM Q7 �p�BH�#H2 K�;M2iB+ 2M2`;v +QMp2`i2/ BMiQ iQi�H 2H2+i`QM ?2�iBM; Bb

`Qm;?Hv +QKT�`�#H2 #2ir22M i?2 irQ +�b2bX

h?2 BM~Qr p2HQ+Biv vin/vA = v · ŷ/vA Bb b?QrM BM T�M2H U/VX 6Q` HQr@βi- i?2 BM~Qr p2HQ+Biv Bb

|vin|/vA ≈ 0.08. Ai Bb M2�`Hv mMB7Q`K BM i?2 mTbi`2�K- rBi? i?2 2t+2TiBQM Q7 i?2 `2;BQMb �?2�/ Q7

i?2 b2+QM/�`v BbH�M/b- r?2`2 i?2 p2HQ+Biv `2p2`b2b Bib bB;M `2H�iBp2 iQ i?2 �K#B2Mi BM~Qr Ub22- 2X;X-

6B;X kX8U/V �i x ≈ −1100 c/ωpe). h?Bb `2p2`b�H Q++m`b �b i?2 b2+QM/�`v BbH�M/ KQp2b �HQM; i?2

Qmi~Qr /B`2+iBQM- Tmb?BM; �bB/2 i?2 BM~QrBM; TH�bK�X 6Q` ?B;?@βi, i?2 TH�bK� BM~Qr Bb `2K�`F�#Hv

mMB7Q`K- rBi? |vin|/vA ≈ 0.04, r?B+? Bb ?�H7 i?2 p�Hm2 Q7 i?2 HQr@βi +�b2X h?2 BM~Qr p2HQ+Biv �i ?B;?

βi b?Qrb MQ `2p2`b�Hb M2�` i?2 `2+QMM2+iBQM 2t?�mbib- �b i?2`2 �`2 MQ b2+QM/�`v BbH�M/bX

h?2 Qmi~Qr p2HQ+Biv vout/vA = v · x̂/vA Bb b?QrM BM T�M2H U2VX 6Q` HQr@βi, i?2 Qmi~Qr bT22/

M2�`Hv `2�+?2b i?2 �H7pûM HBKBi- |vout|/vA ≈ 1- r?2`2�b 7Q` ?B;?@βi Bi �TT`Q�+?2b � bK�HH2` p�Hm2-

|vout|/vA ≈ 0.6. 6Q` #Qi? HQr �M/ ?B;? βi, i?2 Qmi~Qr p2HQ+Biv Bb M2�`Hv mMB7Q`K BM i?2 `2+QMM2+iBQM

2t?�mbib- #mi Bi /`QTb +HQb2 iQ i?2 T2`BQ/B+ #QmM/�`B2b �i x ≈ ±2200, �b i?2 Qmi~QrBM; TH�bK�

�++`2i2b QMiQ i?2 T`BK�`v BbH�M/X

q2 b?Qr BM 6B;X kXd � /B`2+i +QKT�`BbQM #2ir22M QM2 HQr@βi �M/ QM2 ?B;?@βi bBKmH�iBQMX h?2

H27i +QHmKM BM 6B;X kXd `272`b iQ βi = 0.0078 Ui?2 b�K2 �b BM 6B;X kX8V- r?2`2�b βi = 0.5 7Q` i?2

`B;?i +QHmKMX AM #Qi? +�b2b- σw = 0.1- Te/Ti = 0.1 �M/ mi/me = 25X AM i?2 iQT `Qr- r2 b?Qr i?2

T`Q}H2 �HQM; x Q7 i?2 Qmi~Qr p2HQ+Biv- 7Q` T`QiQMb U`2/V �M/ 2H2+i`QMb U#Hm2VX q2 }M/ i?�i 2H2+i`QMb

KQp2 bHB;?iHv 7�bi2` i?�M T`QiQMb BM i?2 pB+BMBiv Q7 i?2 +2Mi`�H s@TQBMi- #mi �i H�`;2` /Bbi�M+2b i?2

bT22/b Q7 i?2 irQ bT2+B2b �`2 i?2 b�K2- �M/ i?2v b�im`�i2 �i � }t2/ 7`�+iBQM Q7 i?2 �H7pûM HBKBiX

q2 b?Qr BM i?2 KB//H2 `Qr Q7 T�M2Hb i?2 x@T`Q}H2 Q7 i?2 /BK2MbBQMH2bb 2H2+i`QM i2KT2`�im`2 θe- BM

i?2 mTbi`2�K UK�;2Mi�V �M/ /QrMbi`2�K U;`22MVX h?2 b2+QM/�`v K�;M2iB+ BbH�M/b T`2b2Mi BM i?2

HQr@βi bBKmH�iBQM UT�M2H U+VV �`2 +Q``2H�i2/ rBi? bTBF2b BM i?2 /QrMbi`2�K 2H2+i`QM i2KT2`�im`2

Ub22 i?2 T2�F �i x ≈ −500 c/ωpe BM 6B;X kXdU#VVX �bB/2 7`QK i?2 i2KT2`�im`2 bTBF2b �i HQr βi- i?2
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irQ T�M2Hb BM i?2 KB//H2 `Qr Q7 6B;X kXd /2KQMbi`�i2 i?�i- 7�` 2MQm;? 7`QK i?2 +2Mi`�H s@TQBMi-

i?2 2H2+i`QM i2KT2`�im`2 Bb M2�`Hv mMB7Q`KX

hQ 2biBK�i2 i?2 `2+QMM2+iBQM ?2�iBM; 2{+B2M+v- r2 K2�bm`2 i?2 /QrMbi`2�K i2KT2`�im`2 BM i?2

irQ bH�#b /2HBKBi2/ #v i?2 p2`iB+�H /Qii2/ HBM2b BM 6B;X kXdU#V �M/ U2V UKQ`2 T`2+Bb2Hv- rBi?BM i?2

;`22M +QMiQm`b BM 6B;X kXjVX h?2 iBK2 2pQHmiBQM Q7 i?2 iQi�H 2H2+i`QM ?2�iBM; 2{+B2M+v MT e,tot- Q7 i?2

�/B�#�iB+ +QMi`B#miBQM MT e,ad �M/ Q7 i?2 B``2p2`bB#H2 +QKTQM2Mi MT e,irr �`2 b?QrM BM 6B;X kX3 rBi?

#H�+F- /�b?2/ #Hm2 �M/ /�b?2/ `2/ HBM2b- `2bT2+iBp2HvX h?2 iQT T�M2H `272`b iQ � HQr@βi bBKmH�iBQM

rBi? βi = 0.0078- r?2`2�b i?2 #QiiQK T�M2H `272`b iQ i?2 ?B;?@βi +�b2 βi = 2X AM #Qi? +�b2b-

σw = 0.1- Te/Ti = 0.1 �M/ mi/me = 25X h?2 ?Q`BxQMi�H �tBb BM i?2 };m`2 bi�`ib 7`QK t =

5000ω−1
pe - r?B+? +Q``2bTQM/b iQ i?2 iBK2 r?2M i?2 irQ `2+QMM2+iBQM r�p27`QMib T�bb #2vQM/ i?2

`2;BQM i?�i r2 2KTHQv 7Q` +�H+mH�iBM; i?2 /QrMbi`2�K [m�MiBiB2b U�b /Bb+mbb2/ �#Qp2- �7i2` i?Bb iBK2

i?2 K2�bm`2K2Mib �`2 MQ HQM;2` �z2+i2/ #v Qm` +?QB+2 Q7 BMBiB�HBx�iBQM Q7 i?2 +m``2Mi b?22iVXR q?BH2

i?2 ?2�iBM; 2{+B2M+B2b �`2 M2�`Hv +QMbi�Mi BM iBK2 7Q` ?B;? βi U#QiiQK T�M2HV- i?2 i2KTQ`�H T`Q}H2b

�i HQr βi UiQT T�M2HV T`2b2Mi [m�bB@T2`BQ/B+ KQ/mH�iBQMbX h?2v K�`F i?2 T�bb�;2 Q7 b2+QM/�`v

BbH�M/b ě r?Qb2 i2KT2`�im`2 Bb ivTB+�HHv ?Qii2` i?�M i?2 #mHF Qmi~Qr ě i?`Qm;? i?2 `2;BQM mb2/

7Q` Qm` +QKTmi�iBQMbX hQ KBMBKBx2 i?2 i2KT2`�im`2 p�`B�iBQMb �bbQ+B�i2/ rBi? b2+QM/�`v BbH�M/b-

r2 �p2`�;2 i?2 ?2�iBM; 2{+B2M+B2b Qp2` iBK2- �b /2b+`B#2/ BM a2+iBQM kX9XjXkX AM /QBM; bQ- i?2 `2bmHib

r2 Q#i�BM �`2 � `2HB�#H2 �bb2bbK2Mi Q7 i?2 bi2�/v@bi�i2 ?2�iBM; T?vbB+b BM `2+QMM2+iBQMX

S�M2Hb U�V �M/ U#V BM 6B;X kX3 �HbQ /2KQMbi`�i2 i?�i i?2 7`�+iBQM�H +QMi`B#miBQMb Q7 �/B�#�iB+ �M/

B``2p2`bB#H2 ?2�iBM; iQ i?2 iQi�H 2H2+i`QM ?2�iBM; bB;MB}+�MiHv /2T2M/ QM βi- �b r2 7m`i?2` /Bb+mbb BM

a2+iBQM kX8XjX AM i?2 HQr@βi `2;BK2- �/B�#�iB+ ?2�iBM; Bb mMBKTQ`i�Mi �b +QKT�`2/ iQ i?2 B``2p2`bB#H2

T�`i- r?2`2�b i?2 irQ +QKTQM2Mib �`2 +QKT�`�#H2 �i ?B;? βiX

Rh?Bb iBK2 Bb ivTB+�HHv BM i?2 `�M;2 t ≈ 4000 − 5000ω−1
pe - rBi? K�`;BM�H /2T2M/2M+2 QM βi �M/ QM i?2

BMBiB�H b?22i i?B+FM2bb ∆X
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6B;m`2 kXN, 6Q` i2KT2`�im`2 `�iBQb Te/Ti = 0.1 U#Hm2V- 0.3 U;`22MV- �M/ R U`2/V- βi@/2T2M/2M+2 Q7 U�V, BM@
~Qr p2HQ+Biv |vin|/vAc U#V, Qmi~Qr p2HQ+Biv |vout|/vA; U+V, `2+QMM2+iBQM `�i2 |vin|/|vout|c U/V, /QrMbi`2�K
/2MbBiv BM mMBib Q7 BMBiB�H /2MbBiv BM i?2 mTbi`2�K ndown/n0c U2V, rB/i? Q7 `2+QMM2+iBQM H�v2` δrecX 1``Q`
#�`b `2T`2b2Mi QM2 bi�M/�`/ /2pB�iBQM 7`QK i?2 K2�MX h?2 BM~Qr p2HQ+Biv Bb �p2`�;2/ Qp2` � `2;BQM Q7
H2M;i? Lx/3 ≈ 1440 c/ωpe BM x �M/ rB/i? 20 c/ωpe BM y- HQ+�i2/ |y|∼ 100 c/ωpe mTbi`2�K Q7 i?2 +2Mi`�H s@
TQBMiX q2 ?�p2 +?2+F2/ i?�i i?2 b�im`�iBQM p�Hm2 Bb BMb2MbBiBp2 iQ i?2 +?QB+2 Q7 �p2`�;BM; `2;BQMX h?2 Qmi@
~Qr p2HQ+Biv Bb +QKTmi2/ �b �M �p2`�;2 Qp2` i?2 ky +2HHb rBi? i?2 H�`;2bi |v · x̂| HQ+�i2/ �HQM; i?2 +2Mi`�H
`2;BQM Q7 i?2 Qmi~Qr U|y|! 4 c/ωpeVX q2 ?�p2 i2bi2/ i?�i i?2 `2bmHiBM; Qmi~Qr p2HQ+Biv Bb M2�`Hv BMb2MbB@
iBp2 iQ Qm` �p2`�;BM; T`Q+2/m`2X h?2 `2;BQMb mb2/ 7Q` K2�bm`BM; /2MbBiv BM i?2 mTbi`2�K �M/ /QrMbi`2�K
�`2 /2b+`B#2/ BM a2+iBQM kX9XkX h?2 rB/i? Q7 i?2 `2+QMM2+iBQM H�v2` Bb K2�bm`2/ �i � /Bbi�M+2 ∼ 430 c/ωpe

/QrMbi`2�K Q7 i?2 +2Mi`�H s@TQBMiX �HH [m�MiBiB2b �`2 iBK2@�p2`�;2/ Qp2` ∼ 0.3 tA ≈ 4500ω−1
pe X "Qi? BM@

~Qr �M/ Qmi~Qr p2HQ+BiB2b i2M/ iQ /2+`2�b2 rBi? βi- rBi? r2�F /2T2M/2M+2 QM Te/Ti UMQiB+2�#H2 QMHv �i
?B;? βiVX h?2 /2MbBiv +QKT`2bbBQM /2+`2�b2b rBi? βi. h?2 rB/i? δrec Q7 i?2 H�v2` BM+`2�b2b rBi? βi- v2i rBi?
H�`;2 2``Q` #�`bX
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kX8Xk .2T2M/2M+2 Q7 BM~Qr �M/ Qmi~Qr p2HQ+Biv QM βi �M/ Te/Ti

AM 6B;X kXN- r2 b?Qr i?2 /2T2M/2M+2 QM βi �M/ Te/Ti Q7 p�`BQmb ~mB/ [m�MiBiB2b- 7`QK � bmBi2 Q7

bBKmH�iBQMb rBi? }t2/ σw = 0.1 �M/ mi/me = 25X q2 T`2b2Mi i?2 U�V BM~Qr p2HQ+Biv MQ`K�HBx2/ iQ

i?2 �H7pûM bT22/ |vin|/vAc U#V Qmi~Qr p2HQ+Biv MQ`K�HBx2/ iQ i?2 �H7pûM bT22/ |vout|/vAc U+V `�iBQ Q7

BM~Qr iQ Qmi~Qr p2HQ+Biv |vin|/|vout|c U/V /QrMbi`2�K `2bi@7`�K2 /2MbBiv BM mMBib Q7 i?2 BMBiB�H /2MbBiv

BM i?2 mTbi`2�K n̄down/n0c U2V rB/i? Q7 i?2 `2+QMM2+iBQM `2;BQM �i � /Bbi�M+2 Q7 430 c/ωpe 7`QK i?2

+2Mi2` Q7 i?2 H�v2`X "Hm2- ;`22M- �M/ `2/ TQBMib /2MQi2 bBKmH�iBQMb rBi? mTbi`2�K i2KT2`�im`2

`�iBQb Te/Ti = 0.1, 0.3, �M/ 1, `2bT2+iBp2HvX

�b /2b+`B#2/ BM a2+iBQM kX9XjXk- i?2 [m�MiBiB2b r2 2ti`�+i �`2 iBK2@�p2`�;2/- ivTB+�HHv Qp2` yXj

�H7pûMB+ +`QbbBM; iBK2b- +Q``2bTQM/BM; iQ ∼ 4500ω−1
pe . h?2 TQBMib BM 6B;X kXN `2T`2b2Mi i?2 iBK2

�p2`�;2b- rBi? p2`iB+�H 2``Q` #�`b BM/B+�iBM; QM2 bi�M/�`/ /2pB�iBQMX �i HQr βi, i?2 BM~Qr p2HQ+Biv

Bb |vin|/vA ≈ 0.08, BM/2T2M/2Mi Q7 i?2 mTbi`2�K i2KT2`�im`2 `�iBQ UT�M2H U�VVX AM i?2 ?B;?@βi +�b2-

i?2 BM~Qr bT22/ Bb bK�HH2`- |vin|/vA ≈ 0.04- �M/ b?Qrb � r2�F /2T2M/2M+2 QM i?2 i2KT2`�im`2 `�iBQ-

rBi? ?B;?2` i2KT2`�im`2 `�iBQb �ii�BMBM; HQr2` p�Hm2b Q7 |vin|/vAX

h?2 Qmi~Qr p2HQ+Biv UT�M2H U#VV M2�`Hv b�im`�i2b i?2 �H7pûM HBKBi �i HQr βi Ui?2 �H7pûM HBKBi Bb

BM/B+�i2/ rBi? i?2 ?Q`BxQMi�H /�b?2/ #H�+F HBM2V- r?2`2�b 7Q` ?B;? βi Bi Bb bm#@�H7pûMB+- |vout|/vA ≈

0.75X 6Q` HQr p�Hm2b Q7 βi- BX2X- βi ! 0.1, i?2 Qmi~Qr p2HQ+Biv Bb M2�`Hv BM/2T2M/2Mi Q7 i?2 i2KT2`�im`2

`�iBQ- r?2`2�b �i ?B;? βi Bi b?Qrb � r2�F /2T2M/2M+2 QM Te/Ti- rBi? ?B;?2` i2KT2`�im`2 `�iBQb

+Q``2bTQM/BM; iQ ;`2�i2` Qmi~Qr bT22/bX

h?2 /2T2M/2M+2 Q7 i?2 `2+QMM2+iBQM `�i2 |vin|/|vout| QM βi �M/ Te/Ti UT�M2H U+VV 7QHHQrb 7`QK

i?2 p�`B�iBQMb BM BM~Qr bT22/ �M/ Qmi~Qr p2HQ+Biv i?�i r2 ?�p2 Dmbi /Bb+mbb2/X �i HQr βi, i?2

`2+QMM2+iBQM `�i2 Bb |vin|/|vout|≈ 0.08 `2;�`/H2bb Q7 i?2 i2KT2`�im`2 `�iBQ- r?2`2�b �i ?B;? βi- �M/

bT2+B}+�HHv 7Q` βi = 2, i?2 `2+QMM2+iBQM `�i2 �i Te/Ti = 1 Bb |vin|/|vout|≈ 0.04, QMHv ?�H7 i?�i Q7

i?2 Te/Ti = 0.1 +�b2X aQ- BM i?2 ?B;?@βi `2;BK2 `2+QMM2+iBQM T`Q+22/b bHQr2` 7Q` ?Qii2` mTbi`2�K
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2H2+i`QMbX

�b βi BM+`2�b2b- i?2 TH�bK� Bb H2bb T`QM2 iQ #2 +QKT`2bb2/ /m`BM; i?2 `2+QMM2+iBQM T`Q+2bbX �b

b?QrM BM 6B;X kXN U/V- i?2 /QrMbi`2�K iQ mTbi`2�K /2MbBiv `�iBQ /2+`2�b2b �b βi BM+`2�b2bX h?2 p�Hm2

Q7 ndown/n0 Bb M2�`Hv BM/2T2M/2Mi Q7 i?2 mTbi`2�K i2KT2`�im`2 `�iBQX h?Qm;? i?2 `�iBQ ndown/n0

�TT`Q�+?2b mMBiv �i ?B;? βi, i?Bb /Q2b MQi M2+2bb�`BHv BKTHv i?�i i?2 7`�+iBQM�H +QMi`B#miBQM Q7

�/B�#�iB+ ?2�iBM; iQ iQi�H ?2�iBM; Bb M2;HB;B#H2 �i ?B;? βi Ur2 /2KQMbi`�i2 i?Bb BM a2+iBQM kX8XjVX

G�biHv- BM T�M2H U2V r2 b?Qr i?2 βi@/2T2M/2M+2 Q7 i?2 `2+QMM2+iBQM H�v2` rB/i? δrec, BM mMBib

Q7 i?2 2H2+i`QM bFBM /2Ti? c/ωpeX q2 K2�bm`2 i?2 rB/i? �+`Qbb i?2 `2+QMM2+iBQM H�v2`- �b B/2MiB@

}2/ #v 1[X kXd- �i � /Bbi�M+2 ∼ 430 c/ωpe /QrMbi`2�K Q7 i?2 +2Mi`�H s@TQBMiX h?2 rB/i? b?Qrb

bi`QM; p�`B�#BHBiv BM iBK2 �i HQr βi- �b b2+QM/�`v BbH�M/b T�bb i?`Qm;? i?2 `2;BQM 2KTHQv2/ 7Q` Qm`

K2�bm`2K2Mib UMQi2 i?2 H�`;2 2``Q` #�`bVX .2bTBi2 i?2 mM+2`i�BMiv BM i?2 K2�bm`2K2Mi- T�M2H U2V

b?Qrb � +QMbBbi2Mi i`2M/ Q7 BM+`2�bBM; `2+QMM2+iBQM H�v2` rB/i? δrec rBi? βiX h?2 K2�bm`2/ p�Hm2b

Q7 δrec HB2 BM i?2 `�M;2 25 Ĝ 50 c/ωpe, r?B+? Bb �TT�`2MiHv +HQb2 iQ i?2 +?Qb2M +m``2Mi b?22i i?B+F@

M2bb �i BMBiB�HBx�iBQM- ∆ = 40 c/ωpe. >Qr2p2`- r2 /2KQMbi`�i2 BM �TT2M/Bt kX6 i?�i i?2 K2�bm`2/

`2+QMM2+iBQM H�v2` rB/i? Bb BM/2T2M/2Mi Q7 Qm` +?QB+2 Q7 i?2 BMBiB�H b?22i i?B+FM2bbX Ai 7QHHQrb i?�i

Qm` K2�bm`2K2Mi H2�/b iQ � `2HB�#H2 �bb2bbK2Mi Q7 i?2 QT2MBM; �M;H2 Q7 i?2 `2+QMM2+iBQM Qmi~Qr-

∼ δrec/(430 c/ωpe) ∼ 0.1X

kX8Xj .2T2M/2M+2 Q7 T�`iB+H2 ?2�iBM; QM βi �M/ Te/Ti

AM 6B;X kXRy- r2 b?Qr i?2 βi �M/ Te/Ti /2T2M/2M+2 Q7 2H2+i`QM UT�M2H U�VV �M/ T`QiQM UT�M2H U#VV

/BK2MbBQMH2bb i2KT2`�im`2- �M/ i?2 `�iBQ Q7 T`QiQM@iQ@2H2+i`QM bFBM /2Ti? UT�M2H U+Vc b22 1[X kX8VX AM

2�+? T�M2H- bQHB/ �M/ /�b?2/ HBM2b BM/B+�i2 /QrMbi`2�K �M/ mTbi`2�K [m�MiBiB2b- `2bT2+iBp2HvX �b BM

6B;X kXN- #Hm2- ;`22M- �M/ `2/ TQBMib `272` iQ 2H2+i`QM@iQ@T`QiQM i2KT2`�im`2 `�iBQb Te/Ti = 0.1, 0.3-

�M/ 1- `2bT2+iBp2HvX h?2 mTbi`2�K 2H2+i`QM /BK2MbBQMH2bb i2KT2`�im`2b HB2 BM i?2 `�M;2 10−3 iQ 10-

�b BM h�#H2 kXRc 7Q` T`QiQMb- i?2 /BK2MbBQMH2bb i2KT2`�im`2 BM i?2 mTbi`2�K `�M;2b 7`QK 4 × 10−4
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6B;m`2 kXRy, 6Q` mTbi`2�K i2KT2`�im`2 `�iBQb Te/Ti = 0.1 U#Hm2V- yXj U;`22MV- �M/ R U`2/V- r2 T`2b2Mi i?2
βi@/2T2M/2M+2 Q7 p�`BQmb mTbi`2�K U/�b?2/V �M/ /QrMbi`2�K UbQHB/V [m�MiBiB2bc U�V, 2H2+i`QM /BK2MbBQM@
H2bb i2KT2`�im`2- θec U#V, T`QiQM /BK2MbBQMH2bb i2KT2`�im`2- θic U+V, T`QiQM@iQ@2H2+i`QM bFBM /2Ti? `�iBQ-
(c/ωpi)/(c/ωpe). h?2 bBKmH�iBQMb b?QrM ?2`2 mb2 � K�bb `�iBQ mi/me = 25 �M/ K�;M2iBx�iBQM σw = 0.1X
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6B;m`2 kXRR, 6Q` mTbi`2�K i2KT2`�im`2 `�iBQb Te/Ti = 0.1 U#Hm2V- yXj U;`22MV- �M/ R U`2/V- βi@/2T2M/2M+2
Q7 ?2�iBM; 2{+B2M+B2bc U�V, 2H2+i`QM iQi�H- MT e,totc U#V, 2H2+i`QM �/B�#�iB+- MT e,adc U+V, 2H2+i`QM B``2p2`bB#H2-
MT e,irrc U/V, T`QiQM iQi�H- MT i,totc U2V, T`QiQM �/B�#�iB+- MT i,adc U7V, T`QiQM B``2p2`bB#H2- MT i,irrc U;V, 2H2+@
i`QM �M/ T`QiQM iQi�H- MT e,tot +MT i,totc U?V, 2H2+i`QM �M/ T`QiQM �/B�#�iB+- MT e,ad +MT i,adc UBV, 2H2+i`QM
�M/ T`QiQM B``2p2`bB#H2- MT e,irr + MT i,irrX h?2 bBKmH�iBQMb b?QrM ?2`2 mb2 � K�bb `�iBQ mi/me = 25 �M/
K�;M2iBx�iBQM σw = 0.1X 1``Q` #�`b- KQbiHv bK�HH2` i?�M i?2 THQii2/ bvK#QHb- `2T`2b2Mi QM2 bi�M/�`/ /2pB@
�iBQM 7`QK i?2 K2�MX h?2 /2+QKTQbBiBQM Q7 iQi�H ?2�iBM; BMiQ B``2p2`bB#H2 �M/ �/B�#�iB+ +QKTQM2Mib b?Qrb
i?�i 2H2+i`QM �M/ T`QiQM ?2�iBM; �i HQr βi Bb �++QKT�MB2/ #v �M BM+`2�b2 BM 2Mi`QTv- r?BH2 ?2�iBM; BM i?2
?B;?@βi `2;BK2 i2M/b iQ #2 /QKBM�i2/ #v �/B�#�iB+ +QKT`2bbBQMX
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iQ 0.4X

h?2 `�M;2 Q7 i2KT2`�im`2b BM i?2 /QrMbi`2�K Bb bK�HH2` i?�M BM i?2 mTbi`2�K U+QKT�`2 i?2

bQHB/ �M/ /�b?2/ HBM2b BM 6B;X kXRyU�V �M/ U#VVX �i HQr βi- i?2 �p�BH�#H2 K�;M2iB+ 2M2`;v Bb H�`;2

+QKT�`2/ iQ i?2 T�`iB+H2 i?2`K�H +QMi2Mi BM i?2 mTbi`2�K- bQ /BbbBT�iBQM Q7 i?2 K�;M2iB+ }2H/ H2�/b

iQ 2H2+i`QM �M/ T`QiQM i2KT2`�im`2b BM i?2 /QrMbi`2�K i?�i �`2 M2�`Hv BM/2T2M/2Mi Q7 βiX �i ?B;?

βi- i?2 2M2`;v i`�Mb72``2/ 7`QK i?2 }2H/b iQ i?2 T�`iB+H2b Bb Km+? bK�HH2` i?�M i?2 BMBiB�H T�`iB+H2

i?2`K�H +QMi2Mi- ;BpBM; � KBMQ` BM+`2�b2 Q7 i2KT2`�im`2 7`QK mTbi`2�K iQ /QrMbi`2�KX 1p2M B7 i?2

7`�+iBQM�H BM+`2�b2 BM i2KT2`�im`2 Bb 2ti`2K2Hv bK�HH �i ?B;? βi- i?2 7`�+iBQM Q7 �p�BH�#H2 K�;M2iB+

2M2`;v #2BM; +QMp2`i2/ BMiQ T�`iB+H2 ?2�iBM; KB;?i biBHH #2 �b H�`;2 �b �i HQr βiX h?2 `2bi Q7 i?2

b2+iBQM �//`2bb2b i?Bb [m2biBQMX

q2 b?Qr i?2 TH�bK�@βi �M/ i2KT2`�im`2 `�iBQ Te/Ti /2T2M/2M+2 Q7 2H2+i`QM �M/ T`QiQM ?2�iBM;

BM 6B;X kXRRX h?2 bBKmH�iBQMb T`2b2Mi2/ ?2`2 �`2 i?Qb2 `272`2M+2/ BM h�#X kXR- 7Q` r?B+? mi/me = 25

�M/ σw = 0.1X q2 BM/B+�i2 i?2 iQi�H- �/B�#�iB+- �M/ B``2p2`bB#H2 ?2�iBM; #v MT e,tot U1[X kXReV-

MT e,ad �M/ MT e,irr U1[bX kXkjV 7Q` 2H2+i`QMb- �M/ #v MT i,tot U1[X kXR3V- MT i,ad �M/ MT i,irr U1[bX

kXk8V 7Q` T`QiQMbX "Hm2- ;`22M- �M/ `2/ TQBMib BM/B+�i2 bBKmH�iBQMb rBi? mTbi`2�K 2H2+i`QM@iQ@T`QiQM

i2KT2`�im`2 `�iBQb Q7 0.1, 0.3, �M/ 1- `2bT2+iBp2HvX �b BM a2+iBQM kX8Xk- }HH2/ TQBMib �`2 i?2 iBK2@

�p2`�;2/ `2bmHib Q7 Qm` bBKmH�iBQMb- �M/ p2`iB+�H 2``Q` #�`b BM/B+�i2 QM2 bi�M/�`/ /2pB�iBQM 7`QK

i?2 K2�MX h?2 iQT- KB//H2- �M/ #QiiQK `Qrb b?Qr ?2�iBM; 7`�+iBQMb Q7 2H2+i`QMb- T`QiQMb- �M/ Q7

i?2 Qp2`�HH ~mB/- `2bT2+iBp2Hv- r?B+? r2 MQr /Bb+mbb BM im`MX

AM 6B;X kXRRU�V- r2 b?Qr i?2 /2T2M/2M+2 Q7 i?2 iQi�H 2H2+i`QM ?2�iBM; 2{+B2M+v MT e,tot QM βi �M/

Te/TiX �Hi?Qm;? i?2 BMBiB�H TH�bK� βi bT�Mb KQ`2 i?�M irQ Q`/2`b Q7 K�;MBim/2- �M/ i?2 BMBiB�H

i2KT2`�im`2 `�iBQ �M Q`/2` Q7 K�;MBim/2- 2p2M i?2 KQbi 2ti`2K2 p�Hm2b Q7 MT e,tot /Bz2` #v MQ KQ`2

i?�M � 7�+iQ` Q7 ∼ 4X h?2 p�Hm2 Q7 MT e,tot BM Qm` βi ! 0.5 bBKmH�iBQMb- 7Q` r?B+? 2H2+i`QMb bi�v

MQM@`2H�iBpBbiB+ #Qi? BM i?2 mTbi`2�K �M/ BM i?2 /QrMbi`2�K- Bb ∼ 0.04, r?B+? Bb +QMbBbi2Mi rBi? i?2
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`2bmHib Q7 MQM@`2H�iBpBbiB+ `2+QMM2+iBQM #v a?�v 2i �HX UkyR9V 7Q` K�bb `�iBQ mi/me = 25Xk �b b?QrM

#v a?�v 2i �HX UkyR9V- i?2 2H2+i`QM ?2�iBM; 2{+B2M+v BM MQM@`2H�iBpBbiB+ `2+QMM2+iBQM Bb 2tT2+i2/

iQ /2+`2�b2 rBi? BM+`2�bBM; K�bb `�iBQc BM a2+iBQMb kX8X9 �M/ kX8Xe- r2 T`2b2Mi i?2 /2T2M/2M+2 Q7

i?2 2H2+i`QM �M/ T`QiQM ?2�iBM; 7`�+iBQMb BM i`�Mb@`2H�iBpBbiB+ `2+QMM2+iBQM QM mi/me- mT iQ i?2

T?vbB+�H p�Hm2X

h?2 iQi�H 2H2+i`QM ?2�iBM; 7`�+iBQM MT e,tot Bb /2+QKTQb2/ BMiQ �/B�#�iB+ �M/ B``2p2`bB#H2 +QK@

TQM2Mib BM T�M2Hb U#V �M/ U+VX "v +QKT�`BM; i?2 irQ T�M2Hb- r2 b22 i?�i KQbi Q7 i?2 ?2�iBM; BM

i?2 HQr@βi `2;BK2 +QK2b 7`QK B``2p2`bB#H2 T`Q+2bb2b- BX2X- Bi Bb �++QKT�MB2/ #v � ;2MmBM2 BM+`2�b2 BM

2Mi`QTv- r?BH2 ?2�iBM; �i ?B;? βi KQbiHv `2bmHib 7`QK �/B�#�iB+ +QKT`2bbBQMX

h?2 2H2+i`QM �/B�#�iB+ ?2�iBM; 2{+B2M+v BM+`2�b2b rBi? i?2 BM~Qr i2KT2`�im`2 `�iBQ Te/Ti

U6B;X kXRRU#VVX h?2 /2T2M/2M+2 Bb KQbi �TT�`2Mi �i ?B;? βi, r?2`2 �/B�#�iB+ ?2�iBM; `2T`2b2Mib

� bB;MB}+�Mi +QMi`B#miBQM iQ i?2 iQi�H ?2�iBM;X h?2 /2T2M/2M+2 Q7 �/B�#�iB+ ?2�iBM; QM i2KT2`�@

im`2 `�iBQ +�M #2 bBKTHv mM/2`biQQ/ i?`Qm;? i?2 �/B�#�iB+ H�r T/nγ̂−1 = +QMbiX �b 2H2+i`QMb ;2i

+QKT`2bb2/ 7`QK mTbi`2�K iQ /QrMbi`2�K- i?2 �/B�#�iB+ ?2�iBM; 7`�+iBQM +�M #2 r`Bii2M �bj

MT e,ad =
1

2
βi
Te

Ti

[(
ndown

n0

)γ̂e−1

− 1

]
. UkXkdV

�b b?QrM BM 6B;X kXNU/V- i?2 `�iBQ Q7 /QrMbi`2�K iQ BMBiB�H mTbi`2�K /2MbBiv ndown/n0 Bb M2�`Hv

BM/2T2M/2Mi Q7 i?2 mTbi`2�K i2KT2`�im`2 `�iBQ- bQ i?�i MT e,ad ∝ Te/Ti �i }t2/ βiX 1[X kXkd �HbQ

T`QpB/2b BMbB;?i BMiQ i?2 βi@/2T2M/2M+2 Q7 �/B�#�iB+ ?2�iBM;X Ai b?Qrb i?�i- 7Q` � ;Bp2M i2KT2`�im`2

`�iBQ- i?2 �/B�#�iB+ ?2�iBM; 2{+B2M+v rQmH/ b+�H2 HBM2�`Hv rBi? βi- B7 i?2 +QKT`2bbBQM `�iBQ ndown/n0

kAM a?�v 2i �HX UkyR9V- i?2 K�;M2iBx�iBQM r�b σw ≈ 0.004− 0.1X >Qr2p2`- �b HQM; �b σw ≪ 1 �M/ �HH i?2
bT2+B2b bi�v �i MQM@`2H�iBpBbiB+ i2KT2`�im`2b- r2 2tT2+i i?2 `2+QMM2+iBQM T?vbB+b iQ #2 BM/2T2M/2Mi Q7 i?2
~Qr K�;M2iBx�iBQMX

j1[X kXkd �bbmK2b i?�i i?2 �/B�#�iB+ BM/2t Bb +QMbi�Mi �b 2H2+i`QMb T�bb 7`QK mTbi`2�K iQ /QrMbi`2�K-
r?B+? Bb � ;QQ/ �TT`QtBK�iBQM r?2M 2H2+i`QMb �`2 mHi`�@`2H�iBpBbiB+ BM #Qi? `2;BQMb UbQ- 7Q` ?B;? βi �M/ H�`;2
Te/TiVc biBHH- BM �HH i?2 bBKmH�iBQMb mb2/ BM 6B;X kXRR- r2 }M/ i?�i i?2 2H2+i`QM �/B�#�iB+ BM/2t +?�M;2b #v MQ
KQ`2 i?�M γ̂e,up − γ̂e,down ≈ 0.1X AM �Mv +�b2- 1[X kXkd Bb T`2b2Mi2/ QMHv 7Q` BHHmbi`�iBp2 Tm`TQb2b- �M/ r2
T`QT2`Hv �++QmMi 7Q` i?2 2z2+i Q7 � p�`B�#H2 �/B�#�iB+ BM/2t BM Qm` +�H+mH�iBQM Q7 i?2 ?2�iBM; 7`�+iBQMbX
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r2`2 iQ #2 }t2/X �b b?QrM BM 6B;X kXNU/V- i?2 /QrMbi`2�K iQ mTbi`2�K /2MbBiv `�iBQ /2+`2�b2b

rBi? βi- �TT`Q�+?BM; mMBiv �i ?B;? βiX >Qr2p2`- i?2 /2+`2�b2 Q7 ndown/n0 rBi? βi Bb [mBi2 b?�HHQr-

�M/ BMbm{+B2Mi iQ +QmMi2`�+i i?2 HBM2�` /2T2M/2M+2 QM βi BM 1[X kXkdX Ai 7QHHQrb i?�i �i HQr βi i?2

2z2+i Q7 �/B�#�iB+ ?2�iBM; Bb M2;HB;B#H2- r?BH2 �i ?B;? βi i?2 `QH2 Q7 �/B�#�iB+ ?2�iBM; +�M #2 KQ`2

BKTQ`i�Mi i?�M i?�i Q7 B``2p2`bB#H2 ?2�iBM;X

h?Bb bi�i2K2Mi +�M #2 7m`i?2` DmbiB}2/ #v +QMbB/2`BM; 2H2+i`QM 2M2`;Bx�iBQM BM i?2 /BzmbBQM `2;BQM

�b i?2 K�BM bQm`+2 Q7 B``2p2`bB#H2 2H2+i`QM ?2�iBM;- 7QHHQrBM; G2 2i �HX UkyReVX AM i?2 /BzmbBQM `2;BQM-

i?2 2H2+i`QM 2M2`;v rBHH BM+`2�b2 #v eErecℓe- r?2`2 Erec ∼ 0.1(vA/c)B0 Bb i?2 `2+QMM2+iBQM 2H2+i`B+

}2H/ U�bbmKBM; � `2+QMM2+iBQM BM~Qr `�i2 Q7 ∼ 0.1 vA/c- b22 6B;X kXNU�VV �M/ ℓe Bb i?2 /Bbi�M+2

i`�p2H2/ #v 2H2+i`QMb �HQM; i?2 2H2+i`B+ }2H/ U�HQM; z- BM Qm` ;2QK2i`vVX 6Q` i?2 b�F2 Q7 bBKTHB+Biv-

H2i mb MQr �bbmK2 i?�i βi Bb bm{+B2MiHv bK�HH i?�i w ∼ n0mic2 �M/ bQ σw ∼ σi Ui?Bb Bb i?2 +�b2

7Q` βi ! 0.1- �i Qm` `272`2M+2 K�;M2iBx�iBQM σw = 0.1VX h?2 +Q``2bTQM/BM; B``2p2`bB#H2 ?2�iBM;

2{+B2M+v +�M #2 r`Bii2M BM i?2 +�b2 σw ∼ σi ! 1 �b

MT e,irr ∼ 0.1
ℓe

c/ωpi
UkXk3V

r?B+? /Q2b MQi /2T2M/ 2tTHB+BiHv QM βiX Ai 7QHHQrb i?�i- �b HQM; �b ℓe Bb � r2�F 7mM+iBQM Q7 βi- i?2

�/B�#�iB+ ?2�iBM; 2{+B2M+v BM 1[m�iBQM kXkd- r?B+? b+�H2b HBM2�`Hv rBi? βi- rBHH #2 mMBKTQ`i�Mi �i

HQr βi- r?2`2�b Bi rBHH /QKBM�i2 Qp2` B``2p2`bB#H2 ?2�iBM; �i ?B;? βiX

q2 `2K�`F i?�i 1[m�iBQM kXk3 /Q2b MQi +�Tim`2 � MmK#2` Q7 BKTQ`i�Mi 2z2+ibX 6B`bi- #v i`�+FBM;

BM/BpB/m�H T�`iB+H2 Q`#Bib- r2 ?�p2 7QmM/ i?�i i?2 BM@TH�M2 +QKTQM2Mib Q7 i?2 2H2+i`B+ }2H/- i?�i r2

?�p2 M2;H2+i2/ �#Qp2- +�M T`QpB/2 � bB;MB}+�Mi +QMi`B#miBQM iQ i?2 iQi�H 2H2+i`QM 2M2`;Bx�iBQM U�

+QKT`2?2MbBp2 /Bb+mbbBQM Q7 i?2 T?vbB+b Q7 2H2+i`QM ?2�iBM; rBHH #2 T`2b2Mi2/ 2Hb2r?2`2VX a2+QM/-

r2 ?�p2 M2;H2+i2/ i?2 βi@/2T2M/2M+2 Q7 i?2 `2+QMM2+iBQM `�i2X h?B`/- r2 ?�p2 �bbmK2/ w ∼ n0mic2-
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r?B+? Bb BM+Q``2+i �i ?B;? βiX 6Qm`i?- r2 /Q MQi ?�p2 � /B`2+i K2�bm`2 Q7 ℓe- r?B+? rQmH/ �bb2bb

Bib /2T2M/2M+2 QM i?2 ~Qr +QM/BiBQMbX 6Q` i?2b2 `2�bQMb- Bi Bb HBF2Hv i?�i i?2 2H2+i`QM B``2p2`bB#H2

?2�iBM; rBHH #2 /2T2M/2Mi QM βiX

AM 7�+i- i?2 B``2p2`bB#H2 2H2+i`QM ?2�iBM; 2{+B2M+v Ub?QrM BM 6B;X kXRRU+VV bvbi2K�iB+�HHv /2+`2�b2b

rBi? βi- �M/ i?2 i`2M/ Bb H�`;2Hv BM/2T2M/2Mi Q7 i?2 BMBiB�H i2KT2`�im`2 `�iBQ- �T�`i 7`QK i?2 +�b2

rBi? βi = 2 U`B;?iKQbi TQBMib BM 6B;X kXRRU+VVX >2`2- i?2 B``2p2`bB#H2 ?2�iBM; 7`�+iBQM `2�+?2b

MT e,irr ≈ 0.03 7Q` Te/Ti = 1- � 7�+iQ` Q7 ∼ 3 H�`;2` i?�M 7Q` i?2 βi = 2 +�b2b rBi? HQr2` i2KT2`�im`2

`�iBQb- Te/Ti = 0.1 �M/ yXjX9 q2 �ii`B#mi2 i?2 T2+mHB�` #2?�pBQ` Q7 i?Bb +�b2 iQ i?2 7�+i i?�i-

�KQM; i?2 mi/me = 25 bBKmH�iBQMb T`2b2Mi2/ BM 6B;X kXRR- i?2 βi = 2, Te/Ti = 1 +�b2 Bb i?2

QMHv QM2 7Q` r?B+? i?2 b+�H2 b2T�`�iBQM (c/ωpi)/(c/ωpe) #2ir22M T`QiQMb �M/ 2H2+i`QMb �TT`Q�+?2b

mMBiv Ub22 6B;X kXRyU+VVX 6Q` i?2 +�b2 βi = 2, Te/Ti = 1 BM 6B;X kXRR- i?Bb bi�i2K2Mi ?QH/b i`m2

7Q` #Qi? i?2 mTbi`2�K �M/ i?2 /QrMbi`2�K b+�H2 b2T�`�iBQM- bBM+2 i?2 `2+QMM2+iBQM T`Q+2bb �i ?B;?

βi /Q2b MQi �TT`2+B�#Hv +?�M;2 i?2 TH�bK� i?2`K�H +QMi2MiX >Qr2p2`- �b r2 7m`i?2` /Bb+mbb BM

i?2 M2ti irQ bm#b2+iBQMb- r?2`2 r2 BMp2biB;�i2 i?2 /2T2M/2M+2 Q7 Qm` `2bmHib QM i?2 K�bb `�iBQ

�M/ i?2 K�;M2iBx�iBQM- r2 }M/ i?�i i?2 M2+2bb�`v �M/ bm{+B2Mi +QM/BiBQM 7Q` i?2 2H2+i`QM �M/

T`QiQM ?2�iBM; 2{+B2M+B2b iQ #2 +QKT�`�#H2 Bb i?�i i?2 /QrMbi`2�K b+�H2 b2T�`�iBQM �TT`Q�+?2b

mMBivX AM `2i`QbT2+i- i?Bb Bb MQi bm`T`BbBM;- bBM+2 B7 (c/ωpi)/(c/ωpe) → 1 BM i?2 /QrMbi`2�K- i?2

~mB/ 2z2+iBp2Hv #2?�p2b HBF2 �M 2H2+i`QM@TQbBi`QM TH�bK�X

AM 6B;X kXRR Ub2+QM/ `Qr Q7 T�M2HbV- r2 �HbQ 2tTHQ`2 i?2 βi@/2T2M/2M+2 Q7 U/V iQi�H- U2V �/B�#�iB+-

�M/ U7V B``2p2`bB#H2 T`QiQM ?2�iBM;X �b #27Q`2- #Hm2- ;`22M- �M/ `2/ TQBMib +Q``2bTQM/ iQ bBKmH�iBQMb

rBi? mTbi`2�K Te/Ti Q7 0.1, 0.3, �M/ 1, `2bT2+iBp2Hv Ur2 +?�M;2 i?2 i2KT2`�im`2 `�iBQ #v p�`vBM;

i?2 2H2+i`QM i2KT2`�im`2- r?BH2 i?2 T`QiQM i2KT2`�im`2 �i � ;Bp2M βi Bb F2Ti }t2/VX q?BH2 i?2
9q2 ?�p2 2ti2MbBp2Hv +?2+F2/ i?Bb `2bmHi- }M/BM; i?�i Bi ?QH/b `2;�`/H2bb Q7 i?2 bBKmH�iBQM #QmM/�`v

+QM/BiBQMb UT2`BQ/B+ Q` Qmi~Qr BM i?2 x /B`2+iBQM- Q` /Qm#H2 T2`BQ/B+c b22 �TT2M/Bt kX"V �M/ i?2 MmK#2` Q7
+QKTmi�iBQM�H T�`iB+H2b T2` +2HHX
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BMBiB�H /BK2MbBQMH2bb 2H2+i`QM i2KT2`�im`2 BM Qm` bBKmH�iBQMb `�M;2b 7`QK MQM@`2H�iBpBbiB+ iQ mHi`�@

`2H�iBpBbiB+ p�Hm2b- T`QiQMb �Hr�vb bi�v �i MQM@`2H�iBpBbiB+ Q` i`�Mb@`2H�iBpBbiB+ 2M2`;B2b- θi ≈ 0.0004

Ĝ 0.5 Ui?Bb Bb i`m2 BM #Qi? mTbi`2�K �M/ /QrMbi`2�KVX �i HQr βi- T`QiQMb �`2 ?2�i2/ KQ`2 2{+B2MiHv

i?�M 2H2+i`QMb- ivTB+�HHv #v � 7�+iQ` Q7 k Ĝ j �i K�bb `�iBQ mi/me = 25 U+QKT�`2 T�M2Hb U�V �M/

U/V- MT e,tot ≈ 0.05 r?BH2 MT i,tot ≈ 0.13VX �i H�`;2` p�Hm2b Q7 mi/me, i?2 `�iBQ Q7 T`QiQM iQ 2H2+i`QM

?2�iBM; Bb 2p2M H�`;2`- �b r2 /Bb+mbb BM a2+iBQMb kX8X9 �M/ kX8XeX PM+2 �;�BM- i?2 MQi�#H2 2t+2TiBQM

Bb i?2 ?B;?@βi +�b2 rBi? βi = 2 �M/ Te/Ti = 1, r?2`2 i?2 2H2+i`QM �M/ T`QiQM ?2�iBM; 7`�+iBQMb �`2

+QKT�`�#H2- MT e,tot ≈ 0.06 �M/ MT i,tot ≈ 0.08X aBKBH�` iQ 2H2+i`QMb- i?2 B``2p2`bB#H2 +QKTQM2Mi Q7

T`QiQM ?2�iBM; /2+`2�b2b rBi? βi, �M/ b?Qrb QMHv r2�F /2T2M/2M+2 QM i?2 mTbi`2�K i2KT2`�im`2

`�iBQ Te/Ti UT�M2H U7VVX �b b?QrM BM T�M2H U2V- i?2 7`�+iBQM�H +QMi`B#miBQM Q7 �/B�#�iB+ ?2�iBM; iQ

i?2 iQi�H T`QiQM ?2�iBM; BM+`2�b2b rBi? βi- �b 7Q` 2H2+i`QMbX

6BM�HHv- r2 b?Qr i?2 iQi�H T�`iB+H2 UBX2X- bmK Q7 2H2+i`QM �M/ T`QiQMV ?2�iBM;- �b r2HH �b i?2

+Q``2bTQM/BM; �/B�#�iB+ �M/ B``2p2`bB#H2 +QKTQM2Mib- BM 6B;X kXRRU;V@UBVX :Bp2M i?�i T`QiQMb �`2

?2�i2/ KQ`2 2{+B2MiHv i?�M 2H2+i`QMb- i?2 i`2M/b BM i?2 #QiiQK `Qr Q7 6B;X kXRR �`2 T`BK�`BHv

+QMi`QHH2/ #v T`QiQMb U�;�BM- rBi? i?2 2t+2TiBQM Q7 i?2 +�b2 βi = 2, Te/Ti = 1VX S�M2H U;V b?Qrb

i?�i i?2 iQi�H T�`iB+H2 ?2�iBM; 2{+B2M+v Bb ∼ 0.15 �+`Qbb �HH bBKmH�iBQMb- rBi? � r2�FHv /2+HBMBM;

i`2M/ rBi? BM+`2�bBM; βiX S�M2Hb U?V �M/ UBV b?Qr i?�i- �b /Bb+mbb2/ 7Q` 2H2+i`QMb �M/ T`QiQMb

BM/BpB/m�HHv- ?2�iBM; BM i?2 HQr@βi `2;BK2 Bb �bbQ+B�i2/ rBi? �M BM+`2�b2 BM 2Mi`QTv- r?BH2 �i ?B;?

βi Bi Bb /QKBM�i2/ #v �/B�#�iB+ +QKT`2bbBQMX

q?BH2 r2 +�bi i?2 ?2�iBM; 7`�+iBQMb BM 6B;X kXRR BM i2`Kb Q7 i2KT2`�im`2 /Bz2`2M+2b #2ir22M

mTbi`2�K �M/ /QrMbi`2�K- i?2v K�v #2 2tT`2bb2/- �Hi2`M�iBp2Hv- pB� /Bz2`2M+2b BM BMi2`M�H 2M2`;v

T2` T�`iB+H2c b22 �TT2M/Bt kX:X
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6B;m`2 kXRk, J�bb `�iBQ mi/me /2T2M/2M+2 Q7 ?2�iBM; 2{+B2M+B2bc U�V, 2H2+i`QM iQi�H- MT e,totc U#V, 2H2+@
i`QM �/B�#�iB+- MT e,adc U+V, 2H2+i`QM B``2p2`bB#H2- MT e,irrc U/V, T`QiQM iQi�H- MT i,totc U2V, T`QiQM �/B�#�iB+-
MT i,adc U7V, T`QiQM B``2p2`bB#H2- MT i,irr- 7Q` Te/Ti = 1 bBKmH�iBQMb rBi? K�bb `�iBQb mi/me = 10 U/Qii2/V-
25 U/�b?2/V- �M/ 1836 UbQHB/Vc i?2 H2;2M/ Bb HQ+�i2/ BM i?2 mTT2` T�`i Q7 T�M2H U#VX SQBMib BM T�M2Hb U�VĜU+V
�`2 +QHQ`2/ �++Q`/BM; iQ 2H2+i`QM /BK2MbBQMH2bb i2KT2`�im`2 BM i?2 mTbi`2�K U+QHQ` #�` Bb iQ i?2 `B;?i Q7
U+VV- �M/ TQBMib BM U/VĜU7V �++Q`/BM; iQ T`QiQM /BK2MbBQMH2bb i2KT2`�im`2 BM i?2 mTbi`2�K U+QHQ` #�` Bb iQ
i?2 `B;?i Q7 U7VVX h?2 B``2p2`bB#H2 ?2�iBM; Bb `2K�`F�#Hv BM/2T2M/2Mi Q7 K�bb `�iBQ �i ?B;? βi(= 2), r?BH2 �i
HQr βi- i?2 B``2p2`bB#H2 2H2+i`QM ?2�iBM; 2{+B2M+v /2+`2�b2b rBi? BM+`2�bBM; K�bb `�iBQX
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6B;m`2 kXRj, U�V, βi@/2T2M/2M+2 Q7 2H2+i`QM iQi�H ?2�iBM; MT e,tot UbQHB/ #Hm2V- 2H2+i`QM B``2p2`bB#H2 ?2�i@
BM; MT e,irr U/�b?2/ #Hm2V- T`QiQM iQi�H ?2�iBM; MT i,tot UbQHB/ `2/V- �M/ T`QiQM B``2p2`bB#H2 ?2�iBM; MT i,irr

U/�b?2/ `2/Vc U#V, βi@/2T2M/2M+2 Q7 2H2+i`QM@iQ@Qp2`�HH iQi�H ?2�iBM; `�iBQ qT e,tot UbQHB/ #Hm2V �M/ 2H2+i`QM@
iQ@Qp2`�HH B``2p2`bB#H2 ?2�iBM; `�iBQ qT e,irr U/�b?2/ #Hm2V- �b /2}M2/ BM 1[bX kXkN- kXjyX >2`2- σw = 0.1,
Te/Ti = 1, �M/ mi/me = 1836.
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kX8X9 .2T2M/2M+2 Q7 T�`iB+H2 ?2�iBM; QM mi/me

q2 ?�p2 2ti2M/2/ Qm` `2bmHib mT iQ i?2 T?vbB+�H K�bb `�iBQ mi/me = 1836- �M/ BM i?Bb b2+iBQM r2

7Q+mb QM i?2 +�b2 rBi? Te/Ti = 1 U`mMb rBi? σw = 0.1 �M/ mM2[m�H i2KT2`�im`2 `�iBQb �`2 T`2b2Mi2/

BM a2+iBQM kX8XeVX h?2 b2T�`�iBQM #2ir22M i?2 2H2+i`QM b+�H2 c/ωpe �M/ i?2 T`QiQM b+�H2 c/ωpi Bb

`2;mH�i2/ #v 1[X kX8X 6Q` MQM@`2H�iBpBbiB+ T�`iB+H2b- i?2 `�iBQ Q7 T`QiQM iQ 2H2+i`QM bFBM /2Ti?

Bb
√
mi/me ∼ 40- bQ i?�i � H�`;2 bBKmH�iBQM /QK�BM Bb `2[mB`2/ iQ T`QT2`Hv +�Tim`2 i?2 T`QiQM

T?vbB+bX >Qr2p2`- BM i?2 i`�Mb@`2H�iBpBbiB+ `2;BK2 Q7 Qm` bBKmH�iBQMb- i?2 T�`iB+H2b +�M �TT`Q�+? UQ`

2t+22/- BM i?2 +�b2 Q7 2H2+i`QMbV `2H�iBpBbiB+ i2KT2`�im`2bX >2`2- i?2 2z2+iBp2 BM+`2�b2 BM 2H2+i`QM

BM2`iB� +�M #`BM; i?2 `�iBQ Q7 T`QiQM iQ 2H2+i`QM bFBM /2Ti? +HQb2 iQ mMBiv Ub22 1[X kX8VX h?Bb

+QM/BiBQM ?QH/b- 7Q` 2t�KTH2- BM bBKmH�iBQMb *(j)- *(9)- �M/ "(9)- r?2M i?2 K�bb `�iBQ Bb BM+`2�b2/

iQ mi/me = 1836 �i }t2/ σw �M/ βiX

q2 b?Qr BM 6B;X kXRk i?2 /2T2M/2M+2 Q7 iQi�H U�V- �/B�#�iB+ U#V- �M/ B``2p2`bB#H2 U+V 2H2+i`QM

?2�iBM; QM βi, 7Q` K�bb `�iBQb mi/me = 10, 25, �M/ 1836. q2 }t i?2 K�;M2iBx�iBQM σw = 0.1, �M/

i?2 i2KT2`�im`2 `�iBQ Te/Ti = 1; i?2 H2;2M/ Bb b?QrM BM i?2 mTT2` T�`i Q7 T�M2H U#VX h?2 TQBMib

�`2 +QHQ`2/ �++Q`/BM; iQ i?2 /BK2MbBQMH2bb i2KT2`�im`2 Q7 mTbi`2�K 2H2+i`QMb Ui?2 +Q``2bTQM/BM;

+QHQ`#�` Bb iQ i?2 `B;?i Q7 T�M2H U+VV- `�M;BM; 7`QK MQM@`2H�iBpBbiB+ Uθe ∼ 10−4V iQ mHi`�@`2H�iBpBbiB+

Uθe ∼ 103V p�Hm2bX AM �;`22K2Mi rBi? 2�`HB2` bim/B2b Q7 MQM@`2H�iBpBbiB+ `2+QMM2+iBQM #v .�?HBM

2i �HX UkyR9V �M/ G2 2i �HX UkyReV- r2 }M/ i?�i i?2 iQi�H 2H2+i`QM ?2�iBM; 2{+B2M+v �i HQr βi Bb �

/2+`2�bBM; 7mM+iBQM Q7 K�bb `�iBQX 6Q` i?2 `2�HBbiB+ K�bb `�iBQ- �i HQr βi i?2 iQi�H ?2�iBM; 7`�+iBQM

MT e,tot ≈ 0.016 Bb BM ;QQ/ �;`22K2Mi rBi? i?2 Q#b2`p2/ p�Hm2 BM i?2 K�;M2iQT�mb2- MT e,tot = 0.017

US?�M 2i �HX- kyRjVX �i βi = 2, i?2 2H2+i`QM ?2�iBM; 2{+B2M+v Bb `2K�`F�#Hv BMb2MbBiBp2 iQ i?2

K�bb `�iBQ- rBi? MT e,tot ≈ 0.06X �b r2 ?�p2 �MiB+BT�i2/ �#Qp2- BM i?Bb +�b2 i?2 mTbi`2�K �M/

/QrMbi`2�K bFBM /2Ti?b Q7 T`QiQMb �M/ 2H2+i`QMb �`2 +QKT�`�#H2 UQM+2 r2 �++QmMi 7Q` i?2 2z2+ib Q7

`2H�iBpBbiB+ BM2`iB�V- bQ i?2 T?vbB+b b?QmH/ `2b2K#H2 i?�i Q7 �M 2H2+i`QM@TQbBi`QM TH�bK�- `2;�`/H2bb
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Q7 i?2 K�bb `�iBQX h?2 �/B�#�iB+ ?2�iBM; 2{+B2M+v UT�M2H U#VV b?Qrb QMHv � r2�F /2T2M/2M+2 QM

K�bb `�iBQ- BM �;`22K2Mi rBi? 1[X kXkdX 6Q` `2�HBbiB+ K�bb `�iBQb- 2H2+i`QM ?2�iBM; Bb ;Qp2`M2/ #v

B``2p2`bB#H2 T`Q+2bb2b �i HQr βi, �/B�#�iB+ ?2�iBM; /QKBM�i2b �i BMi2`K2/B�i2 βi ∼ 0.1− 1- r?BH2 i?2

irQ +QKTQM2Mib 2[m�HHv +QMi`B#mi2 �i ?B;? βi ∼ 2X

q2 b?Qr i?2 βi@/2T2M/2M+2 Q7 i?2 T`QiQM ?2�iBM; 7`�+iBQMb MT i,tot,MT i,ad, �M/ MT i,irr BM T�M2Hb

U/V- U2V- �M/ U7VX h?2 TQBMib �`2 +QHQ`2/ �++Q`/BM; iQ i?2 mTbi`2�K /BK2MbBQMH2bb T`QiQM i2KT2`�@

im`2- θi Ui?2 b+�H2 Bb iQ i?2 `B;?i Q7 T�M2H U7VVX h?2 mTbi`2�K T`QiQM i2KT2`�im`2b �`2 MQM@`2H�iBpBbiB+

Q` i`�Mb@`2H�iBpBbiB+- rBi? θi ! 0.5X �i }t2/ σw �M/ βi- i?2 BMBiB�H T`QiQM i2KT2`�im`2 bi�vb i?2

b�K2- r?2M r2 p�`v i?2 K�bb `�iBQ U�b QTTQb2/ iQ i?2 2H2+i`QM i2KT2`�im`2- r?B+? BM+`2�b2b rBi?

K�bb `�iBQVX aQ- i?2 T`QiQM ?2�iBM; 2{+B2M+B2b �`2 2tT2+i2/ iQ `2K�BM mM+?�M;2/- �b HQM; �b i?2

#Qt bBx2 Lx Bb bm{+B2MiHv H�`;2 UBM mMBib Q7 i?2 T`QiQM bFBM /2Ti? c/ωpiV iQ +�Tim`2 i?2 T?vbB+b Q7

T`QiQM ?2�iBM;X AM i?2 #QiiQK `Qr Q7 6B;X kXRk- i?2 T`QiQM ?2�iBM; 7`�+iBQMb MT i,tot,MT i,ad, �M/

MT i,irr �`2 M2�`Hv BM/2T2M/2Mi Q7 i?2 K�bb `�iBQ- r?B+? /2KQMbi`�i2b i?�i 2p2M 7Q` i?2 `2�HBbiB+

K�bb `�iBQ- i?2 #Qt mb2/ ?2`2 Bb bm{+B2MiHv H�`;2 iQ +�Tim`2 i?2 T?vbB+b Q7 T`QiQM ?2�iBM; U�M/

2p2M KQ`2 bQ- Q7 2H2+i`QM ?2�iBM;VX h?2 `2bmHib /Bb+mbb2/ BM a2+iBQM kX8Xj 7Q` mi/me = 25 �M/

Te/Ti = 1 �`2 i?2`27Q`2 biBHH p�HB/ ?2`2, T`QiQM ?2�iBM; Bb /QKBM�i2/ #v B``2p2`bB#H2 T`Q+2bb2b �i

HQr βi, r?2`2�b B``2p2`bB#H2 �M/ �/B�#�iB+ +QKTQM2Mib 2[m�HHv +QMi`B#mi2 �i ?B;? βi; i?2 B``2p2`bB#H2

?2�iBM; 2{+B2M+v Q7 T`QiQMb Bb � /2+`2�bBM; 7mM+iBQM Q7 βic T`QiQMb �`2 ?2�i2/ KQ`2 2{+B2MiHv i?�M

2H2+i`QMb U�Hi?Qm;? i?2 iQi�H T`QiQM@iQ@2H2+i`QM ?2�iBM; `�iBQ 7Q` mi/me = 1836 Bb ∼ 7 �i HQr βi-

H�`;2` i?�M i?2 p�Hm2 K2�bm`2/ 7Q` mi/me = 25- bBM+2 i?2 2H2+i`QM ?2�iBM; 2{+B2M+v /2+`2�b2b rBi?

K�bb `�iBQVc i?2 ?2�iBM; 7`�+iBQMb Q7 i?2 irQ bT2+B2b �TT`Q�+? +QKT�`�#H2 p�Hm2b �i βi = 2, rBi?

MT i,tot ≈ 0.08 �M/ MT e,tot ≈ 0.06X

AM 6B;X kXRjU�V- r2 /B`2+iHv +QKT�`2 i?2 βi@/2T2M/2M+2 Q7 2H2+i`QM �M/ T`QiQM ?2�iBM; 7`�+iBQMb

MT e,tot UbQHB/ #Hm2V- MT e,irr U/�b?2/ #Hm2V- MT i,tot UbQHB/ `2/V- �M/ MT i,irr U/�b?2/ `2/V 7Q` mi/me =
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1836,σw = 0.1, �M/ Te/Ti = 1X8 �b �MiB+BT�i2/ �#Qp2- i?2 T`QiQM �M/ 2H2+i`QM iQi�H �M/ B``2p2`bB#H2

?2�iBM; 7`�+iBQMb /Bz2` `Qm;?Hv #v � 7�+iQ` Q7 ∼ 7 �i HQr βi, #mi i?2v �TT`Q�+? � bBKBH�` p�Hm2 �i

βi = 2 U≈ 0.03 7Q` i?2 B``2p2`bB#H2 +QKTQM2Mi �M/ ≈ 0.06 7Q` i?2 iQi�HVX AM 6B;X kXRjU#V- r2 b?Qr

i?2 βi@/2T2M/2M+2 Q7 i?2 `�iBQ Q7 2H2+i`QM@iQ@Qp2`�HH iQi�H ?2�iBM; `�iBQ UbQHB/ #Hm2V-

qT e,tot =
MT e,tot

MT e,tot +MT i,tot
, UkXkNV

�M/ bBKBH�`Hv- i?2 `�iBQ Q7 2H2+i`QM@iQ@Qp2`�HH B``2p2`bB#H2 ?2�iBM; `�iBQ U/�b?2/ #Hm2V-

qT e,irr =
MT e,irr

MT e,irr +MT i,irr
. UkXjyV

�i HQr βi, i?2 2H2+i`QM@iQ@Qp2`�HH iQi�H ?2�iBM; `�iBQ Bb qT e,tot ≈ 0.14- �M/ Bi BM+`2�b2b rBi? βi mT iQ

qT e,tot ≈ 0.45 �i βi = 2. h?2 +Q``2bTQM/BM; `�iBQ Q7 i?2 B``2p2`bB#H2 +QKTQM2Mib qT e,irr Bb +QKT�`�#H2

iQ qT e,tot �i #Qi? HQr βi Ur?2`2 �/B�#�iB+ ?2�iBM; Bb M2;HB;B#H2V �M/ βi = 2 Ur?2`2 �/B�#�iB+ �M/

B``2p2`bB#H2 +QMi`B#miBQMb �`2 bBKBH�`V- #mi 7Q` BMi2`K2/B�i2 βi r2 }M/ i?�i qT e,irr +�M #2 �b HQr �b

0.07- bK�HH2` i?�M qT e,tot #v mT iQ � 7�+iQ` Q7 ≈ 3X

kX8X8 .2T2M/2M+2 Q7 T�`iB+H2 ?2�iBM; QM K�;M2iBx�iBQM

AM i?2 T`2pBQmb b2+iBQMb- r2 ?�p2 7Q+mb2/ QM i?2 +�b2 σw = 0.1; BM 6B;X kXR9- r2 b?Qr i?2 βi@

/2T2M/2M+2 Q7 i?2 ?2�iBM; 2{+B2M+B2b 7Q` � bmBi2 Q7 bBKmH�iBQMb rBi? σw = 0.1, 0.3, 1, 3, �M/ 10Xe q2

}t i?2 i2KT2`�im`2 `�iBQ Te/Ti = 1 �M/ i?2 K�bb `�iBQ mi/me = 1836. h?2 T�M2Hb �`2 bBKBH�` iQ

i?Qb2 BM 6B;X kXRk, U�V- U#V- �M/ U+V b?Qr i?2 2H2+i`QM ?2�iBM; 7`�+iBQMb MT e,tot,MT e,ad, �M/ MT e,irrc
8h?2 2``Q` #�`b BM 6B;X kXRjU�V �`2 H�`;2` 7Q` T`QiQMb i?�M 2H2+i`QMb U7Q` 2H2+i`QMb- i?2v �`2 bK�HH2` i?�M

i?2 bBx2 Q7 i?2 THQi bvK#QHbV- #mi i?2 7`�+iBQM�H 2``Q` Bb i?2 b�K2X �//BiBQM�HHv- i?2 2``Q` #�`b �`2 H�`;2` �i
HQr βiX �b /2b+`B#2/ BM kX8Xk- i?Bb `2bmHib 7`QK i?2 7`2[m2Mi 7Q`K�iBQM Q7 b2+QM/�`v BbH�M/b �i HQr βi.

e�i ?B;? σw- i?2 `�i2 Q7 b2+QM/�`v BbH�M/ T`Q/m+iBQM Bb 2M?�M+2/ UaB`QMB 2i �HX- kyReVX AM i?2 bBKmH�iBQMb
rBi? σw = 1, 3, 10, r2 2KTHQv Qmi~Qr #QmM/�`v +QM/BiBQMb BM Q`/2` iQ 2pQHp2 i?2 bvbi2K iQ HQM;2` iBK2bX
h?Bb �HHQrb mb iQ �p2`�;2 i?2 /QrMbi`2�K [m�MiBiB2b BM i?2 `2+QMM2+iBQM 2t?�mbib Qp2` � HQM;2` iBK2bT�M-
�M/ Q#i�BM KQ`2 `2HB�#H2 2biBK�i2bX
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6B;m`2 kXR9, .2T2M/2M+2 Q7 i?2 ?2�iBM; 2{+B2M+B2b QM i?2 K�;M2iBx�iBQM σw UMQ`K�HBx2/ iQ i?2 2Mi?�HTv
/2MbBivV- rBi? � H�vQmi bBKBH�` iQ i?�i Q7 6B;X kXRkc U�V, 2H2+i`QM iQi�H- MT e,totc U#V, 2H2+i`QM �/B�#�iB+-
MT e,adc U+V, 2H2+i`QM B``2p2`bB#H2- MT e,irrc U/V, T`QiQM iQi�H- MT i,totc U2V, T`QiQM �/B�#�iB+- MT i,adc U7V,
T`QiQM B``2p2`bB#H2- MT i,irrX q2 }t Te/Ti = 1 �M/ mi/me = 1836- �M/ p�`v i?2 K�;M2iBx�iBQM σw = 0.1
U;`22MV- 0.3 UTm`TH2V- 1 U#`QrMV- 3 UK�;2Mi�V- 10 U#H�+FVc i?2 H2;2M/ Bb HQ+�i2/ BM i?2 mTT2` T�`i Q7 T�M2H
U#VX SQBMib BM T�M2Hb U�VĜU+V �`2 +QHQ`2/ �++Q`/BM; iQ θe,up U+QHQ` #�` Bb iQ i?2 `B;?i Q7 U+VV- �M/ TQBMib BM
U/VĜU7V �++Q`/BM; iQ θi,up U+QHQ` #�` Bb iQ i?2 `B;?i Q7 U7VVX
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6B;m`2 kXR8, βi@/2T2M/2M+2 Q7 /QrMbi`2�K T`QiQM@iQ@2H2+i`QM bFBM /2Ti? `�iBQ- (c/ωpi)/(c/ωpe) Ub22
1[X kX8V- 7Q` K�;M2iBx�iBQMb σw = 0.1 U;`22MV- yXj UTm`TH2V- R U#`QrMV- j UK�;2Mi�V- �M/ Ry U#H�+FVX 6Q`
i?2b2 bBKmH�iBQMb- i?2 mTbi`2�K 2H2+i`QM@iQ@T`QiQM i2KT2`�im`2 `�iBQ Bb Te/Ti = 1, �M/ mi/me = 1836.
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(a) (b)

6B;m`2 kXRe, U�V, .2T2M/2M+2 QM i?2 K�;M2iBx�iBQM σi UMQ`K�HBx2/ iQ `2bi K�bb 2M2`;v /2MbBivV Q7 2H2+@
i`QM iQi�H ?2�iBM; 2{+B2M+v Mue,tot UbQHB/ #Hm2V- B``2p2`bB#H2 ?2�iBM; 2{+B2M+v Mue,irr U/�b?2/ #Hm2V- T`Q@
iQM iQi�H ?2�iBM; 2{+B2M+v Mui,tot UbQHB/ `2/V- �M/ T`QiQM B``2p2`bB#H2 ?2�iBM; 2{+B2M+v Mui,irr U/�b?2/
`2/VX U#V, .2T2M/2M+2 QM i?2 K�;M2iBx�iBQM σi Q7 i?2 2H2+i`QM@iQ@Qp2`�HH ?2�iBM; `�iBQ que,tot UbQHB/ #Hm2V
�b BM 1[X kXjR- 2H2+i`QM@iQ@Qp2`�HH B``2p2`bB#H2 ?2�iBM; `�iBQ que,irr U/�b?2/ #Hm2V �b BM 1[X kXjk- �M/ 2K@
TB`B+�H 7Q`KmH� 1[X kXjj U/Qii2/ #H�+FV Q#i�BM2/ #v q2`M2` 2i �HX UkyReV BM i?2 +�b2 βi = 0.01X >2`2-
βi ≈ 0.03, Te/Ti = 1, �M/ mi/me = 1836.

U/V- U2V- �M/ U7V b?Qr i?2 T`QiQM ?2�iBM; 7`�+iBQMb MT i,tot,MT i,ad, �M/ MT i,irr. h?2 H2;2M/ Bb BM T�M2H

U#V, ;`22M- Tm`TH2- #`QrM- K�;2Mi�- �M/ #H�+F +m`p2b +QMM2+i i?2 TQBMib ?�pBM; σw = 0.1, 0.3, 1, 3,

�M/ 10- `2bT2+iBp2Hv- iQ ;mB/2 i?2 2v2X h?2 TQBMib Q7 T�M2Hb U�VĜU+V �`2 +QHQ`2/ �++Q`/BM; iQ i?2

mTbi`2�K /BK2MbBQMH2bb 2H2+i`QM i2KT2`�im`2 θe- �b BM/B+�i2/ #v i?2 +QHQ` #�` iQ i?2 `B;?i Q7 T�M2H

U+VX aBKBH�`Hv- BM T�M2Hb U/VĜU7V i?2 TQBMib �`2 +QHQ`2/ �++Q`/BM; iQ i?2 mTbi`2�K /BK2MbBQMH2bb

T`QiQM i2KT2`�im`2 θi- �b BM/B+�i2/ #v i?2 +QHQ` #�` iQ i?2 `B;?i Q7 T�M2H U7VX 6Q` }t2/ βi, Te/Ti, �M/

mi/me, �M BM+`2�b2 BM K�;M2iBx�iBQM H2�/b iQ �M BM+`2�b2 BM i?2 mTbi`2�K /BK2MbBQMH2bb i2KT2`�im`2

Q7 #Qi? 2H2+i`QMb �M/ T`QiQMb- r?B+? +�M #2 b22M #v +QKT�`BM; i?2 +QHQ`b Q7 /�i� TQBMib BM T�M2H

U�V Q` U/V �i }t2/ βiX

q2 MQi2 i?�i i?2 /�i� TQBMib BM 6B;X kXR9 2ti2M/ mT iQ � K�tBKmK p�Hm2 Q7 βi i?�i /2T2M/b

QM σwX 6Q` Qm` +?QB+2 Q7 /2}MBM; i?2 K�;M2iBx�iBQM mbBM; i?2 2Mi?�HTv /2MbBiv- `�i?2` i?�M i?2

`2bi@K�bb 2M2`;v /2MbBiv- i?2 BQM βi +�MMQi 2t+22/ βi,max ∼ 1/4σwX 6Q` 2�+? p�Hm2 Q7 σw, i?2

TQBMib rBi? i?2 ?B;?2bi p�Hm2 Q7 βi �`2 �HbQ i?Qb2 7Q` r?B+? i?2 T`QiQM@iQ@2H2+i`QM b+�H2 b2T�`�iBQM

`�iBQ (c/ωpi)/(c/ωpe) Bb i?2 bK�HH2bi Ub22 6B;X kXR8VX q2 }M/ i?�i BM i?2 HBKBi βi → βi,max- i?2
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6B;m`2 kXRd, *QKT�`BbQM Q7 i?2 2H2+i`QM@iQ@Qp2`�HH ?2�iBM; `�iBQ que,tot #2ir22M Qm` bBKmH�iBQMb rBi?
mi/me = 1836 �M/ Te/Ti = 1 U}HH2/ +B`+H2b rBi? 2``Q` #�`bV �M/ i?2 #2bi }iiBM; 7Q`KmH� BM 1[X kXj9 UbQHB/
+m`p2bVX q2 b?Qr i?2 /2T2M/2M+2 QM U�V TH�bK�@βi �M/ U#V K�;M2iBx�iBQM σwX AM T�M2H U�V- i?2 /Bz2`2Mi
+QHQ`b `2T`2b2Mi K�;M2iBx�iBQMb σw = 0.1 U;`22MV- 0.3 UTm`TH2V- 1 U#`QrMV- 3 UK�;2Mi�V- �M/ 10 U#H�+FVX
AM T�M2H U#V- i?2 +QHQ` +Q/BM; Q7 i?2 +m`p2b Bb BM/B+�i2/ BM i?2 H2;2M/ U7`QK +v�M iQ `2/ 7Q` BM+`2�bBM; βiV-
r?BH2 i?2 +QHQ` Q7 i?2 }HH2/ TQBMib `272`b iQ i?2 +QHQ`#�` QM i?2 `B;?iX AM #Qi? T�M2Hb- i?2 #H�+F /Qii2/ HBM2
�i que,tot = 0.5 b?Qrb i?2 HBKBi Q7 +QKT�`�#H2 ?2�iBM; 2{+B2M+B2b #2ir22M 2H2+i`QMb �M/ T`QiQMb- 2tT2+i2/
r?2M βi → βi,max U`2;�`/H2bb Q7 σwV Q` σw ≫ 1 UBM/2T2M/2MiHv Q7 βiVX

8N



iQi�H 2H2+i`QM ?2�iBM; 2{+B2M+v b?Qrb � +?�`�+i2`BbiB+ mTim`M UT�M2H U�VV- rBi? � ivTB+�H p�Hm2

MT e,tot ≈ 0.05 i?�i Bb M2�`Hv BM/2T2M/2Mi Q7 σwX AM i?2 HQr@βi `2;BK2- i?2 2H2+i`QM iQi�H ?2�iBM;

2{+B2M+v �TT`Q�+?2b � σw@/2T2M/2Mi TH�i2�m- rBi? ?B;?2` σw vB2H/BM; H�`;2` 2H2+i`QM 2{+B2M+B2b

UT�M2H U�VVX h?2 QTTQbBi2 ?QH/b 7Q` T`QiQMb, ?B;?2` K�;M2iBx�iBQMb ;Bp2 bK�HH2` T`QiQM ?2�iBM;

2{+B2M+B2b UT�M2H U/VVX AM/22/- 7Q` σw = 10 i?2 2H2+i`QM �M/ T`QiQM 2{+B2M+B2b �`2 +QKT�`�#H2 BM

i?2 r?QH2 `�M;2 Q7 βi r2 ?�p2 2tTHQ`2/- BM �;`22K2Mi rBi? i?2 `2bmHib #v aB`QMB 2i �HX UkyR8VX

�b �MiB+BT�i2/ BM a2+iBQM kX8Xj- r2 }M/ i?�i i?2 M2+2bb�`v �M/ bm{+B2Mi +QM/BiBQM 7Q` ?�pBM;

+QKT�`�#H2 2H2+i`QM �M/ T`QiQM ?2�iBM; 2{+B2M+B2b Bb i?�i i?2 b2T�`�iBQM #2ir22M i?2 2H2+i`QM

�M/ T`QiQM b+�H2b BM i?2 /QrMbi`2�K #2 Q7 Q`/2` mMBiv UQ` 2[mBp�H2MiHv- i?�i i?2 irQ bT2+B2b #2

`2H�iBpBbiB+�HHv ?Qi- rBi? +QKT�`�#H2 i2KT2`�im`2bVX �b b?QrM BM 6B;X kXR8- i?Bb +�M #2 �+?B2p2/

BM irQ r�vb, UBV �i ?B;? σw- `2;�`/H2bb Q7 βi- i?2 `2+QMM2+iBQM T`Q+2bb i`�Mb72`b bQ Km+? K�;M2iB+

2M2`;v iQ i?2 T�`iB+H2b i?�i #Qi? bT2+B2b #2+QK2 `2H�iBpBbiB+�HHv ?Qi- rBi? +QKT�`�#H2 i2KT2`�im`2bc

UBBV �i HQr σw �M/ BM i?2 HBKBi βi → βi,max- #Qi? 2H2+i`QMb �M/ T`QiQMb �H`2�/v bi�`i `2H�iBpBbiB+�HHv

?Qi BM i?2 mTbi`2�K `2;BQM U�M/ KQ`2 bQ- rBHH #2 `2H�iBpBbiB+�HHv ?Qi BM i?2 /QrMbi`2�KVX

JQbi Q7 i?2 σw@/2T2M/2M+2b i?�i r2 ?�p2 MQr T`2b2Mi2/ 7Q` i?2 iQi�H ?2�iBM; 2{+B2M+B2b MT e,tot

�M/ MT i,tot �HbQ �TTHv iQ i?2 B``2p2`bB#H2 +QKTQM2Mib MT e,irr �M/ MT i,irr- bBM+2 i?2 �/B�#�iB+ +QMi`B@

#miBQM Bb BM/2T2M/2Mi Q7 i?2 K�;M2iBx�iBQM- �i }t2/ βi Ub22 1[X kXkdVX >Qr2p2`- bBM+2 i?2 K�;M2iBx�@

iBQM �z2+ib i?2 2{+B2M+v Q7 B``2p2`bB#H2 ?2�iBM; �i }t2/ βi- r?BH2 i?2 �/B�#�iB+ +QKTQM2Mi `2K�BMb

i?2 b�K2- i?Bb +�M H2�/ iQ � bB;MB}+�Mi +?�M;2 BM i?2 `2H�iBp2 +QMi`B#miBQMb Q7 B``2p2`bB#H2 �M/ �/B@

�#�iB+ ?2�iBM;X h?Bb +�M #2 b22M- 7Q` 2t�KTH2- �i βi ≈ 0.5X 6Q` σw = 0.1- MT e,irr/MT e,tot ≈ 0.1,

r?2`2�b �i σw = 0.3- r2 }M/ MT e,irr/MT e,tot ≈ 0.5.

hQ +QMM2+i rBi? i?2 `2+2Mi rQ`F Q7 q2`M2` 2i �HX UkyReV- r2 b?Qr BM 6B;X kXRe i?2 /2T2M/2M+2

Q7 2H2+i`QM �M/ T`QiQM ?2�iBM; QM i?2 K�;M2iBx�iBQM σi- /2}M2/ rBi? i?2 `2bi@K�bb 2M2`;v /2MbBiv

Ub22 1[X kXkVX q2 }t i2KT2`�im`2 `�iBQ Te/Ti = 1- K�bb `�iBQ mi/me = 1836, �M/ βi ≈ 0.03 Ur?B+?

ey



Bb +HQb2 iQ i?2 mTbi`2�K TH�bK� βi 2KTHQv2/ BM q2`M2` 2i �HX UkyReV- βi = 0.01VX AM T�M2H U�V-

r2 b?Qr i?2 σi@/2T2M/2M+2 Q7 i?2 2H2+i`QM iQi�H UbQHB/ #Hm2V- 2H2+i`QM B``2p2`bB#H2 U/�b?2/ #Hm2V-

T`QiQM iQi�H UbQHB/ `2/V- �M/ T`QiQM B``2p2`bB#H2 U/�b?2/ `2/V ?2�iBM; 7`�+iBQMb- T?`�b2/ BM i2`Kb Q7

BMi2`M�H 2M2`;v �b BM q2`M2` 2i �HX UkyReV- Mue,tot- Mue,irr- Mui,tot- �M/ Mui,irr Ub22 1[bX kXR8- kXRdVX

�b σi BM+`2�b2b- i?2 /QrMbi`2�K b+�H2 b2T�`�iBQM #2ir22M T`QiQMb �M/ 2H2+i`QMb ;2ib `2/m+2/ Ub22

6B;X kXR8V- �M/ i?2 irQ bT2+B2b �TT`Q�+? +QKT�`�#H2 ?2�iBM; 2{+B2M+B2b Ur?2`2�b i?2 irQ /Bz2` #v

� 7�+iQ` Q7 ∼ 3 �i HQr K�;M2iBx�iBQMVX h?Bb ?QH/b 7Q` #Qi? i?2 iQi�H 2{+B2M+B2b Mue,tot �M/ Mui,tot

�M/ i?2 B``2p2`bB#H2 +QKTQM2Mib Mue,irr �M/ Mui,irr- bBM+2 i?2 �KQmMi Q7 �/B�#�iB+ ?2�iBM; �i }t2/

βi /Q2b MQi /2T2M/ QM σwX

h?Bb Bb 7m`i?2` BHHmbi`�i2/ BM 6B;X kXReU#V- r?2`2 r2 b?Qr i?2 σi@/2T2M/2M+2 Q7 i?2 2H2+i`QM@iQ@

Qp2`�HH iQi�H ?2�iBM; 7`�+iBQM- T?`�b2/ BM i2`Kb Q7 BMi2`M�H 2M2`;v UbQHB/ #Hm2V-

que,tot =
Mue,tot

Mue,tot +Mui,tot
, UkXjRV

�M/ i?2 2H2+i`QM@iQ@Qp2`�HH B``2p2`bB#H2 ?2�iBM; `�iBQ U/�b?2/ #Hm2V-

que,irr =
Mue,irr

Mue,irr +Mui,irr
. UkXjkV

"Hm2 +B`+H2b b?Qr i?2 `2bmHib Q7 Qm` bBKmH�iBQMb- �M/ i?2 #H�+F /Qii2/ HBM2 BM/B+�i2b i?2 2KTB`B+�H

7Q`KmH� bm;;2bi2/ #v q2`M2` 2i �HX UkyReV-

que,emp =
1

4

(
1 +

√
σi/5

2 + σi/5

)
UkXjjV

q2 }M/ `2�bQM�#H2 �;`22K2Mi #2ir22M i?Bb 2KTB`B+�H 7Q`KmH� �M/ Qm` bBKmH�iBQMb- 7Q` βi ≈ 0.03X

6Q` HQr p�Hm2b Q7 i?2 K�;M2iBx�iBQM- que,tot ≈ que,irr ≈ 0.25- #mi �b σi BM+`2�b2b iQr�`/ i?2 mHi`�@

eR



`2H�iBpBbiB+ HBKBi- que,tot �M/ que,irr �TT`Q�+? ≈ 0.5- BX2X- 2H2+i`QMb �M/ T`QiQMb �`2 ?2�i2/ rBi?

+QKT�`�#H2 2{+B2M+B2bX >Qr2p2`- 6B;X kXR9 b?Qrb i?�i- �i }t2/ K�;M2iBx�iBQM- i?2 ?2�iBM; 2{+B2M@

+B2b /2T2M/ QM βi- � i`2M/ r?B+? +�MMQi #2 T`QT2`Hv +�Tim`2/ #v i?2 2KTB`B+�H 7Q`KmH� Q7 q2`M2`

2i �HX UkyReVX

q2 i?2M T`QTQb2 i?2 7QHHQrBM; 7Q`KmH�- r?B+? +�Tim`2b i?2 /2T2M/2M+2 Q7 i?2 2H2+i`QM@iQ@Qp2`�HH

?2�iBM; `�iBQ que,tot QM #Qi? K�;M2iBx�iBQM σw �M/ T`QiQM βi,

que,fit =
1

2
exp

[
−(1− βi/βi,max)3.3

1 + 1.2σ0.7
w

]
, UkXj9V

r?2`2 βi ≤ βi,max = 1/4σw. h?2 7Q`KmH� BM 1[X kXj9 ?�b irQ /2bB`�#H2- �M/ T?vbB+�HHv KQiBp�i2/-

72�im`2bX 6B`bi- 7Q` βi → βi,max, i?2 2H2+i`QM@iQ@Qp2`�HH ?2�iBM; `�iBQ �TT`Q�+?2b 0.5, BM/2T2M/2MiHv

Q7 i?2 K�;M2iBx�iBQMX a2+QM/- 7Q` σw ≫ 1, que,tot = 0.5- `2;�`/H2bb Q7 βiX AM #Qi? i?2b2 HBKBib-

i?2 b+�H2 b2T�`�iBQM #2ir22M 2H2+i`QMb �M/ T`QiQMb BM i?2 /QrMbi`2�K rBHH #2 Q7 Q`/2` mMBiv U�b

r2 ?�p2 /Bb+mbb2/ �#Qp2V- r?B+? r2 ?�p2 /2KQMbi`�i2/ Bb � M2+2bb�`v �M/ bm{+B2Mi +QM/BiBQM 7Q`

+QKT�`�#H2 ?2�iBM; 2{+B2M+B2b #2ir22M 2H2+i`QMb �M/ T`QiQMbX

AM 6B;X kXRd- r2 +QKT�`2 1[X kXj9 iQ i?2 `2bmHib Q7 bBKmH�iBQMb rBi? mi/me = 1836 �M/ Te/Ti = 1

Ui?Bb Bb i?2 b�K2 b2i Q7 bBKmH�iBQMb T`2b2Mi2/ 2�`HB2` BM i?Bb b2+iBQM- �b r2HH �b BM a2+iBQM kX8X9VX AM

6B;X kXRdU�V- r2 b?Qr i?2 βi@/2T2M/2M+2 Q7 i?2 2H2+i`QM@iQ@Qp2`�HH ?2�iBM; `�iBQ que,tot 7Q` � `�M;2

Q7 σw Ub22 i?2 H2;2M/VX h?2 bBKmH�iBQM `2bmHib �`2 b?QrM #v bQHB/ }HH2/ +B`+H2b- r?BH2 bQHB/ HBM2b

�`2 #�b2/ QM 1[X kXj9X h?2 +m`p2b �`2 THQii2/ mT iQ iQ i?2 K�tBKmK �HHQr2/ p�Hm2 Q7 βi- M�K2Hv

βi,max = 1/4σwX h?2 #H�+F /Qii2/ HBM2 �i que,tot = 0.5 b?Qrb i?2 HBKBi Q7 +QKT�`�#H2 ?2�iBM;

2{+B2M+B2b 7Q` 2H2+i`QMb �M/ T`QiQMb- r?B+? rBHH #2 `2�+?2/ �b βi → βi,max- BM/2T2M/2MiHv Q7 σwX

q2 }M/ i?�i #Qi? i?2 bBKmH�iBQM /�i� �M/ i?2 }iiBM; 7Q`KmH� BM 1[X kXj9 �bvKTiQi2 iQ � +QMbi�Mi

p�Hm2 7Q` βi ≪ βi,max- rBi? bK�HH2` ?2�iBM; `�iBQb �i HQr2` σwX AM i?2 MQM@`2H�iBpBbiB+ HBKBi σw ≪ 1-

ek



Qm` 7Q`KmH� T`2b+`B#2b i?�i que,fit → 0.18- MQi p2`v /Bz2`2Mi 7`QK i?2 p�Hm2 que,fit ≈ 0.22 Q#i�BM2/

7Q` σw = 0.1X h?Bb Bb +QMbBbi2Mi rBi? i?2 2tT2+i�iBQM i?�i BM i?2 MQM@`2H�iBpBbiB+ `2;BK2 σw ≪ 1-

i?2 ?2�iBM; 2{+B2M+B2b rBHH #2 BM/2T2M/2Mi 7`QK i?2 K�;M2iBx�iBQMX

AM 6B;X kXRdU#V- r2 b?Qr i?2 /2T2M/2M+2 Q7 i?2 2H2+i`QM@iQ@Qp2`�HH ?2�iBM; `�iBQ QM i?2 K�;@

M2iBx�iBQM σw- 7Q` � `�M;2 Q7 βiX h?2 bBKmH�iBQMb `2bmHib �`2 b?QrM #v }HH2/ bQHB/ +B`+H2b- r?B+?

�`2 +QHQ`2/ �++Q`/BM; iQ i?2 p�Hm2 Q7 βi BM i?2 mTbi`2�K Ui?2 +QHQ` b+�H2 Bb HQ+�i2/ iQ i?2 `B;?i Q7

6B;X kXRdU#VVX q2 b2H2+i � 72r `2T`2b2Mi�iBp2 p�Hm2b Q7 βi �M/ THQi i?2 +Q``2bTQM/BM; T`2/B+iBQMb

#�b2/ QM 1[X kXj9 rBi? i?2 bQHB/ +m`p2b Ub22 i?2 H2;2M/ BM i?2 THQiVX h?2 +m`p2b �`2 THQii2/ mT iQ

σw,max, r?B+? 7Q` � }t2/ βi Bb ;Bp2M #v σw,max ∼ 1/4βiX AM bmKK�`v- 6B;bX kXRdU�V �M/ U#V b?Qr i?�i

Qm` T`QTQb2/ 7Q`KmH� U1[X kXj9V T`QT2`Hv +�Tim`2b i?2 K�;M2iBx�iBQM �M/ TH�bK� βi /2T2M/2M+2 Q7

i?2 2H2+i`QM@iQ@Qp2`�HH ?2�iBM; `�iBQ Qp2` i?2 r?QH2 `�M;2 Q7 σw �M/ βi 2tTHQ`2/ BM i?Bb rQ`FX

kX8Xe .2T2M/2M+2 Q7 T�`iB+H2 ?2�iBM; QM Te/Ti 7Q` mi/me = 1836

AM 6B;X kXR3- r2 T`2b2Mi i?2 /2T2M/2M+2 Q7 2H2+i`QM �M/ T`QiQM ?2�iBM; 2{+B2M+B2b QM i?2 T`QiQM

#2i� βi �M/ i?2 i2KT2`�im`2 `�iBQ Te/Ti 7Q` i?2 `2�HBbiB+ K�bb `�iBQ mi/me = 1836 Ui?2 };m`2 H�vQmi

Bb i?2 b�K2 �b BM 6B;X kXRR- r?2`2 r2 ?�/ 2KTHQv2/ � `2/m+2/ K�bb `�iBQ mi/me = 25VX q2 }t

σw = 0.1X 1p2M �i i?2 `2�HBbiB+ K�bb `�iBQ- i?2 +QM+HmbBQMb /`�rM BM i?2 `2/m+2/ K�bb `�iBQ +�b2

mi/me = 25 Ub22 a2+iBQM kX8XjV biBHH ?QH/, 2H2+i`QM �M/ T`QiQM ?2�iBM; �i HQr βi Bb /QKBM�i2/ #v

B``2p2`bB#H2 T`Q+2bb2b- r?BH2 ?2�iBM; BM i?2 ?B;?@βi `2;BK2 Bb KQbiHv � `2bmHi Q7 �/B�#�iB+ +QKT`2bbBQMc

i?2 B``2p2`bB#H2 +QKTQM2Mi Q7 2H2+i`QM ?2�iBM; Bb BM/2T2M/2Mi Q7 Te/Ti �i βi ! 1 U6B;X kXR3 U+VVc

i?2 T`QiQM B``2p2`bB#H2 ?2�iBM; b?Qrb QMHv � r2�F /2T2M/2M+2 QM i2KT2`�im`2 `�iBQ U6B;X kXR3 U7VVc

T`QiQMb �`2 ?2�i2/ KQ`2 2{+B2MiHv i?�M 2H2+i`QMb U+QKT�`2 i?2 iQT �M/ KB//H2 `QrbVX

6Q` #Qi? 2H2+i`QMb �M/ T`QiQMb- i?2 �/B�#�iB+ ?2�iBM; 2{+B2M+B2b 7Q` mi/me = 1836 U6B;bX kXR3U#V

�M/ U2VV �`2 bBKBH�` iQ i?Qb2 Q7 i?2 `2/m+2/ K�bb `�iBQ +�b2X AM 7�+i- �++Q`/BM; iQ 1[X kXkd- i?2

ej
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6B;m`2 kXR3, 6Q` K�bb `�iBQ mi/me = 1836- K�;M2iBx�iBQM σw = 0.1 �M/ mTbi`2�K i2KT2`�im`2 `�@
iBQb Te/Ti = 0.1 U#Hm2V- yXj U;`22MV- �M/ R U`2/V- r2 T`2b2Mi i?2 βi@/2T2M/2M+2 Q7 ?2�iBM; 2{+B2M+B2bc U�V,
2H2+i`QM iQi�H- MT e,totc U#V, 2H2+i`QM �/B�#�iB+- MT e,adc U+V, 2H2+i`QM B``2p2`bB#H2- MT e,irrc U/V, T`QiQM iQ@
i�H- MT i,totc U2V, T`QiQM �/B�#�iB+- MT i,adc U7V, T`QiQM B``2p2`bB#H2- MT i,irrc U;V, 2H2+i`QM �M/ T`QiQM iQi�H-
MT e,tot +MT i,totc U?V, 2H2+i`QM �M/ T`QiQM �/B�#�iB+- MT e,ad +MT i,adc UBV, 2H2+i`QM �M/ T`QiQM B``2p2`bB#H2-
MT e,irr +MT i,irrX
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�/B�#�iB+ ?2�iBM; 2{+B2M+v Bb BM/2T2M/2Mi Q7 K�bb `�iBQXd 6Q` T`QiQMb- i?2 �/B�#�iB+ ?2�iBM;

2{+B2M+v /2+`2�b2b �i βi " 2c i?Bb Bb H�`;2Hv �M 2z2+i Q7 i?2 /2+`2�b2 BM i?2 �/B�#�iB+ BM/2t- �b i?2

T`QiQMb i`�MbBiBQM 7`QK MQM@`2H�iBpBbiB+ iQ `2H�iBpBbiB+ i2KT2`�im`2bX

6Q` mi/me = 1836- i?2 B``2p2`bB#H2 ?2�iBM; Q7 T`QiQMb �i HQr βi Bb � 7�+iQ` Q7 ∼ 5−7 ;`2�i2` i?�M

i?�i Q7 2H2+i`QMbc BM i?2 mi/me = 25 +�b2- i?2 `�iBQ Q7 T`QiQM@iQ@2H2+i`QM B``2p2`bB#H2 ?2�iBM; r�b

bK�HH2`- ∼ 2−3X �b BM i?2 `2/m+2/ K�bb `�iBQ +�b2- i?2 bBKmH�iBQM rBi? βi = 2 �M/ Te/Ti = 1 b?Qrb

� b?�`T BM+`2�b2 BM B``2p2`bB#H2 2H2+i`QM ?2�iBM; �b +QKT�`2/ iQ i?2 /2+`2�bBM; i`2M/ Q#b2`p2/ �i

HQr2` βi U6B;X kXR3 U+VV- �M/ i?2 ?2�iBM; 2{+B2M+B2b Q7 i?2 irQ bT2+B2b #2+QK2 +QKT�`�#H2X �b

r2 �`;m2/ BM a2+iBQM kX8X8- i?2 2H2+i`QM �M/ T`QiQM ?2�iBM; 2{+B2M+B2b �`2 �#Qmi 2[m�H B7 �M/ QMHv

B7 i?2 /QrMbi`2�K b+�H2 b2T�`�iBQM Bb Q7 Q`/2` mMBivX 1p2M 7Q` i?2 ?B;?2bi p�Hm2b Q7 βi i?�i r2

+�M 2tTHQ`2 U≈ 3.9 7Q` Te/Ti = 0.1, �M/ ≈ 4.6 7Q` Te/Ti = 0.3.V- i?Bb +QM/BiBQM Bb MQi `2�HBx2/ 7Q`

bK�HH2` i2KT2`�im`2 `�iBQb U(c/ωpi)/(c/ωpe) " 3.2 7Q` Te/Ti = 0.1, �M/ (c/ωpi)/(c/ωpe) " 1.8 7Q`

Te/Ti = 0.3V- r?B+? 2tTH�BMb r?v ě /2bTBi2 i?2 mTim`M BM 2H2+i`QM ?2�iBM; 2{+B2M+v �i ?B;? βi

U6B;X kXR3 U+VV ě i?2 `�iBQ Q7 B``2p2`bB#H2 T`QiQM iQ 2H2+i`QM ?2�iBM; 7Q` Te/Ti = 0.1 �M/ yXj `2K�BMb

H�`;2` i?�M mMBivX

kXe amKK�`v �M/ /Bb+mbbBQM

AM i?Bb rQ`F- r2 ?�p2 T`2b2Mi2/ i?2 `2bmHib Q7 � b2`B2b Q7 k. 7mHHv@FBM2iB+ SA* bBKmH�iBQMb iQ 2tTHQ`2

2H2+i`QM �M/ T`QiQM ?2�iBM; #v K�;M2iB+ `2+QMM2+iBQM BM i?2 i`�Mb@`2H�iBpBbiB+ `2;BK2X >2`2- T`QiQMb

�`2 ivTB+�HHv MQM@`2H�iBpBbiB+- v2i 2H2+i`QMb +�M #2 KQ/2`�i2Hv `2H�iBpBbiB+ Q` 2p2M mHi`�@`2H�iBpBbiB+X

q2 p�`v i?2 ~Qr K�;M2iBx�iBQM σw- i?2 T`QiQM βi �M/ i?2 2H2+i`QM@iQ@T`QiQM i2KT2`�im`2 `�iBQ

Te/Ti- 2ti2M/BM; Qm` `2bmHib mT iQ i?2 T?vbB+�H K�bb `�iBQ mi/me = 1836X

q2 b?Qr i?�i ?2�iBM; BM i?2 ?B;?@βi `2;BK2 Bb T`BK�`BHv /QKBM�i2/ #v �/B�#�iB+ +QKT`2bbBQM-

r?BH2 7Q` HQr βi i?2 ?2�iBM; Bb ;2MmBM2- BM i?2 b2Mb2 i?�i Bi Bb �bbQ+B�i2/ rBi? �M BM+`2�b2 BM 2Mi`QTvX
dq?BH2 1[X kXkd Bb r`Bii2M 7Q` 2H2+i`QMb- �M �M�HQ;Qmb 2[m�iBQM ?QH/b 7Q` i?2 �/B�#�iB+ ?2�iBM; Q7 T`QiQMb-

B7 r2 `2TH�+2 βiTe/Ti → βi �M/ γ̂e → γ̂iX

e8



�i Qm` }/m+B�H σw = 0.1- r2 }M/ i?�i 7Q` βi ! 1 i?2 B``2p2`bB#H2 ?2�iBM; 2{+B2M+v Bb BM/2T2M/2Mi

Q7 Te/Ti Ur?B+? r2 p�`v 7`QK 0.1 mT iQ 1V- 7Q` #Qi? 2H2+i`QMb �M/ T`QiQMbX 6Q` Te/Ti = 1- i?2

7`�+iBQM Q7 BM~QrBM; K�;M2iB+ 2M2`;v +QMp2`i2/ iQ 2H2+i`QM B``2p2`bB#H2 ?2�iBM; �i `2�HBbiB+ K�bb

`�iBQb /2+`2�b2b 7`QK ∼ 1.6% /QrM iQ ∼ 0.2% �b βi `�M;2b 7`QK βi ∼ 10−2 mT iQ βi ∼ 0.5- #mi

i?2M Bi BM+`2�b2b mT iQ ∼ 3% �b βi �TT`Q�+?2b ∼ 2X S`QiQMb �`2 ?2�i2/ Km+? KQ`2 2{+B2MiHv

i?�M 2H2+i`QMb �i HQr �M/ KQ/2`�i2 βi U#v � 7�+iQ` Q7 ∼ 7V- r?2`2�b i?2 2H2+i`QM �M/ T`QiQM

?2�iBM; 2{+B2M+B2b #2+QK2 +QKT�`�#H2 �i βi ∼ 2 B7 Te/Ti = 1X q2 }M/ i?�i +QKT�`�#H2 ?2�iBM;

2{+B2M+B2b #2ir22M 2H2+i`QMb �M/ T`QiQMb �`2 �+?B2p2/ r?2M i?2 b+�H2 b2T�`�iBQM #2ir22M i?2 irQ

bT2+B2b BM i?2 `2+QMM2+iBQM 2t?�mbi �TT`Q�+?2b mMBiv- bQ i?�i i?2 2H2+i`QM@T`QiQM TH�bK� 2z2+iBp2Hv

`2b2K#H2b �M 2H2+i`QM@TQbBi`QM ~mB/X h?Bb Q++m`b �i ?B;? βi 7Q` HQr K�;M2iBx�iBQMb- Q` `2;�`/H2bb

Q7 βi �i ?B;? K�;M2iBx�iBQMb UBX2X- BM i?2 `2;BK2 σw ≫ 1 Q7 mHi`�@`2H�iBpBbiB+ `2+QMM2+iBQMVX q2

T`QTQb2 � }iiBM; 7Q`KmH� U1[X kXj9V i?�i +�Tim`2b i?2 K�;M2iBx�iBQM �M/ TH�bK�@βi /2T2M/2M+2 Q7

i?2 2H2+i`QM@iQ@Qp2`�HH ?2�iBM; `�iBQ Qp2` i?2 r?QH2 `�M;2 Q7 σw �M/ βi 2tTHQ`2/ BM i?Bb rQ`FX

h?2 HQr@ �M/ ?B;?@βi +�b2b /Bz2` rBi? `2bT2+i iQ b2+QM/�`v BbH�M/ 7Q`K�iBQMX h?2 7Q`K�iBQM

Q7 b2+QM/�`v BbH�M/b Bb bmTT`2bb2/ �i ?B;? βi- r?B+? H2�/b iQ � ?QKQ;2M2Qmb `2+QMM2+iBQM Qmi~QrX

a2+QM/�`v BbH�M/b Q++m` 7`2[m2MiHv �i HQr βi �M/ ?B;? K�;M2iBx�iBQMbX

q2 �HbQ K2�bm`2 i?2 BM~Qr bT22/ 7Q` Qm` }/m+B�H K�;M2iBx�iBQM σw = 0.1- }M/BM; i?�i Bi /2+`2�b2b

7`QK vin/vA ≈ 0.08 /QrM iQ 0.04 �b βi `�M;2b 7`QK βi ∼ 10−2 mT iQ βi ∼ 2 U?2`2- vA Bb i?2 �H7pûM

bT22/VX aBKBH�`Hv- i?2 Qmi~Qr bT22/ b�im`�i2b �i i?2 �H7pûM p2HQ+Biv 7Q` HQr βi- #mi Bi /2+`2�b2b

rBi? BM+`2�bBM; βi /QrM iQ vout/vA ≈ 0.7 �i βi ∼ 2. h?2 BM~Qr UQmi~Qr- `2bT2+iBp2HvV bT22/ Bb

BM/2T2M/2Mi Q7 Te/Ti �i HQr βi- rBi? QMHv � KBMQ` i2M/2M+v 7Q` HQr2` U?B;?2`- `2bT2+iBp2HvV bT22/b

�i H�`;2` Te/Ti BM i?2 ?B;?@βi `2;BK2X

h?Bb BMp2biB;�iBQM T`QpB/2b BKTQ`i�Mi BMbB;?ib BMiQ i?2 T?vbB+b Q7 HQr@HmKBMQbBiv �++`2iBQM ~Qrb-

bm+? �b i?2 �++`2iBQM /BbF Q7 a;` �∗. *QHHBbBQMH2bb �++`2iBQM ~Qrb �`2 Q7i2M �bbmK2/ iQ #2 irQ@

ee



i2KT2`�im`2- �M/ Qm` `2bmHib BM/22/ b?Qr i?�i BM i?2 i`�Mb@`2H�iBpBbiB+ `2;BK2 `2H2p�Mi iQ ?Qi

�++`2iBQM ~Qrb �M/ �++`2iBQM /BbF +Q`QM�2- K�;M2iB+ `2+QMM2+iBQM T`272`2MiB�HHv ?2�ib T`QiQMb KQ`2

i?�M 2H2+i`QMbX Pm` `2bmHib ě �M/ BM T�`iB+mH�`- Qm` }iiBM; 7Q`KmH� BM 1[X kXj9 ě +�M #2 mb2/ iQ

T`QpB/2 ;2M2`�H `2H�iBpBbiB+ J>. bBKmH�iBQMb Q7 �++`2iBQM ~Qrb rBi? i?2 bm#@;`B/ T?vbB+b Q7 2M2`;v

T�`iBiBQM #2ir22M 2H2+i`QMb �M/ T`QiQMb U_2bbH2` 2i �HX- kyR8- kyRd#c a�/QrbFB 2i �HX- kyRdVX h?Bb

BM;`2/B2Mi Bb Q7 7mM/�K2Mi�H BKTQ`i�M+2 BM T`Q/m+BM; 2KBbbBQM KQ/2Hb i?�i +�M #2 +QKT�`2/ rBi?

i?2 7Q`i?+QKBM; Q#b2`p�iBQMb #v i?2 1p2Mi >Q`BxQM h2H2b+QT2 U.Q2H2K�M 2i �HX- kyy3VX

hQ +QM+Hm/2- r2 MQi2 � 72r HBM2b Q7 BMp2biB;�iBQM i?�i ?�p2 MQi #22M +QMbB/2`2/ BM i?2 +m``2Mi

rQ`FX 6B`bi- r2 HBKBi2/ Qm` 7Q+mb iQ i?2 +�b2 Q7 bvKK2i`B+- �MiB@T�`�HH2H `2+QMM2+iBQMX h?2 KQ`2

;2M2`�H +�b2 Q7 ;mB/2@}2H/ `2+QMM2+iBQM rBHH #2 � iQTB+ Q7 7mim`2 BMp2biB;�iBQMX a2+QM/- r?BH2 r2

?�p2 T`QpB/2/ � [m�MiBi�iBp2 /2b+`BTiBQM Q7 2M2`;v T�`iBiBQM #2ir22M 2H2+i`QMb �M/ T`QiQMb- r2 ?�p2

MQi �//`2bb2/ i?2 [m2biBQM Q7 i?2 mM/2`HvBM; ?2�iBM; K2+?�MBbKX � /2i�BH2/ bim/v Q7 i?2 ?2�iBM;

K2+?�MBbK Bb /272``2/ iQ 7mim`2 rQ`FX G�biHv- r2 ?�p2 7Q+mb2/ QM i?2`K�H ?2�iBM;- �b QTTQb2/ iQ

MQMi?2`K�H �++2H2`�iBQMX h?2 /2T2M/2M+2 Q7 MQMi?2`K�H �++2H2`�iBQM 2{+B2M+v QM K�;M2iBx�iBQM

Bb i?2 7Q+mb Q7 q2`M2` 2i �HX UkyReV- i?Qm;? i?2 /2T2M/2M+2 QM βi �M/ Te/Ti `2K�BMb mM2tTHQ`2/X

�+FMQrH2/;2K2Mib

h?Bb rQ`F Bb bmTTQ`i2/ BM T�`i #v L�a� pB� i?2 h*�L �r�`/ ;`�Mi LLsR9�"9d: �M/ #v i?2

"H�+F >QH2 AMBiB�iBp2 �i >�`p�`/ lMBp2`bBiv- r?B+? Bb bmTTQ`i2/ #v � ;`�Mi 7`QK i?2 h2KTH2iQM 6QmM@

/�iBQMX Ga �+FMQrH2/;2b bmTTQ`i 7`QK .Q1 .1@a*yyRe89k- L�a� 62`KB LLsRe�_d8:- La6

�*A@Re8d8yd- �M/ La6 �ah@RdRe8edX h?2 bBKmH�iBQMb r2`2 T2`7Q`K2/ QM >�#�M2`Q �i *QHmK#B�-

QM i?2 ">A +Hmbi2` �i i?2 "H�+F >QH2 AMBiB�iBp2- �M/ QM L�a� >B;?@1M/ *QKTmiBM; U>1*V `2@

bQm`+2bX h?2 �mi?Q`b �+FMQrH2/;2 +QKTmi�iBQM�H bmTTQ`i 7`QK La6 pB� sa1.1 `2bQm`+2b U;`�Mib

h:@�ah3yykeL �M/ h:@�ahRkyyRyVX

ed



kX� *QMp2`;2M+2 rBi? `2bT2+i iQ /QK�BM bBx2

6Q` KQbi Q7 i?2 bBKmH�iBQMb T`2b2Mi2/ BM i?2 K�BM #Q/v Q7 i?Bb rQ`F- r2 2KTHQv � /QK�BM bBx2

Q7 Lx ≈ 4000 c/ωpeX >Qr2p2`- �b r2 /2KQMbi`�i2 BM i?Bb �TT2M/Bt- i?2 ?2�iBM; 2{+B2M+B2b �`2

BMb2MbBiBp2 iQ i?2 /QK�BM bBx2X q?BH2 r2 ?�p2 2ti2MbBp2Hv +?2+F2/ 7Q` +QMp2`;2M+2 rBi? #Qt2b

`�M;BM; BM bBx2 7`QK Lx ≈ 500 c/ωpe mT iQ Lx ≈ 5000 c/ωpe, r2 7Q+mb ?2`2 QM � HQr@βi +�b2 �M/ �

?B;?@βi +�b2- �M/ +QKT�`2 /QK�BMb Q7 bBx2 Lx ≈ 2000 c/ωpe �M/ Lx ≈ 4000 c/ωpeX

q2 b?Qr BM 6B;X kXRN i?2 2H2+i`QM ?2�iBM; 7`�+iBQMb MT e,tot, MT e,ad, MT e,irr UT�M2Hb U�V- U#V- �M/

U+VV �M/ T`QiQM ?2�iBM; 7`�+iBQMb MT i,tot, MT i,ad, MT i,irr UT�M2Hb U/V- U2V- �M/ U7VVX :`22M +B`+H2b

BM/B+�i2 bBKmH�iBQMb rBi? Lx ≈ 2000 c/ωpe- �M/ #Hm2 i`B�M;H2b Lx ≈ 4000 c/ωpe. h?2 +QKT�`BbQM Bb

T2`7Q`K2/ 7Q` irQ +�b2b, βi = 0.0078, Te/Ti = 0.1 �M/ βi = 2, Te/Ti = 1X 6Q` #Qi? i?2 HQr@ �M/

?B;?@βi bBKmH�iBQMb- σw = 0.1 �M/ mi/me = 25. 6Q` 2�+? T�B` Q7 bBKmH�iBQMb U�i HQr �M/ ?B;? βiV-

i?2 /QrMbi`2�K �M/ mTbi`2�K /BK2MbBQMH2bb i2KT2`�im`2b i?�i 2Mi2` BMiQ i?2 ?2�iBM; 7`�+iBQMb �`2

K2�bm`2/ �i i?2 b�K2 T?vbB+�H /Bbi�M+2 UBM mMBib Q7 i?2 2H2+i`QM bFBM /2Ti?V /QrMbi`2�K Q7 i?2

+2Mi`�H s@TQBMiX h?2 2H2+i`QM �M/ T`QiQM ?2�iBM; 7`�+iBQMb b?Qr KBMBK�H /2T2M/2M+2 QM i?2 #Qt

bBx2X

AM 6B;X kXky- r2 b?Qr ě 7Q` #Qt bBx2b Lx ≈ 2000 c/ωpe U;`22MV �M/ Lx ≈ 4000 c/ωpe U#Hm2V ě i?2

bT�iB�H T`Q}H2b �HQM; i?2 Qmi~Qr /B`2+iBQM UBX2X- �HQM; x- �M/ �p2`�;2/ �HQM; y BM i?2 +2HHb B/2MiB}2/

#v 1[X kXd �b #2HQM;BM; iQ i?2 `2+QMM2+iBQM /QrMbi`2�KV Q7, U�V /BK2MbBQMH2bb 2H2+i`QM i2KT2`�im`2

θe 7Q` βi = 0.0078, Te/Ti = 0.1; U#V /BK2MbBQMH2bb T`QiQM i2KT2`�im`2 θi 7Q` βi = 0.0078, Te/Ti =

0.1; U+V /BK2MbBQMH2bb 2H2+i`QM i2KT2`�im`2 θe 7Q` βi = 2, Te/Ti = 1; U/V /BK2MbBQMH2bb T`QiQM

i2KT2`�im`2 θi 7Q` βi = 2, Te/Ti = 1X h?2 bBKmH�iBQMb b?QrM BM 6B;X kXky +Q``2bTQM/ iQ i?2 b�K2

bBKmH�iBQMb T`2b2Mi2/ BM 6B;X kXRNX h?2 /BK2MbBQMH2bb i2KT2`�im`2 T`Q}H2b �`2 b?QrM �i t ≈ 1 tAc

i?Bb +Q``2bTQM/b iQ t ≈ 6900ω−1
pe 7Q` Lx ≈ 2000 c/ωpe, �M/ iQ t ≈ 14000ω−1

pe 7Q` Lx ≈ 4000 c/ωpe.

h?2 ?Q`BxQMi�H �t2b `�M;2 7`QK x ≈ −700 c/ωpe iQ +700 c/ωpe- r?B+? �++QmMib 7Q` KQbi Q7 i?2

e3



bK�HH2` #Qt- #mi QMHv � 7`�+iBQM Q7 i?2 H�`;2` QM2X 6Q` HQr βi, i?2 `2;BQM mb2/ 7Q` Qm` K2�bm`2K2Mib

Bb HQ+�i2/ �i x ≈ ±630 c/ωpe, r?2`2�b Bi Bb �i x ≈ ±350 c/ωpe 7Q` ?B;? βic BM 2�+? +�b2- i?2 +?Qb2M

/Bbi�M+2 Bb 7�` 2MQm;? 7`QK i?2 +2Mi`�H s@TQBMi i?�i i?2 i2KT2`�im`2 T`Q}H2b �ii�BM � [m�bB@mMB7Q`K

p�Hm2- �M/ 7�` 2MQm;? 7`QK i?2 /QK�BM #QmM/�`B2b iQ #2 mM�z2+i2/ #v i?2 T`BK�`v BbH�M/ Ua2+iBQM

kX9VX

AM 6B;bX kXkyU�V �M/ U#V- r?B+? +Q``2bTQM/ iQ i?2 HQr@βi +�b2- i?2 /BK2MbBQMH2bb i2KT2`�im`2

T`Q}H2b b?Qr bBKBH�` bT�iB�H /2T2M/2M+2 rBi?BM x ≈ ±630 c/ωpe, �M/ 7Q` i?2 ?B;?@βi T`Q}H2b b?QrM

BM U+V �M/ U/V- i?2 i2KT2`�im`2b �;`22 rBi?BM x ≈ ±350 c/ωpe. 6Q` i?2 ?B;?@βi +�b2- i?2 H�`;2 �M/

bK�HH #Qt2b b?Qr bQK2 /Bb+`2T�M+v #2vQM/ x ≈ ±400 c/ωpe, r?B+? Bb �M 2z2+i Q7 i?2 H�`;2 T`BK�`v

BbH�M/ 2ti2M/BM; 7`QK i?2 /QK�BM #QmM/�`v BMiQ i?2 Qmi~Qr `2;BQMX

Lx=2000 [c/ωpe]
Lx=4000 [c/ωpe]
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6B;m`2 kXRN, *QKT�`BbQM #2ir22M /QK�BM bBx2b Lx ≈ 2000 c/ωpe U;`22M +B`+H2bV �M/ Lx ≈ 4000 c/ωpe

U#Hm2 i`B�M;H2bV Q7 i?2 7QHHQrBM; ?2�iBM; 7`�+iBQMbc U�V, 2H2+i`QM iQi�H- MT e,totc U#V, 2H2+i`QM �/B�#�iB+-
MT e,adc U+V, 2H2+i`QM B``2p2`bB#H2- MT e,irrc U/V, T`QiQM iQi�H- MT i,totc U2V, T`QiQM �/B�#�iB+- MT i,adc U7V, T`Q@
iQM B``2p2`bB#H2- MT i,irrX q2 T`2b2Mi � HQr@βi +�b2 rBi? βi = 0.0078, Te/Ti = 0.1- �M/ � ?B;?@βi +�b2 rBi?
βi = 2, Te/Ti = 1; BM #Qi? +�b2b- i?2 K�bb `�iBQ Bb mi/me = 25 �M/ σw = 0.1.

kX" Pmi~Qr p2`bmb T2`BQ/B+ #QmM/�`v +QM/BiBQMb

q2 ?�p2 +QKT�`2/ i?2 `2bmHib Q7 Qm` K�BM bBKmH�iBQMb- r?B+? �`2 T2`BQ/B+ BM x- iQ � b2+QM/ b2i

i?�i 2KTHQvb Qmi~Qr #QmM/�`v +QM/BiBQMb- bBKBH�` iQ r?�i Bb /2b+`B#2/ BM aB`QMB 2i �HX UkyReVX AM

6B;X kXkR- r2 b?Qr i?2 iBK2 2pQHmiBQM Q7 i?2 2H2+i`QM ?2�iBM; 7`�+iBQMb MT e,tot- MT e,ad- �M/ MT e,irr

eN
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(a) (b)

(c) (d)

βi=0.0078, Te/Ti=0.1

βi=2, Te/Ti=1

βi=0.0078, Te/Ti=0.1

βi=2, Te/Ti=1

0.36

6B;m`2 kXky, aT�iB�H T`Q}H2b �HQM; i?2 `2+QMM2+iBQM Qmi~Qr Q7 U�V, /BK2MbBQMH2bb 2H2+i`QM i2KT2`�im`2 θe
7Q` βi = 0.0078, Te/Ti = 0.1; U#V, /BK2MbBQMH2bb T`QiQM i2KT2`�im`2 θi 7Q` βi = 0.0078, Te/Ti = 0.1; U+V,
/BK2MbBQMH2bb 2H2+i`QM i2KT2`�im`2 θe 7Q` βi = 2, Te/Ti = 1; U/V, /BK2MbBQMH2bb T`QiQM i2KT2`�im`2 θi 7Q`
βi = 2, Te/Ti = 1X h?2 K�bb `�iBQ Bb mi/me = 25 �M/ σw = 0.1. h?2 bT�iB�H T`Q}H2b �`2 2ti`�+i2/ 7`QK
bBKmH�iBQMb rBi? /QK�BM bBx2 Lx ≈ 2000 c/ωpe U;`22MV- �M/ Lx ≈ 4000 c/ωpe U#Hm2VX h?2b2 bT�iB�H T`Q}H2b
�`2 7`QK i?2 b�K2 bBKmH�iBQMb b?QrM BM 6B;X kXRN- �i iBK2 t ≈ 1tAX

BM � HQr@βi bBKmH�iBQM U6B;X kXkRU�VĜU+VV �M/ � ?B;?@βi +�b2 U6B;X kXkRU/VĜU7VV- 7Q` #Qi? Qmi~Qr

U#Hm2V �M/ T2`BQ/B+ U`2/V #QmM/�`v +QM/BiBQMbX 6Q` i?2 T2`BQ/B+ bBKmH�iBQMb i?2 /QK�BM bBx2 Bb

Lx = 4318 c/ωpe, r?2`2�b 7Q` i?2 Qmi~Qr `mMb Lx ≈ 2600 c/ωpe. lT iQ ∼ 1 �H7pûMB+ +`QbbBM; iBK2-

r?B+? +Q``2bTQM/b iQ t ≈ 1.4 × 104 ω−1
pe 7Q` i?2 T2`BQ/B+ bBKmH�iBQMb �M/ t ≈ 8.5 × 103 ω−1

pe 7Q` i?2

Qmi~Qr `mMb- r2 }M/ ;QQ/ �;`22K2Mi #2ir22M i?2 T2`BQ/B+ �M/ Qmi~Qr bBKmH�iBQMbX �i H�i2` iBK2b-

i?2 TBH2@mT Q7 T�`iB+H2b �M/ K�;M2iB+ ~mt BM i?2 T`BK�`v K�;M2iB+ BbH�M/ bBiiBM; �i i?2 #QmM/�`v

H2�/b iQ i?2 2p2Mim�H bmTT`2bbBQM Q7 `2+QMM2+iBQM BM T2`BQ/B+ bBKmH�iBQMb- r?2`2�b i?2 Qmi~Qr `mMb

+�M #2 2pQHp2/ 7Q` KmHiBTH2 �H7pûMB+ +`QbbBM; iBK2bX

AM 6B;X kXkk- r2 +QKT�`2 i?2 /2T2M/2M+2 Q7 i?2 2H2+i`QM iQi�H ?2�iBM; 7`�+iBQM MT e,tot QM βi

�M/ Te/Ti 7Q` T2`BQ/B+ �M/ Qmi~Qr bBKmH�iBQMb rBi? mi/me = 25 �M/ σw = 0.1X h?2 T2`BQ/B+

dy



bBKmH�iBQMb �`2 BM/B+�i2/ #v #Hm2- ;`22M- �M/ `2/ +B`+H2b- +Q``2bTQM/BM; iQ mTbi`2�K i2KT2`�im`2

`�iBQb Q7 Te/Ti = 0.1, 0.3, �M/ 1- `2bT2+iBp2HvX h?2 `2bmHib Q7 Qmi~Qr bBKmH�iBQMb �`2 b?QrM #v

/�`F v2HHQr UTe/Ti = 0.1V- K�;2Mi� UTe/Ti = 0.3V- �M/ +v�M UTe/Ti = 1V i`B�M;H2bX h?2 TQBMib

+Q``2bTQM/BM; iQ T2`BQ/B+ `mMb �`2 +QMM2+i2/ #v bQHB/ HBM2b- r?2`2�b i?2 Qmi~Qr +�b2b �`2 HBMF2/ #v

/�b?2/ HBM2bX qBi? `2;�`/ iQ i?2 βi@ �M/ Te/Ti@/2T2M/2M+2 Q7 i?2 2H2+i`QM iQi�H ?2�iBM; 7`�+iBQM-

MT e,tot- i?2 Qmi~Qr �M/ T2`BQ/B+ +�b2b b?Qr ;QQ/ �;`22K2MiX h?2 �;`22K2Mi 7Q` �/B�#�iB+ �M/

B``2p2`bB#H2 ?2�iBM; 7`�+iBQMb Bb �HbQ ;QQ/X
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βi=0.0078, Te/Ti=0.1 βi=0.0078, Te/Ti=0.1 βi=0.0078, Te/Ti=0.1

βi=2, Te/Ti=1 βi=2, Te/Ti=1 βi=2, Te/Ti=1

6B;m`2 kXkR, *QKT�`BbQM #2ir22M Qmi~Qr U#Hm2V �M/ T2`BQ/B+ U`2/V bBKmH�iBQMb rBi? σw = 0.1 �M/
mi/me = 25X q2 b?Qr i?2 iBK2 2pQHmiBQM Q7 U�V, 2H2+i`QM iQi�H ?2�iBM; 7`�+iBQM- MT e,tot 7Q` βi =
0.0078, Te/Ti = 0.1; U#V, 2H2+i`QM �/B�#�iB+ ?2�iBM; 7`�+iBQM- MT e,ad 7Q` βi = 0.0078, Te/Ti = 0.1; U+V,
2H2+i`QM B``2p2`bB#H2 ?2�iBM; 7`�+iBQM- MT e,irr 7Q` βi = 0.0078, Te/Ti = 0.1; U/V, 2H2+i`QM iQi�H ?2�iBM; 7`�+@
iBQM- MT e,tot 7Q` βi = 2, Te/Ti = 1 U2V, 2H2+i`QM �/B�#�iB+ ?2�iBM; 7`�+iBQM- MT e,ad 7Q` βi = 2, Te/Ti = 1
U7V, 2H2+i`QM B``2p2`bB#H2 ?2�iBM; 7`�+iBQM- MT e,irr 7Q` βi = 2, Te/Ti = 1 h?2 ?2�iBM; 7`�+iBQMb �`2 b?QrM
BM i?2 BMi2`p�H t = 5 × 103 ω−1

pe Ĝ 9 × 103 ω−1
pe , r?B+? +Q``2bTQM/b iQ t ≈ 0.36 tA Ĝ 0.64 tA 7Q` i?2 T2`BQ/B+

bBKmH�iBQMb �M/ t ≈ 0.6 tA Ĝ 1 tA 7Q` i?2 Qmi~Qr QM2bX h?2 +m`p2b ?�p2 #22M b?B7i2/ BM iBK2 iQ �++QmMi 7Q`
bHB;?iHv /Bz2`2Mi QMb2ib Q7 `2+QMM2+iBQM BM T2`BQ/B+ pbX Qmi~Qr +�b2b- /m2 iQ /Bz2`2Mi BMBiB�HBx�iBQM Q7 i?2
+m``2Mi b?22iX

kX* *QMp2`;2M+2 rBi? `2bT2+i iQ bT�iB�H `2bQHmiBQM

hQ T`QT2`Hv +�Tim`2 i?2 2H2+i`QM T?vbB+b- �/2[m�i2 bT�iB�H `2bQHmiBQM Q7 i?2 2H2+i`QM bFBM /2Ti?

c/ωpe- Q` 2[mBp�H2MiHv- i2KTQ`�H `2bQHmiBQM Q7 i?2 BMp2`b2 2H2+i`QM TH�bK� 7`2[m2M+v ω−1
pe - Bb M2+2bb�`vX

AM KQbi Q7 Qm` bBKmH�iBQMb- r2 mb2 c/ωpe = 4 +2HHbc bBM+2 r2 }t c = 0.45 +2HHbfiBK2bi2T- i?2

dR
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6B;m`2 kXkk, *QKT�`BbQM Q7 Qmi~Qr �M/ T2`BQ/B+ bBKmH�iBQMb UrBi? σw = 0.1 �M/ mi/me = 25V- BM i2`Kb
Q7 i?2 /2T2M/2M+2 Q7 MT e,tot QM βi �M/ Te/TiX *B`+H2b +QMM2+i2/ #v bQHB/ HBM2b b?Qr i?2 `2bmHib Q7 T2`BQ/B+
bBKmH�iBQMb- �M/ BMp2`i2/ i`B�M;H2b +QMM2+i2/ #v /�b?2/ HBM2b BM/B+�i2 Qmi~Qr bBKmH�iBQMbX 6Q` T2`BQ/B+
`mMb- #Hm2- ;`22M- �M/ `2/ +Q``2bTQM/ iQ `mMb rBi? mTbi`2�K i2KT2`�im`2 `�iBQb Te/Ti = 0.1, 0.3, �M/ 1c 7Q`
T2`BQ/B+- /�`F v2HHQr- K�;2Mi�- �M/ +v�M /2MQi2 Te/Ti = 0.1, 0.3, �M/ 1X

i2KTQ`�H `2bQHmiBQM BM Qm` bBKmH�iBQMb Bb ∆t ≈ 0.1ω−1
pe X AM i?Bb �TT2M/Bt- r2 b?Qr i?�i 2p2M �i

}M2` bT�iB�H U�HbQ- i2KTQ`�HV `2bQHmiBQM- BX2X c/ωpe = 8 +2HHb → ∆t ≈ 0.05ω−1
pe - i?2 ?2�iBM; 7`�+iBQMb

�`2 2bb2MiB�HHv mM+?�M;2/ `2H�iBp2 iQ i?Qb2 Q#i�BM2/ BM bBKmH�iBQMb rBi? c/ωpe = 4 +2HHbX

AM 6B;X kXkj- r2 b?Qr i?2 ?2�iBM; 7`�+iBQMb 7Q` 2H2+i`QMb UT�M2Hb U�V- U#V- �M/ U+VV �M/ T`QiQMb

UT�M2Hb U/V- U2V- �M/ U7VVX 6Q` i?2 +�b2b βi = 0.0078, Te/Ti = 1 �M/ βi = 2, Te/Ti = 1- r2 +QKT�`2 �

bBKmH�iBQM rBi? c/ωpe = 4 +2HHb U/2MQi2/ #v ;`22M +B`+H2bV iQ QM2 rBi? c/ωpe = 8 +2HHb UBM/B+�i2/ #v

#Hm2 i`B�M;H2bVX AM #Qi? b2ib Q7 bBKmH�iBQMb- r2 2KTHQv mi/me = 1836 �M/ K�;M2iBx�iBQM σw = 0.1.

hQ 2Mbm`2 i?�i i?2 bBKmH�iBQMb rBi? c/ωpe = 8 +2HHb +QMi�BM i?2 b�K2 MmK#2` Q7 2H2+i`QM bFBM

/2Ti?b �b i?Qb2 rBi? c/ωpe = 4 +2HHb- Bi Bb M2+2bb�`v iQ /Qm#H2 i?2 bBx2 Q7 i?2 bBKmH�iBQM /QK�BM

BM x UBM mMBib Q7 +2HHbVX 6Q` i?2 bBKmH�iBQMb rBi? c/ωpe = 4 +2HHb- r2 mb2 Lx ≈ 8000 +2HHb- �M/

7Q` c/ωpe = 8 +2HHb- r2 mb2 Lx ≈ 1.6 × 104 +2HHbc BM #Qi? +�b2b- i?2 T?vbB+�H 2ti2Mi Q7 i?2 /QK�BM

BM x Bb Lx ≈ 4318 c/ωpeX 6Q` #Qi? +?QB+2b Q7 i?2 bT�iB�H `2bQHmiBQM- i?2 2H2+i`QM ?2�iBM; 7`�+iBQMb

UiQi�H- �/B�#�iB+- �M/ B``2p2`bB#H2V b?Qr ;QQ/ �;`22K2MiX h?2 T`QiQM ?2�iBM; 7`�+iBQMb b?Qr ;QQ/

�;`22K2Mi- iQQX

dk
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6B;m`2 kXkj, *QKT�`BbQM #2ir22M bBKmH�iBQMb rBi? c/ωpe = 4 +2HHb → ∆t ≈ 0.1ω−1
pe U;`22M +B`+H2bV

�M/ c/ωpe = 8 +2HHb → ∆t ≈ 0.05ω−1
pe U#Hm2 i`B�M;H2bV Q7 i?2 7QHHQrBM; ?2�iBM; 7`�+iBQMbc U�V, 2H2+@

i`QM iQi�H- MT e,totc U#V, 2H2+i`QM �/B�#�iB+- MT e,adc U+V, 2H2+i`QM B``2p2`bB#H2- MT e,irrc U/V, T`QiQM iQi�H-
MT i,totc U2V, T`QiQM �/B�#�iB+- MT i,adc U7V, T`QiQM B``2p2`bB#H2- MT i,irrX q2 T`2b2Mi � HQr@βi +�b2 rBi?
βi = 0.0078, Te/Ti = 1- �M/ � ?B;?@βi +�b2 rBi? βi = 2, Te/Ti = 1; BM #Qi? +�b2b- r2 2KTHQv i?2 `2�HBb@
iB+ K�bb `�iBQ mi/me = 1836 �M/ σw = 0.1.

kX. *QMi`QH Q7 MmK2`B+�H ?2�iBM;

AM bBKmH�iBQMb rBi? ?B;? βi �M/ HQr i2KT2`�im`2 `�iBQb- MmK2`B+�H 2z2+ib +�M H2�/ iQ �M �`iB}+B�H

BM+`2�b2 BM i?2 mTbi`2�K 2H2+i`QM i2KT2`�im`2- �i i?2 2tT2Mb2 Q7 T`QiQMbX h?2 `�i2 Q7 MmK2`B+�H

?2�iBM; Bb T`QTQ`iBQM�H iQ i?2 i2KT2`�im`2 /Bz2`2M+2 #2ir22M i?2 irQ bT2+B2b- ?2M+2 i?2 ?B;?@βi

bBKmH�iBQMb rBi? Te/Ti = 0.1 2t?B#Bi i?2 bi`QM;2bi /2;`22 Q7 MmK2`B+�H ?2�iBM; UJ2Hx�MB 2i �HX- kyRjVX

�b i?2 i2KT2`�im`2 /Bz2`2M+2 #2ir22M 2H2+i`QMb �M/ T`QiQMb BM i?2 mTbi`2�K �M/ /QrMbi`2�K

`2;BQMb Bb MQi M2+2bb�`BHv i?2 b�K2- i?2 `�i2 Q7 MmK2`B+�H ?2�iBM; BM i?2 irQ `2;BQMb K�v #2 /Bz2`2MiX

A7 MQi �/2[m�i2Hv F2Ti mM/2` +QMi`QH- i?Bb +�M �z2+i Qm` K2�bm`2/ ?2�iBM; 2{+B2M+B2bX

AM 6B;X kXk9- r2 +QKT�`2 irQ bBKmH�iBQMb rBi? mi/me = 25,σw = 0.1,βi = 2, �M/ Te/Ti = 0.1-

r?B+? Bb i?2 +�b2 r?2`2 MmK2`B+�H ?2�iBM; Bb i?2 KQbi b2`BQmbX PM2 ?�b Nppc = 16 U/�b?2/ HBM2bV-

�M/ i?2 Qi?2` Nppc = 64 UbQHB/ HBM2bVX AM #Qi? +�b2b- i?2 bBx2 Q7 i?2 /QK�BM Bb Lx = 4318 c/ωpeX AM

T�M2H U�V- r2 b?Qr i?2 iBK2 2pQHmiBQM Q7 i?2 /BK2MbBQMH2bb 2H2+i`QM i2KT2`�im`2 BM i?2 mTbi`2�K

UK�;2Mi�V �M/ /QrMbi`2�K U;`22MV 7Q` Nppc = 16 U/�b?2/V �M/ Nppc = 64 UbQHB/VX h?2 p2`iB+�H

dj



#H�+F /Qii2/ HBM2 BM/B+�i2b i?2 iBK2 �i r?B+? T`BK�`v `2+QMM2+iBQM r�p27`QMib `2+2/2 T�bi i?2

`2;BQM b2H2+i2/ 7Q` Qm` K2�bm`2K2Mib Ub22 a2+iBQM kX9VX h?2 /BK2MbBQMH2bb 2H2+i`QM i2KT2`�im`2 BM

#Qi? i?2 mTbi`2�K �M/ /QrMbi`2�K BM+`2�b2b rBi? iBK2- ?Qr2p2` i?2 �KQmMi Q7 MmK2`B+�H ?2�iBM;

Bb bB;MB}+�MiHv H2bb rBi? Nppc = 64 i?�M rBi? Nppc = 16. 6Q` 2t�KTH2- i?2 7Q`K2` b?Qrb � b?B7i

BM /QrMbi`2�K i2KT2`�im`2 U;`22MV 7`QK t ≈ 4 × 103 ω−1
pe iQ 1.5 × 104 ω−1

pe Q7 QMHv ∆θe ≈ 0.02,

#mi 7Q` Nppc = 16 i?2 i2KT2`�im`2 b?B7i Bb �#Qmi bBt iBK2b H�`;2`X h?2 K�;2Mi� HBM2b b?Qr i?2

�M�HQ;Qmb +QKT�`BbQM 7Q` mTbi`2�K i2KT2`�im`2bX 6Q` #Qi? +?QB+2b Q7 Nppc, i?2 BMBiB�H p�Hm2 Q7

/BK2MbBQMH2bb 2H2+i`QM i2KT2`�im`2 BM i?2 mTbi`2�K Bb i?2 b�K2- #mi #v t = 1.5 × 104 ω−1
pe , i?2v

/Bz2` #v ∆θe ≈ 0.15.

AM T�M2H 6B;X kXk9U#V- r2 b?Qr i?2 iBK2 2pQHmiBQM Q7 i?2 iQi�H 2H2+i`QM ?2�iBM; 7`�+iBQM MT e,tot

7Q` Nppc = 64 UbQHB/ #Hm2V �M/ Re U/�b?2/ #Hm2VX �Hi?Qm;? MmK2`B+�H ?2�iBM; +�M bB;MB}+�MiHv b?B7i

i?2 K2�bm`2/ p�Hm2b Q7 /BK2MbBQMH2bb i2KT2`�im`2 BM i?2 /QrMbi`2�K �M/ mTbi`2�K UT�M2H U�VV- r2

}M/ i?�i i?2 ?2�iBM; 7`�+iBQMb �`2 Km+? H2bb b2MbBiBp2 iQ i?2 p�Hm2 Q7 Nppc- rBi? Nppc = 16 �H`2�/v

;BpBM; ;QQ/ `2bmHibX h?2 ?2�iBM; 7`�+iBQMb r2 K2�bm`2 �`2 T`QTQ`iBQM�H iQ i?2 /Bz2`2M+2 #2ir22M

i?2 /QrMbi`2�K �M/ mTbi`2�K i2KT2`�im`2b UQ` BMi2`M�H 2M2`;v T2` T�`iB+H2V- �M/ Bi �TT2�`b i?�i

i?2 MmK2`B+�H ?2�iBM; BM i?2 /QrMbi`2�K �M/ mTbi`2�K `2;BQMb M2�`Hv +�M+2Hb Qmi BM i?2 /Bz2`2M+2X

�Hi?Qm;? r2 mb2 Nppc = 64 BM bBKmH�iBQMb rBi? βi = 2, i?2 �;`22K2Mi rBi? i?2 Nppc = 16 +�b2

/2KQMbi`�i2b i?�i i?2 BKT�+i Q7 MmK2`B+�H ?2�iBM; Bb M2;HB;B#H2 7Q` Qm` K2�bm`2/ ?2�iBM; 7`�+iBQMbX

q2 ?�p2 i2bi2/ i?2 2z2+i Q7 MmK2`B+�H ?2�iBM; BM � bK�HH #Qt (Lx ≈ 1080 c/ωpe) rBi? mT iQ

Nppc = 256, ?Qr2p2` i?2 /Bz2`2M+2 U�b `2;�`/ iQ ?2�iBM; 7`�+iBQMbV rBi? `2bT2+i iQ bBKmH�iBQMb

rBi? Nppc = 64, Qm` bi�M/�`/ +?QB+2 7Q` �HH βi = 2 bBKmH�iBQMb- Bb �;�BM- M2;HB;B#H2X
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6B;m`2 kXk9, *QKT�`BbQM Q7 irQ bBKmH�iBQMb rBi? Nppc = 16 U/�b?2/ HBM2bV �M/ Nppc = 64 UbQHB/ HBM2bV-
?�pBM; i?2 b�K2 T?vbB+�H T�`�K2i2`b, βi = 2, Te/Ti = 0.1,σw = 0.1, �M/ mi/me = 25. q2 T`2b2Mi
i?2 iBK2 2pQHmiBQM Q7 U�V, /BK2MbBQMH2bb 2H2+i`QM i2KT2`�im`2- θe BM i?2 mTbi`2�K UK�;2Mi�V �M/ /QrM@
bi`2�K U;`22MVc U#V, iQi�H 2H2+i`QM ?2�iBM; 7`�+iBQM- MT e,totX h?2 mTbi`2�K �M/ /QrMbi`2�K `2;BQMb b?Qr
�M BM+`2�b2 BM 2H2+i`QM i2KT2`�im`2 �b iBK2 2pQHp2b- +�mb2/ #v MmK2`B+�H ?2�iBM;X h?2 BKT�+i Q7 MmK2`B@
+�H ?2�iBM; Bb bB;MB}+�MiHv `2/m+2/ #v 2KTHQvBM; Nppc = 64. h?2 K2�bm`2/ p�Hm2 Q7 MT e,tot Bb- ?Qr2p2`-
H�`;2Hv mM�z2+i2/ #v MmK2`B+�H ?2�iBM; UT�M2H U#VVX

kX1 �MBbQi`QTv BM i?2 /QrMbi`2�K

q2 +?�`�+i2`Bx2 i?2 �MBbQi`QTv BM Qm` bBKmH�iBQMb rBi? `�iBQb Q7 i?2 /B�;QM�H +QKTQM2Mib Q7 i?2

bi`2bb@2M2`;v i2MbQ`-

rx = Txx/Ttot UkXj8V

ry = Tyy/Ttot UkXjeV

rz = Tzz/Ttot, UkXjdV

d8



�b b22M BM i?2 ~mB/ `2bi 7`�K2c ?2`2- Ttot = (Txx + Tyy + Tzz)/3. �b r2 b?Qr #2HQr- r2 ivTB+�HHv

K2�bm`2 �MBbQi`QTB2b QM i?2 Q`/2` Q7 5 − 10% BM i?2 /QrMbi`2�K- BX2X- i?2 `2+QMM2+i2/ TH�bK� Bb

M2�`Hv BbQi`QTB+X

AM 6B;X kXk8- r2 b?Qr 7Q` σw = 0.1 �M/ mi/me = 25 i?2 iBK2 2pQHmiBQM Q7 i?2 �MBbQi`QTv `�iBQb

rx U`2/V- ry U;`22MV- �M/ rz U#Hm2V- 7Q` i?`22 i2KT2`�im`2 `�iBQb Te/Ti = 0.1, 0.3, �M/ 1- �M/ }p2

p�Hm2b Q7 βi = 0.0078, 0.031, 0.13, 0.5, �M/ 2 Uβi �M/ Te/Ti Q7 i?2 `2bT2+iBp2 bBKmH�iBQM �`2 BM/B+�i2/

�i i?2 iQT Q7 2�+? T�M2HVX 6`QK iQT iQ #QiiQK- βi BM+`2�b2bc 7`QK H27i iQ `B;?i- Te/Ti BM+`2�b2bX h?2

i2KTQ`�H 2pQHmiBQM bi�`ib 7`QK ωpet = 4× 103, r?2M i?2 /QrMbi`2�K `2;BQM `2�+?2b � [m�bB@bi2�/v

bi�i2X q2 }M/ i?�i i?2 /QrMbi`2�K T`2bbm`2b �HQM; i?2 irQ /B`2+iBQMb i`�Mbp2`b2 iQ i?2 Qmi~Qr Uŷ

�M/ ẑV �`2 M2�`Hv B/2MiB+�H- �M/ bHB;?iHv bK�HH2` i?�M i?2 T`2bbm`2 �HQM; i?2 Qmi~Qr /B`2+iBQM Ux̂-

BM Qm` b2imTV- r?B+? �;`22b rBi? i?2 }M/BM;b Q7 a?�v 2i �HX UkyR9VX

kX6 *QMp2`;2M+2 Q7 i?2 H�v2` rB/i? r?2M p�`vBM; i?2 BMBiB�H b?22i i?B+FM2bb

AM 6B;X kXNU2V- r2 b?Qr2/ i?2 Te/Ti@ �M/ βi@/2T2M/2M+2 Q7 i?2 `2+QMM2+iBQM H�v2` rB/i? δrecX �b

K2MiBQM2/ BM a2+iBQM kXj- r2 b2i i?2 BMBiB�H +m``2Mi b?22i i?B+FM2bb iQ #2 ∆ = 40 c/ωpeX � M�im`�H

[m2biBQM Bb r?2i?2` i?2 K2�bm`2/ p�Hm2 Q7 δrec Bb �z2+i2/ #v i?2 b?22i i?B+FM2bb �i BMBiB�HBx�iBQM-

Q` #v i?2 b2H7@+QMbBbi2Mi `2+QMM2+iBQM T?vbB+b �HQM2X hQ /2KQMbi`�i2 i?�i i?2 K2�bm`2/ p�Hm2b Q7

δrec /Q MQi /2T2M/ QM i?2 BMBiB�H +m``2Mi b?22i i?B+FM2bb ∆, r2 b?Qr BM 6B;X kXke i?2 iBK2 2pQHmiBQM

Q7 δrec 7Q` ∆ = 30 U`2/V- 40 U;`22MV- �M/ 60 c/ωpe U#Hm2VX >2`2- i?2 #Qt bBx2 Bb Lx = 2159 c/ωpe-

βi = 2, Te/Ti = 1,σw = 0.1, �M/ mi/me = 25. h?2 `2+QMM2+iBQM rB/i? Bb K2�bm`2/ �i 215 c/ωpe

/QrMbi`2�K Q7 i?2 +2Mi`�H s@TQBMiX h?2 ∆ = 40, 60 c/ωpe +m`p2b ?�p2 #22M b?B7i2/ BM iBK2 iQ

�++QmMi 7Q` i?2 /2H�v2/ QMb2i Q7 `2+QMM2+iBQM +�mb2/ #v i?2 i?B+F2` BMBiB�H +m``2Mi b?22iX h?2 iBK2

2pQHmiBQM Q7 δrec BM 6B;X kXke Bb b?QrM bi�`iBM; �i t = 5000ω−1
pe , #2vQM/ r?B+? δrec `2�+?2b � [m�bB@

bi2�/v p�Hm2X h?2 i?`22 bBKmH�iBQMb +QMp2`;2 iQ � bBKBH�` p�Hm2 δrec ≈ 25 c/ωpe- BM/2T2M/2Mi Q7 i?2

+m``2Mi b?22i i?B+FM2bb �i BMBiB�HBx�iBQMX

de



h?2 p�Hm2b BM i?Bb THQi b?QmH/ MQi #2 /B`2+iHv +QKT�`2/ iQ i?Qb2 BM T�M2H U2V Q7 6B;X kXNX >2`2- r2

2ti`�+i δrec �i � /Bbi�M+2 Q7 ≈ 215 c/ωpe /QrMbi`2�K Q7 i?2 +2Mi`�H s@TQBMi UBM Q`/2` iQ �pQB/ i?2

BM~m2M+2 Q7 i?2 T`BK�`v BbH�M/ bBiiBM; �i i?2 #QmM/�`vV- r?2`2�b BM i?2 H�`;2` #Qt mb2/ BM 6B;X kXN-

δrec r�b K2�bm`2/ �i 430 c/ωpe 7`QK i?2 +2Mi2`X aiBHH- i?2 `2bmHib 7`QK i?2 irQ 2tT2`BK2Mib vB2H/

i?2 b�K2 QT2MBM; �M;H2 7Q` i?2 `2+QMM2+iBQM Qmi~QrX

kX: >2�iBM; 2{+B2M+B2b BM i2`Kb Q7 BMi2`M�H 2M2`;v T2` T�`iB+H2

AM i?2 K�BM #Q/v Q7 i?2 i2ti- r2 T?`�b2/ KQbi Q7 i?2 ?2�iBM; 7`�+iBQMb BM i2`Kb Q7 /Bz2`2M+2b

BM i2KT2`�im`2 #2ir22M /QrMbi`2�K �M/ mTbi`2�K- #mi i?2v +�M �HbQ #2 2tT`2bb2/ BM i2`Kb Q7

/Bz2`2M+2b BM BMi2`M�H 2M2`;v T2` T�`iB+H2X AM 6B;X kXkd- r?B+? Bb �M�HQ;Qmb iQ 6B;X kXRR- r2 b?Qr

i?2 Te/Ti@ �M/ βi@/2T2M/2M+2 Q7, 2H2+i`QM ?2�iBM; 7`�+iBQMb Mue,tot,Mue,ad,Mue,irr UT�M2Hb U�V- U#V-

U+VVc BQM ?2�iBM; 7`�+iBQMb Mui,tot,Mui,ad,Mui,irr UT�M2Hb U/V- U2V- U7VVc �M/ iQi�H T�`iB+H2 ?2�iBM;

7`�+iBQMb Mue,tot + Mui,tot,Mue,ad + Mui,ad,Mue,irr + Mui,irr UT�M2Hb U;V- U?V- UBVVX �b #27Q`2- #Hm2-

;`22M- �M/ `2/ HBM2b /2MQi2 i2KT2`�im`2 `�iBQb Te/Ti = 0.1, 0.3, �M/ 1- �M/ i?2 bBKmH�iBQMb ?�p2

mi/me = 25 �M/ σw = 0.1X aBM+2 i?2 T`QiQMb ?2`2 �`2 MQM@`2H�iBpBbiB+ BM #Qi? i?2 mTbi`2�K �M/

/QrMbi`2�K- i?2 TQBMib BM T�M2Hb U/V Q7 6B;bX kXkd �M/ kXRR ivTB+�HHv /Bz2` #v � 7�+iQ` Q7 γ̂i−1 = 2/3

U2t+Hm/BM; i?2 βi = 2 +�b2b- 7Q` r?B+? i?2 T`QiQMb �`2 KBH/Hv `2H�iBpBbiB+- rBi? θi,up ≈ 0.4V- r?2`2

γ̂i = 5/3 Bb i?2 �/B�#�iB+ BM/2t 7Q` � MQM@`2H�iBpBbiB+ ;�bX h?2 `2H�iBQMb?BT #2ir22M i?2 irQ QTiBQMb

7Q` K2�bm`BM; i?2 ?2�iBM; 7`�+iBQMb Q7 2H2+i`QMb- MT e,tot �M/ Mue,tot BM T�M2Hb U�V Q7 6B;bX kXkd

�M/ kXRR- Bb MQi �b bBKTH2 #2+�mb2 i?2 2H2+i`QMb +�M #2 MQM@- i`�Mb@ Q` mHi`�@`2H�iBpBbiB+X 6Q`

2t�KTH2- �i βi = 2, Te/Ti = 1, i?2 mTbi`2�K �M/ /QrMbi`2�K /BK2MbBQMH2bb 2H2+i`QM i2KT2`�im`2b

�`2 θe,up ≈ θe,down ≈ 10, �M/ i?2 �/B�#�iB+ BM/2t Bb γ̂e ≈ 4/3 BM #Qi? i?2 mTbi`2�K �M/ /QrMbi`2�KX

h?2 `�iBQ Q7 MT e,tot iQ Mue,tot Bb i?2M MT e,tot/Mue,tot ≈ 1/3 = γ̂e − 1 7Q` γ̂e = 4/3. >Qr2p2`- �i

HQr βi, 2H2+i`QMb �`2 H2bb `2H�iBpBbiB+- �M/ i?2 `�iBQ MT e,tot/Mue,tot Bb ivTB+�HHv H�`;2` #2+�mb2 i?2

�/B�#�iB+ BM/2t Bb H�`;2`X aiBHH- r2 `2K�`F i?�i �HH Q7 i?2 +QM+HmbBQMb T`2b2Mi2/ BM i?2 T�T2` ?QH/

dd



r?2M i?2 ?2�iBM; 2{+B2M+B2b �`2 K2�bm`2/ mbBM; i?2 BMi2`M�H 2M2`;v T2` T�`iB+H2- `�i?2` i?�M i?2

i2KT2`�im`2X
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(a)                 βi=0.0078, Te/Ti=0.1

(b)                  βi=0.031, Te/Ti=0.1

(c)                    βi=0.13, Te/Ti=0.1

(d)                      βi=0.5, Te/Ti=0.1

(e)                        βi=2, Te/Ti=0.1

(f)                 βi=0.0078, Te/Ti=0.3

(g)                  βi=0.031, Te/Ti=0.3

(h)                    βi=0.13, Te/Ti=0.3

(i)                      βi=0.5, Te/Ti=0.3

(j)                        βi=2, Te/Ti=0.3

(k)                   βi=0.0078, Te/Ti=1

(l)                       βi=0.031, Te/Ti=1

(m)                    βi=0.13, Te/Ti=1

(n)                      βi=0.5, Te/Ti=1

(o)                        βi=2, Te/Ti=1

6B;m`2 kXk8, hBK2 2pQHmiBQM Q7 i?2 �MBbQi`QTv `�iBQb BM i?2 `2+QMM2+iBQM /QrMbi`2�K 7Q` � `�M;2 Q7 βi

UBM+`2�bBM; 7`QK iQT iQ #QiiQK- �b BM/B+�i2/ BM i?2 H2;2M/bV �M/ Te/Ti UyXR BM i?2 H27i +QHmKM- yXj BM i?2
KB//H2 +QHmKM- R BM i?2 `B;?i +QHmKMVX >2`2- σw = 0.1 �M/ mi/me = 25X _2/- ;`22M- �M/ #Hm2 +m`p2b
+Q``2bTQM/ iQ i?2 `�iBQb rx, ry, �M/ rz U1[bX kXj8ĜkXjdVX hBK2 2pQHmiBQM Bb b?QrM bi�`iBM; �i ωpet = 4×103,
�i r?B+? TQBMi i?2 /QrMbi`2�K `2;BQM mb2/ 7Q` Qm` ?2�iBM; K2�bm`2K2Mib `2�+?2b � [m�bB@bi2�/v bi�i2X
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6B;m`2 kXke, hBK2 2pQHmiBQM Q7 i?2 `2+QMM2+iBQM H�v2` rB/i? δrec 7Q` � bBKmH�iBQM rBi? #Qt bBx2 Lx =
2159 c/ωpe- βi = 2, Te/Ti = 1,σw = 0.1, �M/ mi/me = 25. h?2 p�Hm2 Q7 δrec Bb K2�bm`2/ �i 215 c/ωpe 7`QK
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6B;m`2 kXkd, h?2 H�vQmi ?2`2 Bb �M�HQ;Qmb iQ 6B;X kXRR- #mi 7Q` i?2 BMi2`M�H 2M2`;B2b- ue, ui BMbi2�/ Q7
i2KT2`�im`2b- Te, TiX SH�bK� βi@ �M/ Te/Ti@/2T2M/2M+2 Q7 p�`BQmb ?2�iBM; 2{+B2M+B2bc U�V, 2H2+i`QM iQi�H-
Mue,totc U#V, 2H2+i`QM �/B�#�iB+- Mue,adc U+V, 2H2+i`QM B``2p2`bB#H2- Mue,irrc U/V, T`QiQM iQi�H- Mui,totc U2V,
T`QiQM �/B�#�iB+- Mui,adc U7V, T`QiQM B``2p2`bB#H2- Mui,irrc U;V, 2H2+i`QM �M/ T`QiQM iQi�H- Mue,tot + Mui,totc
U?V, 2H2+i`QM �M/ T`QiQM �/B�#�iB+- Mue,ad + Mui,adc UBV, 2H2+i`QM �M/ T`QiQM B``2p2`bB#H2- Mue,irr + Mui,irrX
h?2 bBKmH�iBQMb b?QrM ?2`2 mb2 � K�bb `�iBQ mi/me = 25 �M/ K�;M2iBx�iBQM σw = 0.1X �b BM 2�`HB2` THQib-
#Hm2- ;`22M- �M/ `2/ TQBMib +Q``2bTQM/ iQ bBKmH�iBQMb rBi? mTbi`2�K Te/Ti `�iBQb Q7 0.1, 0.3, �M/ 1X
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jX 1H2+i`QM �M/ T`QiQM ?2�iBM; BM i`�Mb`2H�iBpBbiB+
;mB/2 }2H/ K�;M2iB+ `2+QMM2+iBQM

h2ti BM i?Bb +?�Ti2` r�b Q`B;BM�HHv Tm#HBb?2/ BM,
�TC- 3dj- k- UkyRNc _Qr�M- JX- aB`QMB- GX- � L�`�v�M- _XVX

jXR �#bi`�+i

h?2 TH�bK� BM HQr@HmKBMQbBiv �++`2iBQM ~Qrb- bm+? �b i?2 QM2 �`QmM/ i?2 #H�+F ?QH2 �i i?2 +2Mi2`

Q7 J3d Q` a;` � �i Qm` :�H�+iB+ *2Mi2`- Bb 2tT2+i2/ iQ #2 +QHHBbBQM2bb �M/ irQ@i2KT2`�im`2- rBi?

T`QiQMb ?Qii2` i?�M 2H2+i`QMbX >2`2- T�`iB+H2 ?2�iBM; Bb 2tT2+i2/ iQ #2 +QMi`QHH2/ #v K�;M2iB+

`2+QMM2+iBQM BM i?2 i`�Mb`2H�iBpBbiB+ `2;BK2 σw ∼ 0.1Ĝ1- r?2`2 i?2 K�;M2iBx�iBQM σw Bb i?2 `�iBQ

Q7 K�;M2iB+ 2M2`;v /2MbBiv iQ TH�bK� 2Mi?�HTv /2MbBivX "v K2�Mb Q7 H�`;2@b+�H2 k. T�`iB+H2@BM@+2HH

bBKmH�iBQMb- r2 2tTHQ`2 7Q` � }/m+B�H σw = 0.1 ?Qr i?2 /BbbBT�i2/ K�;M2iB+ 2M2`;v ;2ib T�`iBiBQM2/

#2ir22M 2H2+i`QMb �M/ T`QiQMb- �b � 7mM+iBQM Q7 βi Ui?2 `�iBQ Q7 T`QiQM i?2`K�H T`2bbm`2 iQ K�;M2iB+

T`2bbm`2V �M/ Q7 i?2 bi`2M;i? Q7 � ;mB/2 }2H/ Bg T2`T2M/B+mH�` iQ i?2 `2p2`bBM; }2H/ B0X �i

HQr βi (! 0.1)- r2 }M/ i?�i i?2 7`�+iBQM Q7 BMBiB�H K�;M2iB+ 2M2`;v T2` T�`iB+H2 +QMp2`i2/ BMiQ

2H2+i`QM B``2p2`bB#H2 ?2�i Bb M2�`Hv BM/2T2M/2Mi Q7 Bg/B0- r?2`2�b T`QiQMb ;2i ?2�i2/ Km+? H2bb

rBi? BM+`2�bBM; Bg/B0X �b � `2bmHi- 7Q` H�`;2 Bg/B0- 2H2+i`QMb `2+2Bp2 i?2 Qp2`r?2HKBM; K�DQ`Biv

Q7 B``2p2`bB#H2 T�`iB+H2 ?2�iBM; U∼93% 7Q` Bg/B0 = 6VX h?Bb Bb bB;MB}+�MiHv /Bz2`2Mi i?�M i?2

�MiBT�`�HH2H +�b2 Bg/B0 = 0- BM r?B+? 2H2+i`QM B``2p2`bB#H2 ?2�iBM; �++QmMib 7Q` QMHv ∼18% Q7 i?2

iQi�H T�`iB+H2 ?2�iBM; U_Qr�M 2i �HX- kyRdVX �i βi ∼ 2- r?2M #Qi? bT2+B2b bi�`i �H`2�/v `2H�iBpBbiB+�HHv

?Qi U7Q` Qm` }/m+B�H σw = 0.1V- 2H2+i`QMb �M/ T`QiQMb 2�+? `2+2Bp2 ∼50% Q7 i?2 B``2p2`bB#H2 T�`iB+H2

?2�iBM;- `2;�`/H2bb Q7 i?2 ;mB/2 }2H/ bi`2M;i?X Pm` `2bmHib T`QpB/2 BKTQ`i�Mi BMbB;?ib BMiQ i?2

TH�bK� T?vbB+b Q7 2H2+i`QM �M/ T`QiQM ?2�iBM; BM ?Qi �++`2iBQM ~Qrb �`QmM/ bmT2`K�bbBp2 #H�+F

?QH2bX
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jXk AMi`Q/m+iBQM

q?2M #H�+F ?QH2b �++`2i2 �i Km+? #2HQr i?2 1//BM;iQM HBKBi i?2v i2M/ iQ #2 `�/B�iBp2Hv BM2{+B2Mi-

�M/ i?2 `2bmHiBM; �++`2iBQM ~Qrb #2+QK2 2ti`2K2Hv ?Qi Ub22 um�M � L�`�v�M kyR9 7Q` � `2pB2rVX >Qi

�++`2iBQM ~Qrb �`2 T�`iB+mH�`Hv +QKKQM BM i?2 H�`;2 TQTmH�iBQM Q7 HQr@HmKBMQbBiv �+iBp2 ;�H�+iB+

Mm+H2B U>Q kyy3VX hrQ K2K#2`b Q7 i?Bb TQTmH�iBQM- pBxX- a�;Bii�`Bmb �∗ Ua;` �∗Věi?2 #H�+F ?QH2

�i i?2 +2Mi2` Q7 Qm` :�H�tvě�M/ i?2 bmT2`K�bbBp2 #H�+F ?QH2 BM J3d- �`2 T`BK�`v i�`;2ib Q7 i?2

1p2Mi >Q`BxQM h2H2b+QT2 U1>h- .Q2H2K�M 2i �HX kyy3- kyyNV- �M/ �`2 Q7 bT2+B�H BMi2`2bi �i i?2

T`2b2Mi iBK2X h?2b2 bvbi2Kb- �M/ K�Mv Qi?2`b HBF2 i?2K- +�M #2 KQ/2H2/ rBi?BM i?2 7`�K2rQ`F

Q7 �/p2+iBQM@/QKBM�i2/ �++`2iBQM ~Qrb U�.�6b- L�`�v�M � uB RNN8�c �Hi2`M�iBp2Hv- `�/B�iBp2Hv

BM2{+B2Mi �++`2iBQM ~Qrb- _A�6b- aiQM2 2i �HX RNNNc A;mK2Mb?+?2p 2i �HX kyyjc "2+FrBi? 2i �HX kyy3VX

>Qr2p2`- /2i�BH2/ KQ/2Hb- bmBi�#H2 7Q` +QKT�`BbQM rBi? Q#b2`p�iBQMb- `2[mB`2 �M mM/2`bi�M/BM; Q7

2H2+i`QM ?2�iBM; BM i?2 �++`2iBM; TH�bK�- ;Bp2M i?�i i?2 Q#b2`p2/ 2KBbbBQM Bb TQr2`2/ #v 2H2+i`QMbc

v2i- � /2i�BH2/ mM/2`bi�M/BM; Q7 2H2+i`QM KB+`QT?vbB+b Bb +m``2MiHv H�+FBM;X

h?2 F2v 72�im`2 Q7 � ?Qi �++`2iBQM ~Qr Bb i?�i i?2 �++`2iBM; ;�b ?2�ib mT +HQb2 iQ i?2 pB`B�H

i2KT2`�im`2- +�mbBM; i?2 ~Qr iQ Tmz mT BMiQ � ;2QK2i`B+�HHv i?B+F +QM};m`�iBQM �M/ i?2 TH�bK�

iQ #2+QK2 QTiB+�HHv i?BMX "2+�mb2 Q7 i?2 HQr ;�b /2MbBiv- i?2 TH�bK� Bb H�`;2Hv +QHHBbBQMH2bb- BX2X-

*QmHQK# +QHHBbBQMb #2ir22M +?�`;2/ T�`iB+H2b �`2 M2;HB;B#H2X 6m`i?2`KQ`2- �i `�/BB BMbB/2 � 72r ?mM@

/`2/ RS ≡ 2GM/c2- r?2`2 M Bb i?2 K�bb Q7 i?2 #H�+F ?QH2 �M/ RS Bb i?2 a+?r�`xb+?BH/ `�/Bmb- i?2

TH�bK� #2+QK2b irQ@i2KT2`�im`2- rBi? i?2 T`QiQMb bm#bi�MiB�HHv ?Qii2` i?�M i?2 2H2+i`QMb Uum�M

2i �HX- kyyjVX h?2 irQ@i2KT2`�im`2 M�im`2 Q7 i?2 ;�b BM �M �.�6 Bb � ;2M2`B+ T`2/B+iBQM 7Q` b2p2`�H

`2�bQMb, }`bi- 2H2+i`QMb `�/B�i2 Km+? KQ`2 2{+B2MiHv i?�M T`QiQMbX a2+QM/- +QmTHBM; #2ir22M T`Q@

iQMb �M/ 2H2+i`QMb pB� *QmHQK# +QHHBbBQMb Bb BM2{+B2Mi �i HQr /2MbBiB2bX G�biHv- +QKT`2bbBp2 ?2�iBM;

7�pQ`b MQM`2H�iBpBbiB+ T`QiQMb Qp2` `2H�iBpBbiB+ 2H2+i`QMbX

.2bTBi2 i?2b2 bi`QM; `2�bQMb- i?2 TH�bK� +QmH/ biBHH #2 /`Bp2M iQ � bBM;H2@i2KT2`�im`2 bi�i2 B7 i?2`2
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r2`2 �//BiBQM�H KQ/2b Q7 2M2`;v i`�Mb72` U#2vQM/ *QmHQK# +QHHBbBQMbV 7`QK T`QiQMb iQ 2H2+i`QMbX

a2p2`�H K2+?�MBbKb Q7 2M2`;v i`�Mb72` BM +QHHBbBQMH2bb �++`2iBQM ~Qrb ?�p2 #22M T`QTQb2/- BM+Hm/BM;

r2�F b?Q+Fb- im`#mH2M+2- �M/ K�;M2iB+ `2+QMM2+iBQM UZm�i�2`i � :`mxBMQp- RNNNc >Qr2b- kyRyc

um�M 2i �HX- kyykc aB`QMB � L�`�v�M- kyR8c aB`QMB- kyR8c q2`M2` 2i �HX- kyRec _Qr�M 2i �HX- kyRdc

E�r�xm`� 2i �HX- kyRNc w?/�MFBM 2i �HX- kyRNVX AM i?2 T`2b2Mi rQ`F- r2 7Q+mb QM i?2 H�bi Q7 i?2b2

TQbbB#BHBiB2b- BX2X- K�;M2iB+ `2+QMM2+iBQMX

J�;M2iB+ `2+QMM2+iBQM TH�vb �M BKTQ`i�Mi `QH2 BM i?2 2M2`;v /vM�KB+b Q7 MmK2`Qmb �bi`QT?vbB+�H

bvbi2Kb- 7Q` 2t�KTH2- `2H�iBpBbiB+ D2ib- ?Qi �++`2iBQM ~Qrb U�.�6bV- �M/ +Q`QM�2 �#Qp2 bi2HH�` �M/

�++`2iBQM /BbF T?QiQbT?2`2bX J�Mv Q7 i?2b2 bvbi2Kb i2M/ iQ #2 K�;M2iB+�HHv /QKBM�i2/- BM i?2 b2Mb2

i?�i βi ≡ Pgas/Pmag ! 1 U?2`2- Pgas ≡ n0kBTi0 Bb i?2 i?2`K�H T`2bbm`2 Q7 T`QiQMb- rBi? /2MbBiv n0

�M/ i2KT2`�im`2 Ti0- �M/ Pmag ≡ B2
0/8π Bb i?2 K�;M2iB+ T`2bbm`2- rBi? B0 i?2 K�;MBim/2 Q7 i?2

`2+QMM2+iBM; K�;M2iB+ }2H/VX �b � `2bmHi- i?2 K�;M2iB+ }2H/ Bb i?2 T`BK�`v UQ` �i H2�bi K�DQ`V 2M2`;v

`2b2`pQB`- �M/ 2M2`;v /BbbBT�iBQM K�v T`Q+22/ pB� `2+QMM2+iBQMX �Hi?Qm;? ?Qi �++`2iBQM ~Qrb �M/

/BbF +Q`QM�2 �`2 K�;M2iB+�HHv /QKBM�i2/ UBX2X- HQr@#2i� TH�bK�bV- i?2 K�;M2iBx�iBQM σw ≡ 2Pmag/w

Bb ivTB+�HHv bK�HH- rBi? σw ! 1c ?2`2- w ≡ (ρe0 + ρi0)c2 + γ̂e0ue0 + γ̂i0ui0 Bb i?2 2Mi?�HTv /2MbBiv

T2` mMBi pQHmK2- �M/ ρe0 = men0, ρi0 = min0, γ̂e0, γ̂i0, �M/ ue0, ui0 �`2 i?2 `2bi@K�bb /2MbBiB2b-

�/B�#�iB+ BM/B+2b- �M/ BMi2`M�H 2M2`;v /2MbBiB2b- `2bT2+iBp2Hv- Q7 2H2+i`QMb �M/ T`QiQMbX h?Bb `2;BK2

Q7 βi ! 1 �M/ σw ! 1- i2`K2/ i`�Mb`2H�iBpBbiB+- T`QpB/2b � mMB[m2 +QMi2ti 7Q` i?2 bim/v Q7 K�;M2iB+

`2+QMM2+iBQM- �b T`QiQMb �`2 ;2M2`�HHv MQM`2H�iBpBbiB+- r?2`2�b 2H2+i`QMb +�M #2 KQ/2`�i2Hv Q` 2p2M

mHi`�@`2H�iBpBbiB+ UJ2Hx�MB 2i �HX- kyR9c q2`M2` 2i �HX- kyRec "�HH 2i �HX- kyR3VX

AM � T`2pBQmb rQ`F- r2 2tTHQ`2/ 2H2+i`QM �M/ T`QiQM ?2�iBM; BM i`�Mb`2H�iBpBbiB+ `2+QMM2+iBQM-

7Q` i?2 B/2�HBx2/ +�b2 Q7 �MiBT�`�HH2H }2H/b U_Qr�M 2i �HX- kyRd- ?2`2�7i2` _aLRdVX h?2 BKTQ`i�Mi

[m2biBQM Q7 2H2+i`QM �M/ T`QiQM ?2�iBM; ?�b #22M �//`2bb2/ #v Qi?2`b �b r2HH- 2bT2+B�HHv BM i?2 +�b2 Q7

�MiBT�`�HH2H `2+QMM2+iBQM UJ2Hx�MB 2i �HX- kyR9c a?�v 2i �HX- kyR9c q2`M2` 2i �HX- kyRec >Qb?BMQ- kyR3VX
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h?2 KQ`2 ;2M2`�H- �M/ �bi`QT?vbB+�HHv `2H2p�Mi- +�b2 Q7 `2+QMM2+iBQM BM+Hm/2b � ;mB/2 K�;M2iB+

}2H/ +QKTQM2Mi T2`T2M/B+mH�` iQ i?2 TH�M2 Q7 i?2 `2+QMM2+iBM; }2H/ HBM2bX AM 7�+i- `2+2Mi rQ`F

bm;;2bib i?�i im`#mH2Mi ?2�iBM; �i KB+`Qb+QTB+ /BbbBT�iBQM b+�H2b K�v #2 mHiBK�i2Hv K2/B�i2/ #v

`2+QMM2+iBQM U"QH/v`2p � GQm`2B`Q- kyRdc GQm`2B`Q � "QH/v`2p- kyRdc J�HH2i 2i �HX- kyRdc *QKBbbQ

� aB`QMB- kyR3c a?�v 2i �HX- kyR3VX AM im`#mH2Mi bvbi2Kb HBF2 �++`2iBQM ~Qrb- im`#mH2Mi 2//B2b ;2i

M�im`�HHv bi`2i+?2/ BMiQ i?BM +m``2Mi b?22ib- r?B+? �i bK�HH b+�H2b #2+QK2 bmb+2TiB#H2 iQ i?2 i2�`BM;

KQ/2 BMbi�#BHBiv- r?B+? BM im`M /`Bp2b `2+QMM2+iBQMX �i bm{+B2MiHv bK�HH b+�H2b- QM2 K�v i?2M

2tT2+i i?�i 2M2`;v /BbbBT�iBQM BM im`#mH2M+2 Bb K2/B�i2/ #v `2+QMM2+iBQMX �i i?2b2 bK�HH b+�H2b-

i?2 ;mB/2 }2H/ ?�b i?2 b�K2 bi`2M;i? �b �i H�`;2 b+�H2b- v2i i?2 bi`2M;i? Q7 i?2 `2p2`bBM; }2H/b

#2+QK2b bK�HH2` �i T`Q;`2bbBp2Hv bK�HH2` b+�H2b BM i?2 im`#mH2Mi +�b+�/2X Pm` rQ`F- r?B+? 7Q+mb2b

QM ;mB/2 }2H/ `2+QMM2+iBQM UmT iQ i?2 `2;BK2 Q7 bi`QM; ;mB/2 }2H/bV- ?�b i?2M #`Q�/2` BKTHB+�iBQMb

7Q` 2M2`;v /BbbBT�iBQM BM � im`#mH2Mi +�b+�/2X

AM MQM`2H�iBpBbiB+ `2+QMM2+iBQM- Bi ?�b #22M /2KQMbi`�i2/ i?`Qm;? /B`2+i K2�bm`2K2Mib- 7mHHv@

FBM2iB+ �M/ ;v`QFBM2iB+ bBKmH�iBQMb- �M/ �M�HviB+�H i?2Q`v- i?�i i?2 bi`2M;i? Q7 i?2 ;mB/2 }2H/

?2�pBHv BKT�+ib i?2 2M2`;v T�`iBiBQM #2ir22M 2H2+i`QMb �M/ T`QiQMbX AM i?2 bi`QM; ;mB/2 }2H/ HBKBi-

2H2+i`QMb `2+2Bp2 � H�`;2` 7`�+iBQM Q7 /BbbBT�i2/ K�;M2iB+ 2M2`;v i?�M T`QiQMb U.�?HBM 2i �HX- kyR9c

LmK�i� � GQm`2B`Q- kyR8c 1�birQQ/ 2i �HX- kyR3VX >Qr2p2`- 7Q` i?2 i`�Mb`2H�iBpBbiB+ 2H2+i`QM@T`QiQM

TH�bK� `2H2p�Mi iQ ?Qi �++`2iBQM ~Qrb �M/ /BbF +Q`QM�2- i?2 [m2biBQM Bb mM/2`@2tTHQ`2/- v2i +`m+B�HHv

BKTQ`i�Mi 7Q` Q#i�BMBM; T`2/B+iBQMb i?�i +�M #2 +QKT�`2/ iQ Q#b2`p�iBQMbX

hQ 2tTHQ`2 i?2 2z2+i Q7 � ;mB/2 }2H/ BM i`�Mb`2H�iBpBbiB+ `2+QMM2+iBQM- r2 mb2 7mHHv@FBM2iB+ T�`iB+H2@

BM@+2HH USA*V bBKmH�iBQMb- r?B+? �`2 +�T�#H2 Q7 +�Tim`BM; i?2 7mM/�K2Mi�H TH�bK� T?vbB+b i?�i

+QMi`QHb 2H2+i`QM �M/ T`QiQM ?2�iBM; BM +QHHBbBQMH2bb bvbi2KbX h?2 SA* K2i?Q/ +�Tim`2b 7`QK }`bi

T`BM+BTH2b i?2 BMi2`TH�v #2ir22M +?�`;2/ T�`iB+H2b �M/ 2H2+i`QK�;M2iB+ }2H/b �i i?2 #�bBb Q7 `2+QMM2+@

iBQM- i?2`2#v `2bQHpBM; TH�bK� T`Q+2bb2b i?�i �`2 Qmi Q7 `2�+? 7Q` H�`;2@b+�H2 K�;M2iQ?v/`Q/vM�KB+
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bBKmH�iBQMb Q7 �++`2iBQM /BbFbX

AM i?Bb T�T2`- r2 BMp2biB;�i2 i?2 2z2+i Q7 � ;mB/2 }2H/ QM 2H2+i`QM �M/ T`QiQM ?2�iBM; pB�

`2+QMM2+iBQM BM i?2 i`�Mb`2H�iBpBbiB+ `2;BK2X q2 bim/v i?2 /2T2M/2M+2 Q7 i?2 ?2�iBM; 2{+B2M+v

QM i?2 BMBiB�H TH�bK� T`QT2`iB2b- #v p�`vBM; i?2 ;mB/2 }2H/ bi`2M;i? �M/ i?2 T`QiQM@βiX 6Q` Qm`

K�BM `mMb- r2 +?QQb2 σw = 0.1 �b Qm` }/m+B�H K�;M2iBx�iBQM- �M/ i?2 BMBiB�H 2H2+i`QM@iQ@T`QiQM

i2KT2`�im`2 `�iBQ Bb b2i iQ Te0/Ti0 = 1X AM � 72r b2H2+i2/ +�b2b- r2 �HbQ p�`v i?2 i2KT2`�im`2 `�iBQ

UTe0/Ti0 = 0.1 �M/ 0.3V- �b r2HH �b i?2 K�;M2iBx�iBQM Uσw = 1VX q2 2KTHQv i?2 `2�HBbiB+ K�bb `�iBQ

BM �HH Qm` bBKmH�iBQMbX

h?2 `2bi Q7 i?Bb T�T2` Bb Q`;�MBx2/ �b 7QHHQrbX AM a2+iBQM jXj- r2 /2b+`B#2 i?2 b2imT �M/ BMBiB�H

+QM/BiBQMb Q7 Qm` bBKmH�iBQMbX L2ti- BM a2+iBQM jX9- r2 2tTH�BM Qm` i2+?MB[m2 7Q` K2�bm`BM; 2H2+i`QM

�M/ T`QiQM ?2�iBM; �i H�i2 iBK2b- r?2M i?2 2M2`;v Q7 #mHF KQiBQMb /`Bp2M #v `2+QMM2+iBQM ?�b

i?2`K�HBx2/X h?2M- BM a2+iBQM jX8- r2 bmKK�`Bx2 i?2 K�BM `2bmHib Q7 2H2+i`QM �M/ T`QiQM ?2�iBM;

BM ;mB/2 }2H/ `2+QMM2+iBQMX q2 +QM+Hm/2 BM a2+iBQM jXeX

jXj aBKmH�iBQM b2imT

q2 mb2 i?2 2H2+i`QK�;M2iB+ SA* +Q/2 TRISTAN-MP UaTBiFQpbFv- kyy8V- r?B+? Bb � T�`�HH2H p2`bBQM

Q7 TRISTAN U"mM2K�M- RNNjV- iQ T2`7Q`K MmK2`B+�H bBKmH�iBQMb Q7 K�;M2iB+ `2+QMM2+iBQMX Pm`

bBKmH�iBQMb �`2 irQ@/BK2MbBQM�H Uk.V BM bT�+2- ?Qr2p2` �HH i?`22 +QKTQM2Mib Q7 T�`iB+H2 KQK2Mi�

�M/ 2H2+i`QK�;M2iB+ }2H/b �`2 2pQHp2/X AM i?Bb b2+iBQM- r2 /2b+`B#2 i?2 b2imT 7Q` Qm` bBKmH�iBQMb Q7

;mB/2 }2H/ `2+QMM2+iBQMX h?2 bBKmH�iBQM b2imT Bb bBKBH�` iQ i?�i /2b+`B#2/ BM aB`QMB � aTBiFQpbFv

UkyR9V- _aLRd- �M/ "�HH 2i �HX UkyR3V 7Q` i?2 bim/v Q7 �MiBT�`�HH2H `2+QMM2+iBQMX

aBKmH�iBQM +QQ`/BM�i2b �`2 �b 7QHHQrb, i?2 xy TH�M2 Bb i?2 bBKmH�iBQM TH�M2c i?2 �MiBT�`�HH2H }2H/

Bb �HQM; x- �M/ i?2 BM~Qr /B`2+iBQM Bb �HQM; yc � ;mB/2 +QKTQM2Mi Q7 K�;M2iB+ }2H/ TQBMib BM i?2 z

/B`2+iBQMX h?2 BMBiB�H }2H/ +QM};m`�iBQM Bb bF2i+?2/ BM 6B;X jXRX

h?2 T`Q}H2 Q7 i?2 �MiBT�`�HH2H +QKTQM2Mi Q7 K�;M2iB+ }2H/ Bb b2i �b Bap = −B0 tanh(2πy/∆cs)x̂X
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Bg

B0

y

z

x

6B;m`2 jXR, AHHmbi`�iBQM Q7 i?2 BMBiB�H b2imT 7Q` bBKmH�iBQMb Q7 ;mB/2 }2H/ `2+QMM2+iBQMX h?2 �MiBT�`�HH2H
+QKTQM2Mi Q7 `2+QMM2+iBM; }2H/ HBM2b- b?QrM #v r?Bi2 �``Qrb �M/ �HB;M2/ �HQM; x- `2p2`b2b 7`QK i?2 `2/ iQ
i?2 #Hm2 `2;BQMX � ;mB/2 +QKTQM2Mi Q7 K�;M2iB+ }2H/- b?QrM #v #H�+F �``Qrb- Bb bmT2`TQb2/ T2`T2M/B+mH�`
iQ i?2 TH�M2 Q7 �MiBT�`�HH2H `2+QMM2+iBQM Ui?2 xy TH�M2VX �i BMBiB�HBx�iBQM- i?2 i?2`K�H T`2bbm`2 Q7 ?Qi �M/
Qp2`/2Mb2 TH�bK� U;`22M `2;BQMV #�H�M+2b �;�BMbi K�;M2iB+ T`2bbm`2 7`QK QmibB/2 i?2 +m``2Mi H�v2`X q?BH2
Qm` bBKmH�iBQMb �`2 irQ@/BK2MbBQM�H BM bT�+2- T�`iB+H2 KQK2Mi� �M/ 2H2+i`QK�;M2iB+ }2H/b �`2 2pQHp2/ BM
�HH i?`22 /BK2MbBQMbX

h?2 T�`�K2i2` ∆cs +QMi`QHb i?2 rB/i? Qp2` r?B+? i?2 �MiBT�`�HH2H }2H/ Bap `2p2`b2bc r2 mbm�HHv b2i

∆cs = 30 c/ωpe- r?2`2 c/ωpe Bb i?2 2H2+i`QM bFBM /2Ti?-

c

ωpe
=

√
γe0mec2

4πn0e2
. UjXRV

>2`2- γe0me Bb i?2 2H2+i`QM K�bb UBM+Hm/BM; `2H�iBpBbiB+ BM2`iB�V- γe0 = 1 + ue0/(n0mec2)- ue0 Bb i?2

BMBiB�H 2H2+i`QM BMi2`M�H 2M2`;v /2MbBiv- n0 Bb i?2 MmK#2` /2MbBiv Q7 2H2+i`QMb U�b r2HH �b T`QiQMbV BM

i?2 BM~Qr- �M/ e Bb i?2 2H2+i`QM +?�`;2X AM �HH bBKmH�iBQMb- r2 mb2 c/ωpe = 4 Ur2 `272` iQ _aLRd

7Q` i2bib Q7 +QMp2`;2M+2 rBi? `2bT2+i iQ i?2 +?QB+2 Q7 c/ωpeVX h?2 K�;MBim/2 Q7 i?2 �MiBT�`�HH2H

K�;M2iB+ }2H/ B0 Bb +QMi`QHH2/ pB� i?2 K�;M2iBx�iBQM

σw =
B2

0

4πw
, UjXkV

3e



r?2`2

w = n0(me +mi)c
2 + γ̂e0ue0 + γ̂i0ui0 UjXjV

Bb i?2 bT2+B}+ 2Mi?�HTv /2MbBiv Q7 i?2 BM~QrBM; TH�bK�c γ̂e0- γ̂i0 �`2 i?2 BMBiB�H �/B�#�iB+ BM/B+2b-

�M/ ue0- ui0 �`2 i?2 BMBiB�H BMi2`M�H 2M2`;v /2MbBiB2b Q7 2H2+i`QMb �M/ T`QiQMbX h?Bb /2}MBiBQM Q7

K�;M2iBx�iBQM /Bz2`b UQMHv r?2M TH�bK� Bb `2H�iBpBbiB+�HHv ?QiV 7`QK i?2 QM2 +QKKQMHv mb2/ BM

bim/B2b Q7 MQM`2H�iBpBbiB+ `2+QMM2+iBQM-

σi =
B2

0

4πn0mic2
. UjX9V

6Q` MQM`2H�iBpBbiB+ i2KT2`�im`2b σw ∼= σi- ?Qr2p2` 7Q` `2H�iBpBbiB+�HHv ?Qi TH�bK�- 1[X UjXkV BM+Hm/2b

i?2 2z2+ib Q7 `2H�iBpBbiB+ BM2`iB� BM i?2 /2MQKBM�iQ`- bQ i?�i σw < σi BM ;2M2`�HX AM Qm` bBKmH�iBQMb-

r2 }t σw = 0.1 U2t+2Ti 7Q` � 72r +�b2b rBi? σw = 1- r?B+? r2 2tTHQ`2 BM a2+X jX8X9VX

AM �//BiBQM iQ i?2 �MiBT�`�HH2H }2H/- � ;mB/2 K�;M2iB+ }2H/ +QKTQM2Mi Bb BMBiB�HBx2/ T2`T2M/B+mH�`

iQ i?2 TH�M2 Q7 �MiBT�`�HH2H }2H/ HBM2b- BX2X- Bg = BgẑX h?2 bi`2M;i? Q7 i?2 ;mB/2 }2H/ Bb T�`�K2i`Bx2/

#v i?2 `�iBQ

bg = Bg/B0, UjX8V

r?2`2 Bg Bb i?2 K�;MBim/2 Q7 i?2 ;mB/2 }2H/ UmMB7Q`K i?`Qm;?Qmi i?2 /QK�BMV �M/ B0 Bb i?2

K�;MBim/2 Q7 i?2 �MiBT�`�HH2H }2H/X q2 p�`v bg 7`QK y iQ e UBX2X- 7`QK i?2 �MiBT�`�HH2H +�b2 iQ i?2

bi`QM; ;mB/2 }2H/ `2;BK2VX

3d



S�`iB+H2b BM i?2 mTbi`2�K `2;BQM �`2 BMBiB�HBx2/ �++Q`/BM; iQ � J�tr2HH@CɃiiM2` /Bbi`B#miBQM-

fMJ(γ, θs0) ∝ γ
√
γ2 − 1 exp(−γ/θs0), UjXeV

r?2`2 θs0- s ∈ {2- B}- Bb i?2 BMBiB�H /BK2MbBQMH2bb i2KT2`�im`2 Q7 i?2 `2bT2+iBp2 T�`iB+H2 bT2+B2b,

θe0 = kBTe0/mec2 �M/ θi0 = kBTi0/mic2X h?2 +QK#BM�iBQM Q7 T`QiQM /BK2MbBQMH2bb i2KT2`�im`2 θi0

�M/ K�;M2iBx�iBQM σi /2i2`KBM2b i?2 p�Hm2 Q7 T`QiQM@βi-

βi =
8πn0kBTi0

B2
0

=
2θi0
σi

. UjXdV

Pm` bBKmH�iBQMb ?�p2 βi BM i?2 `�M;2 5×10−4 iQ kX 6Q` 2�+? p�Hm2- r2 2tTHQ`2 � `�M;2 Q7 bg #2ir22M

�M/ eX

J�;M2iB+ T`2bbm`2 rBi?BM i?2 +m``2Mi b?22i Bb bK�HH2` i?�M i?�i QM i?2 QmibB/2X hQ 2Mbm`2 T`2bbm`2

#�H�M+2- � TQTmH�iBQM Q7 ?Qi �M/ Qp2`/2Mb2 T�`iB+H2b Bb BMBiB�HBx2/ BM i?2 +m``2Mi b?22iX 6`QK i?2

T`2bbm`2 2[mBHB#`BmK +QM/BiBQM- i?2 i2KT2`�im`2 Q7 Qp2`/2Mb2 T�`iB+H2b BM i?2 +m``2Mi b?22i- Tcs- Bb

;Bp2M #v kBTcs/mic2 = σi/2η, r?2`2 η Bb i?2 Qp2`/2MbBiv Q7 T�`iB+H2b BM i?2 +m``2Mi b?22i- `2H�iBp2

iQ i?�i Q7 i?2 BM~QrBM; TH�bK�- n0X q2 mb2 η = 3X 1H2+i`QMb �M/ T`QiQMb BM i?2 +m``2Mi b?22i �`2

�bbmK2/ iQ ?�p2 i?2 b�K2 i2KT2`�im`2X

S�`�K2i2`b �bbQ+B�i2/ rBi? 2�+? Q7 i?2 K�BM `mMb �`2 BM/B+�i2/ BM h�#X jXRX AM i?2b2 bBKmH�iBQMb-

r2 2KTHQv i?2 T?vbB+�H K�bb `�iBQ- mi/me = 1836- �M/ �M BMBiB�H 2H2+i`QM@iQ@T`QiQM i2KT2`�im`2

`�iBQ BM i?2 mTbi`2�K Q7 Te0/Ti0 = 1X AM irQ +�b2b Ub22 a2+X jX8X9V- r2 �HbQ +QMbB/2` Te0/Ti0 = 0.1

�M/ 0.3- iQ BHHmbi`�i2 i?2 /2T2M/2M+2 Q7 Qm` `2bmHib QM i2KT2`�im`2 `�iBQX

_2+QMM2+iBQM Bb i`B;;2`2/ �i i?2 +2Mi2` Q7 i?2 #Qt Ux ∼ 0- y ∼ 0V- #v �`iB}+B�HHv `2KQpBM; i?2

T`2bbm`2 Q7 i?2 ?Qi T�`iB+H2b BMBiB�HBx2/ BM i?2 +m``2Mi b?22iX h?Bb H2�/b iQ i?2 7Q`K�iBQM Q7 �M

s@TQBMiX 6`QK i?Bb +2Mi`�H s@TQBMi- i?2 i2MbBQM Q7 `2+QMM2+i2/ }2H/ HBM2b 2D2+ib i?2 TH�bK� iQ
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i?2 H27i �M/ iQ i?2 `B;?i- �HQM; xX q2 mb2 T2`BQ/B+ #QmM/�`v +QM/BiBQMb �HQM; x- bQ i?2 Qmi~Qrb

7`QK i?2 irQ bB/2b UBX2X- i?2 KQpBM; TH�bK� 2D2+i2/ �HQM; x #v i?2 }2H/ HBM2 i2MbBQMV K22i �i i?2

#QmM/�`v- r?2`2 i?2B` +QHHBbBQM 7Q`Kb � H�`;2 K�;M2iB+ BbH�M/ Ur2 b?�HH +�HH Bi ǳT`BK�`v BbH�M/Ǵ Q`

ǳ#QmM/�`v BbH�M/ǴVX >2`2- T�`iB+H2b �M/ K�;M2iB+ ~mt �++mKmH�i2- �b KQ`2 TH�bK� `2+QMM2+ib �M/

Bb 2D2+i2/ �HQM; i?2 Qmi~Qrb Ui?Bb Bb /Bb+mbb2/ BM /2i�BH BM a2+X jX9XRVX �HQM; i?2 y #QmM/�`B2b- r2

mb2 irQ KQpBM; BMD2+iQ`b U2�+? `2+2/BM; 7`QK y = 0 �i i?2 bT22/ Q7 HB;?iV iQ BMi`Q/m+2 7`2b? TH�bK�

�M/ K�;M2iB+ }2H/c i?2 /QK�BM Bb 2MH�`;2/ r?2M i?2 BMD2+iQ`b `2�+? i?2 y #QmM/�`B2bX q2 `272` iQ

_aLRd 7Q` 7m`i?2` /2i�BHbX

AM i?2 T`2b2Mi rQ`F- r2 K2�bm`2 2H2+i`QM �M/ T`QiQM ?2�iBM; �i H�i2 iBK2b- r?2M i?2 T�`iB+H2

BMi2`M�H 2M2`;B2b ?�p2 `2�+?2/ [m�bB@bi2�/v p�Hm2bXR h?2 T`BK�`v BbH�M/ Bb i?2 bBi2 r?2`2 r2 2ti`�+i

Qm` ?2�iBM; K2�bm`2K2Mib- r?B+? `2[mB`2b iQ `mM i?2 bBKmH�iBQMb 7Q` � bm{+B2Mi iBK2 bm+? i?�i i?2

Qmi~Qrb 7`QK QTTQbBi2 bB/2b Q7 i?2 +2Mi`�H s@TQBMi K22i �i i?2 #QmM/�`v �M/ 7Q`K i?2 BbH�M/X

h?2 +?QB+2 Q7 2ti`�+iBM; Qm` ?2�iBM; 2{+B2M+B2b 7`QK T�`iB+H2b `2bB/BM; BM i?2 T`BK�`v BbH�M/ ?�b

�/p�Mi�;2b �M/ /Bb�/p�Mi�;2bX h?2 K�BM /Bb�/p�Mi�;2 Bb i?�i Bi /Q2b MQi �HHQr iQ /B`2+iHv T`Q#2 i?2

?2�iBM; i?�i `2bmHib bQH2Hv 7`QK `2+QMM2+iBQM T?vbB+b Ur?B+? r�b i?2 7Q+mb Q7 _aLRdV- �b Bi BM+Hm/2b-

2X;X- ?2�iBM; /m2 iQ b?Q+Fb ;2M2`�i2/ #v i?2 +QHHB/BM; `2+QMM2+iBQM Qmi~QrbX PM i?2 Qi?2` ?�M/-

Qm` +?QB+2 Bb i?2 KQbi �TT`QT`B�i2 7Q` KQ/2HBM; `2�HBbiB+ K�+`Qb+QTB+ bvbi2Kb- bBM+2 `2+QMM2+iBQM

Qmi~Qrb �`2 2tT2+i2/ iQ 2p2Mim�HHv +QK2 iQ `2bi- �M/ i?2B` #mHF 2M2`;v iQ i?2`K�HBx2 U2X;X- i?Bb Bb

2tT2+i2/ BM bvbi2Kb HBF2 �++`2iBQM ~Qrb- 7Q` r?B+? i?2 /vM�KB+�H iBK2 �M/ H2M;i? b+�H2b �`2 Km+?

H�`;2` �b +QKT�`2/ iQ i?�i Q7 i?2 `2+QMM2+iBQM KB+`QT?vbB+bVX

q2 `mM Qm` bBKmH�iBQMb mT iQ t/tA ≈ 3Ĝ4, r?2`2 tA = Lx/vA Bb i?2 �H7pûMB+ +`QbbBM; iBK2 7Q`

� #Qt Q7 H2M;i? Lx �HQM; i?2 x /B`2+iBQMc vA = c
√

σw/(1 + σw) Bb i?2 �H7pûM bT22/Xk AM �HH i?2
Rh?�MFb iQ Qm` +?QB+2 Q7 T2`BQ/B+ #QmM/�`v +QM/BiBQMb �HQM; x- r2 �`2 �#H2 iQ i`�+F i?2 T�`iB+H2 2M2`;B2b

7Q` 2ti2M/2/ iBK2b- �M/ i?mb �bb2bb i?2 iBK2@�bvKTiQiB+ ?2�iBM; 2{+B2M+vX
kLQi2 i?�i i?Bb /2}MBiBQM /Q2b MQi BM+Hm/2 i?2 2z2+iBp2 BM2`iB� Q7 i?2 ;mB/2 }2H/- r?B+? +QmH/ #2 �++QmMi2/

7Q` #v /2}MBM; �M 2z2+iBp2 �H7pûM bT22/ �b vA,eff = c
√
σw/[1 + σw(1 + b2g)]X
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+�b2b +QMbB/2`2/ ?2`2 U2p2M i?2 ?B;? ;mB/2 }2H/ +�b2b bg " 3- 7Q` r?B+? i?2 QMb2i Q7 `2+QMM2+iBQM Bb

/2H�v2/ /m2 iQ i?2 H�`;2 K�;M2iB+ T`2bbm`2 BM i?2 +m``2Mi b?22iV- r2 }M/ i?�i 2pQHpBM; i?2 bvbi2K

7Q` �`QmM/ jĜ9 �H7pûMB+ +`QbbBM; iBK2b Bb bm{+B2Mi 7Q` i?2 K2�bm`2/ i2KT2`�im`2b BM i?2 T`BK�`v

BbH�M/ iQ �ii�BM [m�bB@bi2�/v p�Hm2bX h?2 T`Q+2/m`2 7Q` K2�bm`BM; i?2 ?2�iBM; 2{+B2M+v Bb 7m`i?2`

/2b+`B#2/ BM a2+X jX9X

q2 }M/ i?�i i?2 iBK2@�bvKTiQiB+ ?2�iBM; 2{+B2M+B2b U2bT2+B�HHv 7Q` T`QiQMbV �`2 b2MbBiBp2 iQ

i?2 x@2ti2Mi Q7 i?2 /QK�BM- B7 i?2 #Qt Bb MQi H�`;2 2MQm;?X AM i?Bb +�b2- TH�bK� i?�i Bb 2D2+i2/

�HQM; x- �r�v 7`QK i?2 +2Mi2`- /Q2b MQi ?�p2 2MQm;? iBK2 iQ `2�+? i?2 2tT2+i2/ i2`KBM�H p2HQ+Biv

#27Q`2 biQTTBM; �i i?2 #QmM/�`B2bX Ai 7QHHQrb i?�i T�`iB+H2 ?2�iBM; BM i?2 T`BK�`v BbH�M/ Ur?B+? �HbQ

BM+Hm/2b i?2 +QMi`B#miBQM 7`QK i?2`K�HBx�iBQM Q7 #mHF Qmi~Qr 2M2`;vV +�M #2 �`iB}+B�HHv BM?B#Bi2/ B7

i?2 /QK�BM Bb iQQ bK�HHX q2 }M/ i?�i � #Qt bBx2 Lx ≈ 2160 c/ωpe Bb H�`;2 2MQm;? iQ ;m�`/ �;�BMbi

i?Bb 2z2+i- �M/ i?Bb Bb i?2 p�Hm2 r2 mb2 BM Qm` bBKmH�iBQMbc +QMp2`;2M+2 Q7 Qm` ?2�iBM; `2bmHib rBi?

`2bT2+i iQ i?2 /QK�BM bBx2 Lx Bb /Bb+mbb2/ BM �TTX 9X�X AM mMBib Q7 i?2 T`QiQM bFBM /2Ti?-

c

ωpi
≈ c

ωpe

√
mi

me

(
1+

θe0
γ̂e0 − 1

)−1/2(
1+

θi0
γ̂i0 − 1

)1/2

, UjX3V

i?2 �/QTi2/ #Qt bBx2 +Q``2bTQM/b iQ �i H2�bi Lx ≈ 51 c/ωpi- rBi? i?Bb HQr2` HBKBi �+?B2p2/ �i HQr βiX

6Q` ?B;?2` p�Hm2b Q7 βi- i?2 T`QiQM bFBM /2Ti? �TT`Q�+?2b i?2 2H2+i`QM bFBM /2Ti?- �M/ i?2 x@2ti2Mi

Q7 i?2 /QK�BM �TT`Q�+?2b Lx ≈ 2160 c/ωpiX 6Q` 2�+? p�Hm2 Q7 βi- i?2 #Qt bBx2 Lx- BM mMBib Q7 c/ωpi-

Bb HBbi2/ BM h�#X jXRX

q2 mb2 � bm{+B2Mi MmK#2` Q7 +QKTmi�iBQM�H T�`iB+H2b T2` +2HH Nppc iQ 2Mbm`2 i?�i MmK2`B+�H

?2�iBM; Bb M2;HB;B#H2 rBi? `2bT2+i iQ K2�bm`2/ ?2�iBM; 2{+B2M+B2b Ub22 a2+X jX8Xjc r2 `272` �HbQ iQ

_aLRd 7Q` +QMp2`;2M+2 i2bibVX 6Q` βi BM i?2 `�M;2 5×10−4 iQ 0.5- r2 mb2 Nppc = 16- �M/ 7Q` βi = 2-

r2 mb2 � H�`;2` p�Hm2- Nppc = 64X

Ny



_mM A.,
βi

bg

θi0

θe0

σi

Nppc

c/ωpi

rLe0

rLi0

Lx[c/ωpi]

b5e-4.bg0

4.9× 10−4

y
2.4× 10−5

yXy98
yXR
Re
Rdy
yXyej
kXe
8R

b3e-2.bg0

yXyjR
y

yXyyRe
kXN
yXR
Re
83
yX8
dXk
R9N

b5e-1.bg0

yX8
y

yXyjR
88
yXRk
Re
R9
kXy
eXd
eRd

b2.bg0

kXy
y

yXjN
eNy
yXje
e9
8Xy
9Xy
9XN
Rdk3

_mM A.,
bg

rLe0

rLi0

b5e-4.bg3e-1

yXj
yXyey
kX8

b3e-2.bg3e-1

yXj
yX93
eXN

b5e-1.bg3e-1

yXj
RXN
eX9

b2.bg3e-1

yXj
jX3
9Xd

_mM A.,
bg

rLe0

rLi0

b5e-4.bg6e-1

yXe
yXy8j
kXk

b3e-2.bg6e-1

yXe
yX9j
eXk

b5e-1.bg6e-1

yXe
RXd
8X3

b2.bg6e-1

yXe
jX9
9Xk

_mM A.,
bg

rLe0

rLi0

b5e-4.bg1

R
yXy98
RX3

b3e-2.bg1

R
yXj8
8XR

b5e-1.bg1

R
RX9
9Xd

b2.bg1

R
kX3
jX8

_mM A.,
bg

rLe0

rLi0

b5e-4.bg3

j
yXyk
yX3k

b3e-2.bg3

j
yXRe
kXj

b5e-1.bg3

j
yXej
kXR

b2.bg3

j
RXj
RXe

_mM A.,
bg

rLe0

rLi0

b5e-4.bg6

e
yXyRy
yX9j

b3e-2.bg6

e
yXy3k
RXk

b5e-1.bg6

e
yXjj
RXR

b2.bg6

e
yXee
yX3R

h�#H2 jXR, S�`�K2i2`b �M/ p�Hm2b �bbQ+B�i2/ rBi? Qm` K�BM bBKmH�iBQMb- /2b+`B#2/ BM a2+X jXjX h?2 _mM
A. 7Q` 2�+? bBKmH�iBQM Bb +QKTQb2/ Q7 i?2 p�Hm2 Q7 T`QiQM@βi �M/ ;mB/2 }2H/ bi`2M;i? bgX h?2 2H2+i`QM �M/
T`QiQM G�`KQ` `�/BB UrLe0 �M/ rLi0V �`2 K2�bm`2/ BM i?2 mTbi`2�KX S�`�K2i2`b HBbi2/ 7Q` �MiBT�`�HH2H
bBKmH�iBQMb Ui?Qb2 2M/BM; BM bg0V- #mi MQi bi�i2/ 7Q` MQMx2`Q ;mB/2 }2H/ +�b2b- �`2 BKTHB2/ iQ #2 i?2 b�K2X
AM �HH +�b2b- Lx = 2160 c/ωpe, c/ωpe = 4,mi/me = 1836, Te0/Ti0 = 1- �M/ σw = 0.1X

NR



6B;m`2 jXk, hBK2 2pQHmiBQM Q7 � bBKmH�iBQM rBi? βi = 5 × 10−4 �M/ bg = 1 Ub5e-4.bg1 BM h�#X jXRVX h?2
}`bi- b2+QM/- �M/ i?B`/ +QHmKMb b?Qr T�`iB+H2 MmK#2` /2MbBiv UBM mMBib Q7 BMBiB�H MmK#2` /2MbBiv BM i?2
mTbi`2�KV- +?�`;2 MQM@M2mi`�HBiv- �M/ 2H2+i`B+ +m``2Mi /2MbBiv �HQM; z- BM mMBib Q7 BMBiB�H z@+m``2Mi BM i?2
`2+QMM2+iBQM H�v2`c i?2 [m�MiBiB2b b?QrM ?2`2 �`2 +QKTmi2/ BM i?2 bBKmH�iBQM 7`�K2X h?2 bM�Tb?Qib �`2
b?QrM �i t/ tA = 0.1, 1.1, 2.1- �M/ 3.1 U2[mBp�H2MiHv- tωpe ≈ 7.1 × 102, 7.8 × 103, 1.5 × 104 �M/ 2.2 × 104V BM
i?2 }`bi i?`Qm;? 7Qm`i? `Qrb- �b BM/B+�i2/ QM i?2 `B;?i ?�M/ bB/2X

jX9 J2�bm`2K2Mi Q7 H�i2@iBK2 ?2�iBM;

AM a2+X jX9XR r2 /Bb+mbb i?2 iBK2 2pQHmiBQM Q7 i?2 `2+QMM2+iBQM H�v2`- �M/ BM a2+X jX9Xk r2 /Bb+mbb

i?2 K2�bm`2K2Mi Q7 H�i2@iBK2 ?2�iBM; BM i?2 T`BK�`v BbH�M/X

jX9XR hBK2 2pQHmiBQM Q7 i?2 `2+QMM2+iBQM H�v2`

AM 6B;X jXk- r2 b?Qr bM�Tb?Qib +Qp2`BM; i?2 iBK2 `�M;2 t/ tA = 0.1Ĝ3.1 7Q` � bBKmH�iBQM rBi?

βi = 5 × 10−4 �M/ KQ/2`�i2 ;mB/2 }2H/- bg = 1 U`mM b5e-4.bg1 BM h�#X jXRVX AM i?2 }`bi- b2+QM/-

�M/ i?B`/ +QHmKMb- `2bT2+iBp2Hv- r2 b?Qr i?2 MmK#2` /2MbBiv n UBM mMBib Q7 iQi�H mTbi`2�K /2MbBiv-

2n0V- i?2 /2;`22 Q7 +?�`;2 MQM@M2mi`�HBiv UBX2X- i?2 `�iBQ Q7 +?�`;2 /2MbBiv iQ T�`iB+H2 MmK#2` /2MbBiv-

(ni − ne)/(ni + ne)V- �M/ i?2 z@+QKTQM2Mi Q7 +m``2Mi /2MbBiv- MQ`K�HBx2/ iQ i?2 BMBiB�H p�Hm2 BM i?2

+m``2Mi H�v2`- jz/jz0c i?2 ;`�v +QMiQm`b b?Qr K�;M2iB+ }2H/ HBM2bX

h?2 iBK2 2pQHmiBQM Bb BHHmbi`�i2/ 7`QK i?2 }`bi iQ i?2 7Qm`i? `Qr U2X;X- T�M2Hb �Ĝ.VX �7i2`

`2+QMM2+iBQM Bb i`B;;2`2/ �i x ∼ 0- �M s@TQBMi 7Q`KbX 6`QK i?2 +2Mi`�H s@TQBMi- irQ `2+QMM2+iBQM

Nk



7`QMib- /`�;;2/ #v K�;M2iB+ i2MbBQM- `2+2/2 7`QK i?2 +2Mi2`c 7Q` i?2 bBKmH�iBQM b?QrM BM 6B;X jXk-

i?2 bT22/ Q7 `2+2bbBQM Bb 0.31 c ≈ √
σw c- bQ i?2 2tT2+i2/ �H7pûM HBKBi Bb b�im`�i2/X aBM+2 r2 mb2

T2`BQ/B+ #QmM/�`v +QM/BiBQMb- i?2 `2+2/BM; 7`QMib K22i �i x = ±1080 c/ωpe �7i2` �#Qmi QM2 �H7pûMB+

+`QbbBM; iBK2 Ub2+QM/ `QrV- �M/ K2`;2 BMiQ � pQHmK2 Q7 T�`iB+H2b �M/ K�;M2iB+ ~mt i?�i +QMiBMm2b

iQ ;`Qr �b `2+QMM2+iBQM T`Q+22/bX �b �MiB+BT�i2/- r2 `272` iQ i?Bb bi`m+im`2 �b i?2 T`BK�`v BbH�M/c

Bi Bb i?2 K�BM bBi2 r?2`2 r2 2ti`�+i Qm` ?2�iBM; K2�bm`2K2Mib- bBM+2 i?Bb Bb r?2`2 T�`iB+H2b 2D2+i2/

7`QK i?2 Qmi~Qr `2;BQM 2p2Mim�HHv 2M/ mTX lT iQ i?2 `mMiBK2b Q7 Qm` bBKmH�iBQMb- i?2 T`BK�`v

BbH�M/ i2M/b iQ K�BMi�BM �M Q#HQM; b?�T2 U2HQM;�i2/ �HQM; xV- � 72�im`2 i?�i Bb KQ`2 T`QKBM2Mi 7Q`

bi`QM;2` ;mB/2 }2H/bX

a2+QM/�`v BbH�M/b- �b QTTQb2/ iQ i?2 T`BK�`v BbH�M/- 7Q`K 7`2[m2MiHv �i HQr βi BM i?2 2t?�mbi

`2;BQM UQ` 2[mBp�H2MiHv- BM i?2 Qmi~Qr `2;BQMVc i?2 7Q`K�iBQM Q7 b2+QM/�`v BbH�M/b Bb bmTT`2bb2/ �i

?B;? βi U.�m;?iQM � E�`BK�#�/B- kyydc lx/2MbFv 2i �HX- kyRyc _aLRdVX q2 }M/ i?�i bBKmH�iBQMb

rBi? ?B;? ;mB/2 }2H/b �`2 +?�`�+i2`Bx2/ #v � `2H�iBp2 �#b2M+2 Q7 b2+QM/�`v BbH�M/b- �b +QKT�`2/ iQ

bBKmH�iBQMb rBi? i?2 b�K2 βi #mi r2�F2` ;mB/2 }2H/bX

h?2 +m``2Mi H�v2` BM ;mB/2 }2H/ `2+QMM2+iBQM Bb +?�`�+i2`Bx2/ #v H27i@`B;?i �M/ iQT@#QiiQK �bvK@

K2i`v- 2bT2+B�HHv BM i?2 2t?�mbi `2;BQM- BKK2/B�i2Hv /QrMbi`2�K Q7 i?2 +2Mi`�H s@TQBMiX 1H2+i`QMb

�M/ T`QiQMb �`2 2D2+i2/ 7`QK i?2 s@TQBMi iQr�`/ /Bz2`2Mi /B`2+iBQMb, 7Q` Qm` K�;M2iB+ ;2QK2i`v-

2H2+i`QMb iQ i?2 mTT2`@H27i �M/ HQr2`@`B;?i [m�/`�Mib- r?2`2�b T`QiQMb �`2 b2Mi iQ i?2 mTT2`@`B;?i

�M/ HQr2`@H27i QM2b Ub22 T�M2Hb 1Ĝ>- r?B+? xQQK BMiQ i?2 +2Mi`�H `2;BQM Q7 T�M2Hb �Ĝ.V Uw2MBi�MB

� >Qb?BMQ- kyy3VX h?2 z@+m``2Mi Ui?B`/ +QHmKMV Bb BM?QKQ;2M2Qmb BM i?2 BKK2/B�i2 /QrMbi`2�K

Ub22 T�M2Hb AĜGVc i?2`2 Bb bQK2 2M?�M+2K2Mi �HQM; i?2 r�HHb Q7 i?2 2t?�mbi U�i i?2 BMi2`7�+2 rBi?

i?2 mTbi`2�KV- BM T�`iB+mH�` �HQM; i?2 /B`2+iBQMb i?�i 2H2+i`QMb H2�p2 i?2 s@TQBMiX

Nj



6B;m`2 jXj, k. THQib U7`QK bBKmH�iBQM b5e-4.bg1 BM h�#X jXRV Q7 U�V `�iBQ Q7 iQT@iQ@iQi�H T�`iB+H2 MmK@
#2` /2MbBiv- U"V i?2 z@+QKTQM2Mi Q7 K�;M2iB+ p2+iQ` TQi2MiB�H- �M/ U*V b2T�`�iBQM BMiQ BbH�M/ Uv2HHQrV-
MQM@BbH�M/ /QrMbi`2�K Ui�MV- �M/ mTbi`2�K UM�pvV `2;BQMbc +2HHb +QMi�BMBM; T�`iB+H2b i?�i �`2 T�`i Q7 i?2
?Qi Qp2`/2Mb2 TQTmH�iBQM H27i Qp2` 7`QK BMBiB�HBx�iBQM �`2 2t+Hm/2/ 7`QK i?2 BbH�M/ `2;BQM- �M/ ivTB+�HHv
`2bB/2 �i i?2 BbH�M/ +Q`2 U;`2v `2;BQM �i i?2 +2Mi2` Q7 i?2 v2HHQr BbH�M/ `2;BQM BM T�M2H *VX AM T�M2H "- irQ
+QMiQm`b +Q``2bTQM/BM; iQ Az = 0.6 �M/ yXd �`2 THQii2/ UbQHB/ #H�+F HBM2bV iQ BHHmbi`�i2 i?2 ivTB+�H b?�T2
Q7 K�;M2iB+ }2H/ HBM2b BM i?2 T`BK�`v BbH�M/ U?2`2- mMBib �`2 �`#Bi`�`vc Az Bb MQ`K�HBx2/ iQ #2 #2ir22M y
�M/ RVX h?2 /�b?2/ r?Bi2 +QMiQm`b BM T�M2H U*V b?Qr i?2 T�`ib Q7 i?2 mTbi`2�K mb2/ iQ K2�bm`2 BM~Qr
[m�MiBiB2bX h?2 v2HHQr `2;BQM i?�i r2 mb2 7Q` i?2 +QKTmi�iBQM Q7 ?2�iBM; 2{+B2M+B2b BM i?2 T`BK�`v BbH�M/
Bb /2}M2/ #v +`Bi2`B� UBV- UBBV �M/ UBBBV /2b+`B#2/ BM i?2 i2tiX

N9



6B;m`2 jX9, hBK2 /2T2M/2M+2 Q7 B``2p2`bB#H2 ?2�iBM; 7`�+iBQMb Mue,irr U#Hm2V �M/ Mui,irr U`2/V 7Q` bBKmH�@
iBQM b3e-2.bg3X h?2 v2HHQr b?�/2/ `2;BQM BM/B+�i2b i?2 iBK2 BMi2`p�H mb2/ iQ +QKTmi2 i?2 iBK2@�p2`�;2/
p�Hm2bX

jX9Xk J2�bm`2K2Mi Q7 T�`iB+H2 ?2�iBM; BM i?2 T`BK�`v BbH�M/

hQ �bb2bb i?2 ?2�iBM; 2{+B2M+v �i H�i2 iBK2b- r2 7Q+mb QM i?2 +?�M;2 BM T�`iB+H2 BMi2`M�H 2M2`;v- �b

T�`iB+H2b i`�p2H 7`QK i?2 BM~Qr `2;BQM UBX2X- i?2 mTbi`2�KV iQ i?2 7�` /QrMbi`2�K- �M/ 2p2Mim�HHv

2Mi2` i?2 T`BK�`v BbH�M/ Ui?2b2 /Bz2`2Mi `2;BQMb �`2 /2}M2/ BM KQ`2 /2i�BH #2HQrVX AMi2`M�H 2M2`;v

�M/ i2KT2`�im`2 BM 2�+? +2HH Q7 i?2 bBKmH�iBQM /QK�BM �`2 +�H+mH�i2/ �b BM _aLRdc ?2`2 r2 #`B2~v

`2pB2r i?2 K2i?Q/- #mi r2 `272` i?2 `2�/2` iQ _aLRd 7Q` KQ`2 /2i�BHbX

h?2 BMi2`M�H 2M2`;v Bb +QKTmi2/ #v i`2�iBM; i?2 TH�bK� �b � T2`72+i- BbQi`QTB+ ~mB/-j r?Qb2

bi`2bb@2M2`;v i2MbQ` Bb,

Tµν
s = (es + ps)U

µ
s U

ν
s − psg

µν , UjXNV

r?2`2 es=nsmsc2 + us, ps, U
µ
s - �M/ gµν �`2 i?2 `2bi@7`�K2 2M2`;v /2MbBiv- T`2bbm`2- /BK2MbBQMH2bb

7Qm`@p2HQ+Biv- �M/ ~�i@bT�+2 JBMFQrbFB K2i`B+- �M/ i?2 bm#b+`BTi s /2MQi2b i?2 T�`iB+H2 bT2+B2bc ns

Bb i?2 `2bi@7`�K2 T�`iB+H2 MmK#2` /2MbBivX 6`QK 1[X UjXNV- i?2 /BK2MbBQMH2bb BMi2`M�H 2M2`;v T2`
jh?Qm;? r2 �bbmK2 BbQi`QTv ?2`2- Qm` K2�bm`2K2Mib �`2 MQi bB;MB}+�MiHv �z2+i2/ #v i?Bb �bbmKTiBQM- �b

r2 /Bb+mbb BM a2+X jX8XeX
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T�`iB+H2 BM i?2 ~mB/ `2bi 7`�K2 υs +�M #2 r`Bii2M �b

υs =
(T 00

s /nsmsc2 − Γs)Γs

1 + γ̂s(υs)(Γ2
s − 1)

. UjXRyV

>2`2-9 T 00
s Bb i?2 H�#@7`�K2 2M2`;v /2MbBiv- ns Bb i?2 H�#@7`�K2 T�`iB+H2 MmK#2` /2MbBiv- Γs Bb i?2

GQ`2Mix 7�+iQ` +QKTmi2/ 7`QK i?2 HQ+�H ~mB/ p2HQ+Biv- γ̂s Bb i?2 �/B�#�iB+ BM/2t- �M/ i?2 bm#b+`BTi

s ∈ {2- B} BM/B+�i2b i?2 ivT2 Q7 T�`iB+H2 U2H2+i`QM Q` T`QiQMVX LQi2 i?�i i?2 �/B�#�iB+ BM/2t γ̂s(υs) Bb

� 7mM+iBQM Q7 i?2 bT2+B}+ BMi2`M�H 2M2`;vX :Bp2M � K�TTBM; #2ir22M i?2 bT2+B}+ BMi2`M�H 2M2`;v �M/

�/B�#�iB+ BM/2t- 1[X UjXRyV +�M #2 bQHp2/ Bi2`�iBp2Hv 7Q` υsX 6Q` �/B�#�iB+ BM/2t- r2 mb2 � 7mM+iBQM

Q7 i?2 7Q`K

γ̂s(υs) =
A+Bυs
C +Dυs

, UjXRRV

r?2`2 A ≈ 1.176, B ≈ 1.258, C ≈ 0.706- �M/ D ≈ 0.942X h?2 MmK2`B+�H +Q2{+B2Mib b�iBb7v

A/C = 5/3 �M/ B/D = 4/3 BM i?2 MQM`2H�iBpBbiB+ Uυs → 0V �M/ mHi`�@`2H�iBpBbiB+ Uυs → ∞V

HBKBib- `2bT2+iBp2Hvc b22 1[X R9 Q7 _aLRd 7Q` �//BiBQM�H /2i�BHbX h?2 �/B�#�iB+ BM/2t BM 1[X U9XNyV

Bb mb2/ iQ +QMp2`i #2ir22M bT2+B}+ /BK2MbBQMH2bb BMi2`M�H 2M2`;v �M/ /BK2MbBQMH2bb i2KT2`�im`2,

θs = [γ̂s(υs)− 1]υsX

AM i?2 7QHHQrBM;- r2 `272` iQ ǳ/QrMbi`2�KǴ �b i?2 +QK#BM�iBQM Q7 i?2 Qmi~Qr `2;BQM �M/ i?2

T`BK�`v BbH�M/X q2 b2H2+i QMHv T�`i Q7 i?2 /QrMbi`2�K iQ +QKTmi2 i?2 H�i2@iBK2 T�`iB+H2 ?2�iBM;- BM

T�`iB+mH�` T�`i Q7 i?2 T`BK�`v BbH�M/- r?B+? Bb 7�` 7`QK i?2 +2Mi`�H s@TQBMiX h?2 `2;BQM Bb b2H2+i2/
9hQ 2KTHQv 1[bX jXN �M/ jXRy- QM2 Kmbi +?QQb2 r?B+? 7`�K2 iQ #QQbi iQc i?2 `2bi@7`�K2 bi`2bb@2M2`;v

i2MbQ` Bb +QKTmi2/ 7`QK i?2 H�#@7`�K2 QM2 pB� GQ`2Mix i`�Mb7Q`K�iBQMb- Tα′β′
= Λα′

µ (vfl)Λβ′

ν (vfl)Tµν - r?2`2
vfl Bb i?2 HQ+�H ~mB/ p2HQ+BivX h?Bb /Q2b MQi M2+2bb�`BHv 2Mbm`2 i?�i T 0′i′ = T i′0′ = 0- bQ r2 ?�p2 i2bi2/ �
KQ`2 T`2+Bb2- �HbQ KQ`2 2tT2MbBp2- +�H+mH�iBQM- BX2X- bQHpBM; 7Q` v 7`QK Tα′β′

= Λα′

µ (v)Λ
β′

ν (v)T
µν - bm#D2+i iQ

i?2 +QMbi`�BMib T 0′i′ = T i′0′ = 0 U#v bvKK2i`v Q7 i?2 bi`2bb@2M2`;v i2MbQ`- i?2b2 �`2 i?`22 2[m�iBQMbVX h?2
bQHmiBQM Q7 i?2b2 2[m�iBQMb vB2H/b � #QQbi Λ(v) r?B+? 2Mbm`2b T 0′i′ = 0X >Qr2p2`- r?2i?2` r2 #QQbi iQ i?2
7`�K2 /2}M2/ #v vfl Q` v- Qm` `2bmHib �`2 mM+?�M;2/X

Ne



#�b2/ QM i?`22 +`Bi2`B�, UBV i?2 KBtBM; #2ir22M T�`iB+H2b Q`B;BM�iBM; 7`QK i?2 iQT Uy > 0V �M/

#QiiQK Uy < 0V Q7 i?2 /QK�BM Kmbi 2t+22/ � +?Qb2M i?`2b?QH/ U�M/ #2 H2bb i?�M i?2 +QKTH2K2Mi�`v

i?`2b?QH/V, dth < ntop/ntot < 1−dth U_aLRdV- UBBV i?2 z@+QKTQM2Mi Q7 i?2 K�;M2iB+ p2+iQ` TQi2MiB�H

Kmbi 2t+22/ � p�Hm2- Az > Az,th- r?B+? Bb `2H�i2/ iQ i?2 KBtBM; i?`2b?QH/ B/2MiB}2/ BM UBV UGB 2i �HX-

kyRd#c "�HH 2i �HX- kyR3V- �M/ UBBBV +2HHb +QMi�BMBM; T�`iB+H2b i?�i r2`2 T�`i Q7 i?2 ?Qi- Qp2`/2Mb2

TQTmH�iBQM BMBiB�HBx2/ BM i?2 +m``2Mi b?22i Ub22 a2+X jXjV �`2 2t+Hm/2/- bBM+2 i?2B` T`QT2`iB2b /2T2M/

QM �`#Bi`�`v +?QB+2b �i BMBiB�HBx�iBQMX h?2 mb2 Q7 i?2 �#Qp2 +`Bi2`B� 7Q` b2H2+iBQM Q7 i?2 ǳBbH�M/Ǵ

`2;BQM Bb BHHmbi`�i2/ BM 6B;X jXjX S�M2H � b?Qrb i?2 `�iBQ Q7 /2MbBiv Q7 T�`iB+H2b Q`B;BM�iBM; 7`QK

i?2 iQT Q7 i?2 /QK�BM- ntop- iQ i?2 iQi�H /2MbBiv ntotX h?2 T�`i Q7 i?2 /QrMbi`2�K i?�i ?�b KBt2/-

�++Q`/BM; iQ UBV �#Qp2- Bb b?QrM BM T�M2H * #v i?2 +QK#BM�iBQM Q7 ;`2v- v2HHQr �M/ i�M `2;BQMbX

hQ b2H2+i i?2 BbH�M/ �`2�- r?B+? Bb � bm#b2i Q7 i?2 KBt2/ `2;BQM- r2 }M/ +2HHb �i i?2 #QmM/�`v

x = ±1080 c/ωpe i?�i b�iBb7v dth < ntop/ntot < 1 − dth- �M/ Q7 i?Qb2 +2HHb- r2 b2H2+i i?2 QM2b �i

i?2 mTT2` �M/ HQr2` 2/;2b Q7 i?2 BbH�M/ U�HQM; ±yVX AM i?2b2 +2HHb- r2 +QKTmi2 i?2 �p2`�;2 p�Hm2

Q7 i?2 p2+iQ` TQi2MiB�H Az,th- iQ b2`p2 �b � b2+QM/ i?`2b?QH/ 7Q` b2H2+iBQM Q7 i?2 BbH�M/ `2;BQM UT�M2H

"VX h?2 BbH�M/ +2HHb �`2 i?2M B/2MiB}2/ �b i?Qb2 r?2`2 i?2`2 Bb bm{+B2Mi KBtBM; U+`Bi2`BQM UBVV- �M/

r?2`2 Az > Az,th U+`Bi2`BQM UBBVVX q2 �HbQ BKTQb2 � bi`B+i bT�iB�H +miQz QM i?2 BbH�M/ `2;BQM- iQ

2Mbm`2 i?�i Bi Bb /BbiBM+i 7`QK i?2 2t?�mbi 2p2M �i H�i2 iBK2b Ub22 _aLRd 7Q` /2i�BHbVX h?Bb +`Bi2`BQM

+Q``2bTQM/b BM T�M2H * Q7 6B;X jXj iQ 2t+Hm/BM; i?2 i�M `2;BQMb �i |x|< 430 c/ωpeX 6BM�HHv- 7`QK

i?2 BbH�M/ `2;BQM- r2 2t+Hm/2 �Mv +2HHb r?2`2 i?2 /2MbBiv Q7 i?2 ?Qi- Qp2`/2Mb2 T�`iB+H2b mb2/ 7Q`

BMBiB�HBx�iBQM Ub22 a2+X jXjV Bb ;`2�i2` i?�M x2`Q U+`Bi2`BQM UBBBVV- bQ i?�i i?2 K2�bm`2/ ?2�iBM; /Q2b

MQi /2T2M/ QM T�`iB+H2b r?Qb2 T`QT2`iB2b �`2 b2i #v ?�M/ �b BMBiB�H +QM/BiBQMbX h?2b2 BMBiB�H T�`iB+H2b

;2M2`�HHv `2bB/2 BM i?2 BbH�M/ +2Mi2` Ub22 i?2 ;`2v +Q`2 BM T�M2H *VX h?2 `2;BQM i?�i b�iBb}2b �HH Qm`

+`Bi2`B� Ur?B+? r2 b?�HH +�HH ǳBbH�M/ `2;BQMǴ 7Q` #`2pBivV Bb b?QrM BM T�M2H * Q7 6B;X jXj �b i?2 v2HHQr

�`2�X

Nd



h?2 K2i?Q/ Q7 BbH�M/ b2H2+iBQM QmiHBM2/ ?2`2 Bb � `Q#mbi �M/ +QMbBbi2Mi r�v Q7 b2H2+iBM; +2HHb

i?�i �`2 7�` /QrMbi`2�K Q7 i?2 +2Mi`�H s@TQBMi- 7Q` �HH ;mB/2 }2H/ bi`2M;i?b r2 +QMbB/2`- �M/ Bi Bb

`2H�iBp2Hv BMb2MbBiBp2 iQ i?2 +?QB+2 Q7 i?`2b?QH/ p�Hm2 dthX 6Q` 2t�KTH2- Az,th /Bz2`b #v MQ KQ`2

i?�M 10% 7Q` dth BM i?2 `�M;2 0.003Ĝ0.3c i?2 Qp2`�HH K2�bm`2/ p�Hm2b Q7 T�`iB+H2 ?2�iBM; BM i?2

BbH�M/ b?Qr +QKT�`�#H2 b2MbBiBpBiv iQ i?2 +?QB+2 Q7 dth- �i � H2p2H Q7 �`QmM/ 15% 7Q` dth BM i?2 `�M;2

0.003Ĝ0.3X 6Q` BbH�M/ b2H2+iBQM- r2 }M/ i?�i dth = 0.3 Bb bmBi�#H2X

hQ �bb2bb T�`iB+H2 ?2�iBM;- r2 K2�bm`2 i?2 +?�M;2 BM T�`iB+H2 BMi2`M�H 2M2`;B2b- �b i?2v i`�p2H

7`QK i?2 BM~Qr iQ i?2 BbH�M/ `2;BQM U/2b+`B#2/ �#Qp2VX h?2 mTbi`2�K `2;BQM Bb /2}M2/ bm+? i?�i

ntop/ntot < dth,up Q` ntop/ntot > 1− dth,up UbQ- � +QKTH2K2Mi�`v /2}MBiBQM iQ i?2 KBtBM; +`Bi2`BQM

UBV �#Qp2VX q2 2KTHQv � i?`2b?QH/ p�Hm2 dth,up = 3 × 10−5c i?2 7�+i i?�i dth,up < dth T`QpB/2b �

i?BM U∼72r c/ωpeV #mz2` `2;BQM #2ir22M i?2 /QrMbi`2�K Ui�M �M/ v2HHQr �`2�b +QK#BM2/ BM T�M2H

* Q7 6B;X jXjV �M/ i?2 mTbi`2�K UM�pv `2;BQM BM T�M2H * Q7 6B;X jXjVX q2 7m`i?2` b2H2+i QMHv i?Qb2

mTbi`2�K +2HHb HvBM; rBi?BM ±100 c/ωpe Q7 y = 0 U�b /2HBKBi2/ #v i?2 /�b?2/ r?Bi2 +QMiQm`b BM T�M2H

* Q7 6B;X jXjVX

qBi? i?2 BM~Qr �M/ BbH�M/ `2;BQMb bmBi�#Hv B/2MiB}2/- Qp2`�HH ?2�iBM; 7`�+iBQMb +�M #2 +QKTmi2/

�b i?2 /Bz2`2M+2 #2ir22M i?2 /BK2MbBQMH2bb BMi2`M�H 2M2`;B2b BM i?2 BbH�M/ �M/ BM~Qr `2;BQMb- MQ`@

K�HBx2/ iQ i?2 BM~QrBM; K�;M2iB+ 2M2`;v T2` T�`iB+H2 Ua?�v 2i �HX- kyR9c _aLRdV,

Mue,tot ≡
υe,isl − υe,up
σimi/me

, UjXRkV

Mui,tot ≡
υi,isl − υi,up

σi
. UjXRjV

h?2b2 /BK2MbBQMH2bb `�iBQb BM/B+�i2 i?2 7`�+iBQM Q7 K�;M2iB+ 2M2`;v T2` T�`iB+H2 BM i?2 BM~Qr i?�i

Bb +QMp2`i2/ iQ T�`iB+H2 ?2�iBM;- #v i?2 iBK2 i?2 T�`iB+H2 `2�+?2b i?2 BbH�M/- 7�` /QrMbi`2�K Q7 i?2

+2Mi`�H s@TQBMiX �b BM _aLRd- i?2 ?2�iBM; 7`�+iBQMb BM 1[bX jXRk �M/ jXRj +�M #2 /2+QKTQb2/ BMiQ

N3



�/B�#�iB+@+QKT`2bbBp2 �M/ B``2p2`bB#H2 +QKTQM2Mib-

Mue,tot = Mue,ad +Mue,irr, UjXR9V

Mui,tot = Mui,ad +Mui,irr. UjXR8V

h?2 �/B�#�iB+ ?2�iBM; 7`�+iBQMb `2T`2b2Mi i?2 ?2�iBM; i?�i `2bmHib bQH2Hv 7`QK �M BM+`2�b2 BM BMi2`M�H

2M2`;v /m2 iQ �/B�#�iB+ +QKT`2bbBQM Q7 i?2 TH�bK� �b Bi i`�p2Hb 7`QK i?2 BM~Qr iQ i?2 BbH�M/c 7Q`

2H2+i`QMb- i?2 �/B�#�iB+ ?2�iBM; 7`�+iBQM Bb �TT`QtBK�i2Hv8 U_aLRdV

Mue,ad ≈ 1

2
βi
Te0

Ti0

[(
nisl

n0

)γ̂e−1

− 1

]
. UjXReV

r?2`2 nisl Bb i?2 ivTB+�H 2H2+i`QM /2MbBiv BM i?2 BbH�M/X h?2 B``2p2`bB#H2 ?2�iBM; 7`�+iBQMb �`2 �bbQ@

+B�i2/ rBi? � ;2MmBM2 BM+`2�b2 BM i?2 2Mi`QTv Q7 i?2 T�`iB+H2b- �M/ �`2 Q7 T`BK�`v BMi2`2bi iQ mbX

h?2 K2�bm`2/ ?2�iBM; 7`�+iBQMb r2 T`2b2Mi BM a2+X jX8 �`2 ivTB+�HHv iBK2@�p2`�;2/ Qp2` QM2 �H7pûMB+

+`QbbBM; iBK2 U≈ 7100ω−1
pe VX

� `2T`2b2Mi�iBp2 i2KTQ`�H 2pQHmiBQM Q7 2H2+i`QM �M/ T`QiQM B``2p2`bB#H2 ?2�iBM; 7`�+iBQMb- Mue,irr

�M/ Mui,irr- Bb b?QrM BM 6B;X jX9X h?2 iBK2 2pQHmiBQM Q7 i?2 ?2�iBM; 7`�+iBQMb Bb b?QrM 7`QK t/ tA = 0

iQ t/ tA ≈ 3.5c �i H�i2 iBK2b- i?2 ?2�iBM; 7`�+iBQMb �+?B2p2 � bi2�/v bi�i2 UBX2X- #Qi? i?2 2H2+i`QM �M/

T`QiQM B``2p2`bB#H2 ?2�iBM; 7`�+iBQMb �`2 `2H�iBp2Hv ~�i �7i2` t/ tA ≈ 2.5VX hBK2@�p2`�;2/ ?2�iBM;

7`�+iBQMb �`2 +QKTmi2/ /m`BM; i?Bb bi2�/v bi�i2c i?2 TQBMib mb2/ 7Q` iBK2@�p2`�;BM; �`2 BM/B+�i2/

#v i?2 b?�/2/ `2;BQM BM 6B;X jX9X
8h?Bb Bb �M �TT`QtBK�iBQM #2+�mb2 1[X UjXReV �bbmK2b � +QMbi�Mi �/B�#�iB+ BM/2t γ̂ec BM `2�HBiv- r?2M

+�H+mH�iBM; Mue,ad- r2 T`QT2`Hv �++QmMi 7Q` i?2 TQbbB#BHBiv Q7 � +?�M;BM; �/B�#�iB+ BM/2t- �b Bb �TT`QT`B�i2
7Q` 2H2+i`QMb i?�i bi�`i MQM`2H�iBpBbiB+ BM i?2 mTbi`2�K- #mi �`2 ?2�i2/ iQ mHi`�@`2H�iBpBbiB+ i2KT2`�im`2b #v
i?2 iBK2 i?2v `2�+? i?2 BbH�M/X

NN



jX8 _2bmHib

AM i?Bb b2+iBQM- r2 /Bb+mbb Qm` K2�bm`2K2Mib Q7 2H2+i`QM �M/ T`QiQM ?2�iBM; BM i?2 T`BK�`v BbH�M/-

�M/ i?2B` /2T2M/2M+2 QM ;mB/2 }2H/ bi`2M;i? bg �M/ mTbi`2�K T`QiQM@βiX AM a2+X jX8XR- r2 7Q+mb QM

QM2 HQr �M/ QM2 ?B;? βi +�b2- �M/ 2tTHQ`2 i?2 2z2+i Q7 ;mB/2 }2H/ bi`2M;i?b bg BM i?2 `�M;2 yXjĜeX

L2ti- BM a2+X jX8Xk- r2 b?Qr i?2 /2T2M/2M+2 Q7 i?2 `2+QMM2+iBQM `�i2 QM βi �M/ i?2 ;mB/2 }2H/X

AM a2+X jX8Xj- r2 T`2b2Mi +QKT`2?2MbBp2 `2bmHib Q7 2H2+i`QM �M/ T`QiQM ?2�iBM;- 2ti`�+i2/ 7`QK �

bmBi2 Q7 bBKmH�iBQMb i?�i bT�M i?2 r?QH2 T�`�K2i2` bT�+2 bg = yĜe �M/ βi = 5× 10−4Ĝ2X >2`2- r2

7Q+mb QM i?2 +�b2 Q7 2[m�H BMBiB�H 2H2+i`QM �M/ T`QiQM i2KT2`�im`2b BM i?2 mTbi`2�K- Te0/Ti0 = 1X

6Q` i?2b2 bBKmH�iBQMb- i?2 K�;M2iBx�iBQM Bb σw = 0.1X AM a2+X jX8X9- r2 T`2b2Mi b2p2`�H `2bmHib Q7

B``2p2`bB#H2 2H2+i`QM ?2�iBM; 7`QK bBKmH�iBQMb rBi? i2KT2`�im`2 `�iBQb BM i?2 `�M;2 Te0/Ti0 = 0.1Ĝ1-

�b r2HH �b b2p2`�H +�b2b rBi? σw = 1X L2ti- BM a2+X jX8X8- r2 � T`QpB/2 � }iiBM; 7mM+iBQM 7Q` i?2

2H2+i`QM B``2p2`bB#H2 ?2�iBM; 2{+B2M+v- #�b2/ QM i?2 bBKmH�iBQM `2bmHib T`2b2Mi2/ BM a2+bX jX8Xj �M/

jX8X9X h?2M- BM a2+X jX8Xe- r2 /Bb+mbb i?2 /2;`22 Q7 �MBbQi`QTv BM i?2 T�`iB+H2 /Bbi`B#miBQM U�b �

7mM+iBQM Q7 bg �M/ βiV- �M/ Bib 2z2+i QM i?2 �++m`�+v Q7 Qm` `2bmHibX G�biHv- BM a2+X jX8Xd- r2 /Bb+mbb

�M �TTHB+�iBQM Q7 i?2 ;mB/BM;@+2Mi2` 7Q`K�HBbK iQ /Bbb2+i i?2 K2+?�MBbKb `2bTQMbB#H2 7Q` 2H2+i`QM

?2�iBM; �i HQr βiX

jX8XR 1H2+i`QM �M/ T`QiQM ?2�iBM;, r2�F pbX bi`QM; ;mB/2 }2H/

1H2+i`QM �M/ T`QiQM ?2�iBM; pB� `2+QMM2+iBQM b?Qrb bm#bi�MiB�H /Bz2`2M+2b BM i?2 HBKBib Q7 bi`QM;

�M/ r2�F ;mB/2 }2H/X 6B;X jX8 b?Qrb k. bM�Tb?Qib �i t/ tA = 2.7 Q7 2H2+i`QM UT�M2Hb �Ĝ*V �M/ T`QiQM

UT�M2Hb .Ĝ6V i2KT2`�im`2-e �M/ +Q``2bTQM/BM; R. T`Q}H2b UT�M2Hb :ĜAV- 7Q` i?`22 bBKmH�iBQMb rBi?

� `2H�iBp2Hv HQr βi = 0.03 �M/ ;mB/2 }2H/ bi`2M;i?b bg = 0.3, 1, �M/ 6- BM+`2�bBM; 7`QK H27i iQ `B;?iX

h?2 bBKmH�iBQMb ?2`2 +Q``2bTQM/ iQ `mMb b3e-2.bg3e-1- b3e-2.bg1- �M/ b3e-2.bg6 BM h�#X jXRX
e>2`2- r2 T?`�b2 Qm` `2bmHib BM i2`Kb Q7 i2KT2`�im`2- `�i?2` i?�M BMi2`M�H 2M2`;vc ?Qr2p2`- bBKBH�`

+QM+HmbBQMb ?QH/ `2;�`/H2bb Q7 r?B+? [m�MiBiv Bb +QMbB/2`2/ UBM i?Bb b2+iBQM �b r2HH �b BM i?2 `2bi Q7 i?2
T�T2`VX

Ryy



6B;m`2 jX8, *QKT�`BbQM Q7 2H2+i`QM �M/ T`QiQM ?2�iBM; 7Q` ;mB/2 }2H/b bg = 0.3 U}`bi +QHmKMV- bg = 1
Ub2+QM/ +QHmKMV- �M/ bg = 6 Ui?B`/ +QHmKMVc βi ≈ 0.03 7Q` i?2b2 bBKmH�iBQMb- r?B+? +Q``2bTQM/ iQ b3e-
2.bg3e-1- b3e-2.bg1- �M/ b3e-2.bg6 BM h�#X jXRX h?2 }`bi- b2+QM/- �M/ i?B`/ `Qrb b?Qr k. THQib Q7
2H2+i`QM i2KT2`�im`2- k. THQib Q7 T`QiQM i2KT2`�im`2- �M/ R. T`Q}H2b U�p2`�;2/ �HQM; y- 7Q` +2HHb BM i?2
/QrMbi`2�KV Q7 2H2+i`QM U#Hm2V �M/ T`QiQM U`2/V i2KT2`�im`2X AM i?2 #QiiQK `Qr- i?2 /�b?2/ #H�+F HBM2
b?Qrb i?2 BMBiB�H i2KT2`�im`2 BM i?2 mTbi`2�KX o2`iB+�H +v�M /�b?2/ HBM2b BM/B+�i2 i?2 x #QmM/�`B2b Q7
i?2 BbH�M/ `2;BQMc MQ +2HHb #2ir22M i?2 +v�M HBM2b �`2 +QmMi2/ �b T�`i Q7 i?2 BbH�M/ `2;BQMX LQi2 i?�i i?2
2H2+i`QM �M/ T`QiQM i2KT2`�im`2b �`2 #Qi? MQ`K�HBx2/ iQ mic2X h?2 bM�Tb?Qib �`2 b?QrM �i iBK2 t/ tA =
2.7 U2[mBp�H2MiHv- tωpe ≈ 2× 104VX R. T`Q}H2b �`2 bHB;?iHv bKQQi?2/ 7Q` +H�`BivX �M �MBK�i2/ p2`bBQM Q7 i?Bb
};m`2 Bb �p�BH�#H2 7`QK i?2 QMHBM2 DQm`M�HX

RyR



6B;m`2 jXe, h?2 H�vQmi Bb bBKBH�` iQ 6B;X jX8X *QKT�`BbQM Q7 2H2+i`QM �M/ T`QiQM ?2�iBM; 7Q` ;mB/2 }2H/b
bg = 0.3 U}`bi +QHmKMV- bg = 1 Ub2+QM/ +QHmKMV- �M/ bg = 6 Ui?B`/ +QHmKMV- #mi 7Q` βi ≈ 2c i?2b2 �`2
bBKmH�iBQMb b2.bg3e-1- b2.bg1- �M/ b2.bg6 BM h�#X jXRX h?2 }`bi- b2+QM/- �M/ i?B`/ `Qrb b?Qr k. THQib
Q7 2H2+i`QM i2KT2`�im`2- k. THQib Q7 T`QiQM i2KT2`�im`2- �M/ R. T`Q}H2b Q7 2H2+i`QM U#Hm2V �M/ T`QiQM
U`2/V i2KT2`�im`2c ?2`2- i2KT2`�im`2b �`2 MQ`K�HBx2/ iQ mic2X h?2 K2�MBM; Q7 /�b?2/ #H�+F �M/ +v�M
HBM2b Bb �b BM 6B;X jX8X h?2 bM�Tb?Qib �`2 �i iBK2 t/ tA = 3.1 Utωpe ≈ 2.2 × 104VX R. T`Q}H2b �`2 bHB;?iHv
bKQQi?2/ 7Q` +H�`BivX �M �MBK�i2/ p2`bBQM Q7 i?Bb };m`2 Bb �p�BH�#H2 7`QK i?2 QMHBM2 DQm`M�HX

Ryk



h?2 }`bi �M/ b2+QM/ `Qrb b?Qr i?2 bT�iB�H /2T2M/2M+2 Q7 2H2+i`QM UT�M2Hb �Ĝ*V �M/ T`QiQM

UT�M2Hb .Ĝ6V ?2�iBM;X �i HQr bg U`mM b3e-2.bg3e-1V- i?2 2H2+i`QM �M/ T`QiQM i2KT2`�im`2b �`2

`2H�iBp2Hv mMB7Q`K BM i?2 2t?�mbi �M/ BbH�M/ `2;BQMbX 6Q` BMi2`K2/B�i2 ;mB/2 }2H/ bi`2M;i?b U`mM b3e-

2.bg1V- i?2 2H2+i`QM �M/ T`QiQM ?2�iBM; Bb H2bb mMB7Q`K BM i?2 BbH�M/- �M/ b?Qrb K�`F2/ � �bvKK2i`v

BM i?2 2t?�mbi `2;BQM Ub22 T�M2Hb " �M/ 1- BM #2ir22M i?2 +v�M HBM2bVX 6Q` i?2 bi`QM; ;mB/2 }2H/ +�b2

U`mM b3e-2.bg6V- 2H2+i`QMb `2�+? � K�tBKmK i2KT2`�im`2 Q7 `Qm;?Hv kBTe/mic2 ≈ 0.02 �HQM; i?2

mTT2`@H27i �M/ HQr2`@`B;?i 2/;2b Q7 i?2 Qmi~Qrc QM i?2 Qi?2` ?�M/- T`QiQM ?2�iBM; �HQM; i?2 2t?�mbi

Bb 2bb2MiB�HHv BbQH�i2/ iQ i?2 mTT2`@`B;?i �M/ HQr2`@H27i 2/;2bX h?`Qm;?Qmi i?2 2MiB`2 /QrMbi`2�K

U7Q` `mM b3e-2.bg6V- i?2 T`QiQM i2KT2`�im`2 `�`2Hv 2t+22/b kBTi/mic2 ≈ 5× 10−3X

h?2 k. THQib BM T�M2Hb �Ĝ6 �HbQ BHHmbi`�i2 i?�i i?2 T`BK�`v BbH�M/ #2+QK2b KQ`2 Q#HQM; rBi?

BM+`2�bBM; ;mB/2 }2H/X 6Q` bg = 0.3- i?2 �bT2+i `�iBQ Q7 i?2 BbH�M/ UH2M;i? �HQM; i?2 H�v2` iQ rB/i?

Q`i?Q;QM�H iQ BiV Bb �#Qmi 7 : 4- r?2`2�b �i bg = 6- Bi Bb irB+2 �b H�`;2- 7 : 2X AM i?2 +�b2b rBi?

bi`QM; ;mB/2 }2H/ i?2 T`BK�`v BbH�M/b /Q MQi +B`+mH�`Bx2 mT iQ i?2 `mM iBK2b Q7 Qm` bBKmH�iBQMbX

h?2 #QiiQK `Qr Q7 6B;X jX8 b?Qrb i?2 R. T`Q}H2b Q7 2H2+i`QM U#Hm2V �M/ T`QiQM U`2/V i2KT2`�im`2b-

#Qi? BM mMBib Q7 mic2- �p2`�;2/ �HQM; y 7Q` +2HHb rBi?BM i?2 /QrMbi`2�K `2;BQM UBM+Hm/BM; i?2 v2HHQr

�M/ i�M `2;BQMb BM T�M2H * Q7 6B;X jXj- �M/ 2t+Hm/BM; i?2 ;`2v �`2� BM i?2 BbH�M/ +Q`2 i?�i +QMi�BMb

T�`iB+H2b H27i Qp2` 7`QK BMBiB�HBx�iBQMVX h?2 2/;2b Q7 i?2 T`BK�`v BbH�M/ �`2 b?QrM #v p2`iB+�H

+v�M HBM2bX >Q`BxQMi�H #H�+F /�b?2/ HBM2b BM/B+�i2 i?2 BMBiB�H i2KT2`�im`2 Q7 T�`iB+H2b BM i?2 7�`

mTbi`2�KX AM i?2 r2�F ;mB/2 }2H/ +�b2 bg = 0.3 UT�M2H :V- T`QiQMb �`2 ?2�i2/ bm#bi�MiB�HHv KQ`2

i?�M 2H2+i`QMb- bBKBH�` iQ i?2 +�b2 Q7 �MiBT�`�HH2H `2+QMM2+iBQM Ub22 J2Hx�MB 2i �HX UkyR9V- q2`M2`

2i �HX UkyReV- _aLRdVX �b i?2 bi`2M;i? Q7 i?2 ;mB/2 }2H/ BM+`2�b2b UT�M2Hb > �M/ AV- T`QiQM ?2�iBM;

BM #Qi? i?2 2t?�mbi `2;BQM �M/ i?2 T`BK�`v BbH�M/ Bb bi`QM;Hv bmTT`2bb2/X h?2 2H2+i`QM i2KT2`�im`2-

QM i?2 Qi?2` ?�M/- Bb H�`;2Hv mM�z2+i2/c 7Q` bg = 0.3, 1, �M/ 6- i?2 2H2+i`QM i2KT2`�im`2 BM i?2 BbH�M/

Bb �Hr�vb �`QmM/ kBTe/mic2 ≈ 5× 10−3X
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6B;m`2 jXd, _2+QMM2+iBQM `�i2- BX2X- i?2 mTbi`2�K BM~Qr p2HQ+Biv BM mMBib Q7 i?2 �H7pûM p2HQ+Biv- 7Q` i?2
K�BM bBKmH�iBQMb BM h�#X jXRX "Hm2- ;`22M- `2/- Tm`TH2- v2HHQr- �M/ i2�H TQBMib BM/B+�i2 bBKmH�iBQMb rBi?
;mB/2 }2H/b 0, 0.3, 0.6, 1, 3- �M/ 6 UbQHB/ HBM2b �`2 BM+Hm/2/ iQ ;mB/2 i?2 2v2VX h?2 BM~Qr p2HQ+Biv Bb �p2`�;2/
BM iBK2 7`QK t/ tA ≈ 0.7 iQ 1 Utωpe 7`QK 8yyy iQ dRyyV- �M/ bT�iB�HHv Qp2` i?2 mTbi`2�K `2;BQM UbBKBH�` iQ
r?�i Bb /2HBKBi2/ BM 6B;X jXj #v i?2 /�b?2/ r?Bi2 HBM2b- #mi b22 i2ti 7Q` /2i�BHbVX

6B;X jXe Bb bBKBH�` iQ 6B;X jX8- #mi +Q``2bTQM/b iQ � b2i Q7 bBKmH�iBQMb rBi? βi = 2 U`mMb b2.bg3e-

1- b2.bg1- �M/ b2.bg6 BM h�#X jXRVX �b r2 /Bb+mbb #2HQr- i?Bb p�Hm2 Q7 βi = 2 Bb +HQb2 iQ βi,max = 2.5

Ub22 1[X UjXR3VV- BKTHBvBM; i?�i 2H2+i`QMb �M/ T`QiQMb #Qi? bi�`i rBi? `2H�iBpBbiB+ i2KT2`�im`2bX AM

bi�`F +QMi`�bi iQ i?2 HQr βi +�b2- �i βi = 2 i?2 2H2+i`QM �M/ T`QiQM i2KT2`�im`2b BM i?2 BbH�M/ `2;BQM

�`2 `Qm;?Hv 2[m�H- `2;�`/H2bb Q7 i?2 ;mB/2 }2H/ bi`2M;i? Ubg = 0.3Ĝ6VX aiBHH- i?2 k. i2KT2`�im`2

bi`m+im`2 rBi?BM i?2 BbH�M/ /Bz2`b #2ir22M HQr �M/ ?B;? ;mB/2 }2H/ +�b2bX �i ?B;? βi �M/ HQr Q`

BMi2`K2/B�i2 ;mB/2 }2H/ U`mMb b2.bg3e-1 �M/ `mM b2.bg1V- i?2 2H2+i`QM �M/ T`QiQM i2KT2`�im`2b

BM i?2 BbH�M/ �`2 ivTB+�HHv mMB7Q`K UbBKBH�` iQ i?2 HQr βi- HQr bg +�b2 BM T�M2Hb � �M/ . Q7 6B;X jX8VX

>Qr2p2`- �i ?B;? βi �M/ ?B;? ;mB/2 }2H/ U`mM b2.bg6V- i?2 2H2+i`QM �M/ T`QiQM i2KT2`�im`2b �`2

H2bb mMB7Q`K U`2H�iBp2 iQ `mMb b2.bg3e-1 �M/ b2.bg1c b22 T�M2Hb * �M/ 6 Q7 6B;X jX8V- rBi? 2H2+i`QM

�M/ T`QiQM i2KT2`�im`2b ;`2�i2bi M2�` i?2 BMi2`7�+2b #2ir22M i?2 T`BK�`v BbH�M/ �M/ i?2 Qmi~Qrb

UBX2X- x = ±700 c/ωpeVX
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jX8Xk _2+QMM2+iBQM `�i2

6B;X jXd b?Qrb i?2 βi �M/ bg /2T2M/2M+2 Q7 i?2 `2+QMM2+iBQM `�i2- |vin|/vAX h?2 BM~Qr bT22/ |vin|

Bb +QKTmi2/ �b � bT�iB�H �p2`�;2 Qp2` � bT2+B}+ `2;BQM Q7 i?2 mTbi`2�K-d �M/ i2KTQ`�H �p2`�;2

7`QK t/ tA ≈ 0.7 iQ 1 Ur?2M `2+QMM2+iBQM Bb `Qm;?Hv BM bi2�/v bi�i2VX 1�+? TQBMi +Q``2bTQM/b iQ

i?2 K2�bm`2K2Mi 7`QK � /Bz2`2Mi bBKmH�iBQM- �M/ i?Qb2 rBi? i?2 b�K2 ;mB/2 }2H/ bi`2M;i? bg �`2

+QMM2+i2/ #v � bQHB/ HBM2X 6Q` i?2b2 bBKmH�iBQMb- mi/me = 1836- Te0/Ti0 = 1- �M/ σw = 0.1X

AM KQbi +�b2b- `2+QMM2+iBQM T`Q+22/b �i Q` #2HQr i?2 p�Hm2 Q7i2M `2TQ`i2/ BM i?2 HBi2`�im`2- BX2X

|vin|/vA ! 0.1 U*�bb�F 2i �HX- kyRdVc ?Qr2p2`- 7Q` HQr βi �M/ r2�F ;mB/2 }2H/ Ubg ! 0.3V- i?2

`2+QMM2+iBQM `�i2 2t+22/b i?Bb }/m+B�H p�Hm2- rBi? |vin|/vA BM i?2 `�M;2 yXRĜyXR8X 6Q` bg ! 0.3-

i?2 `2+QMM2+iBQM `�i2 b?Qrb � `2H�iBp2Hv r2�F b+�HBM; rBi? βi- /2+`2�bBM; 7`QK |vin|/vA ≈ 0.1Ĝ0.15

iQ |vin|/vA ≈ 0.05- QMHv � 7�+iQ` Q7 kĜj- �b βi BM+`2�b2b 7`QK 5 × 10−4 iQ 2 ULmK�i� � GQm`2B`Q-

kyR8- _aLRd- "�HH 2i �HX- kyR3VX 6Q` ;mB/2 }2H/b bg " 1- i?2 βi /2T2M/2M+2 Q7 i?2 `2+QMM2+iBQM

`�i2 Bb 2p2M r2�F2`- �M/ |vin|/vA ivTB+�HHv p�`B2b 7`QK yXyR iQ yXydX q2 }M/ i?�i i?2 T`2b2M+2 Q7

� ;mB/2 }2H/ i2M/b iQ bmTT`2bb i?2 `2+QMM2+iBQM `�i2- r?B+? Bb � /2T2M/2M+2 bBKBH�` iQ i?�i 7QmM/

#v J2Hx�MB 2i �HX UkyR9V 7Q` 2H2+i`QM@BQM `2H�iBpBbiB+ `2+QMM2+iBQM- _B++B 2i �HX UkyyjV- >m#� Ukyy8V-

h2M"�`;2 2i �HX UkyRjV- �M/ GBm 2i �HX UkyR9V 7Q` 2H2+i`QM@BQM MQM`2H�iBpBbiB+ `2+QMM2+iBQM- �M/ >2bb2

� w2MBi�MB UkyydV �M/ q2`M2` � lx/2MbFv UkyRdV 7Q` 2H2+i`QM@TQbBi`QM TH�bK�X h?2 /2+`2�b2 BM

i?2 `2+QMM2+iBQM `�i2 rBi? bg Bb KQ`2 T`QMQmM+2/ �i HQr2` p�Hm2b Q7 βiX

jX8Xj 1H2+i`QM �M/ T`QiQM ?2�iBM;, bg �M/ βi /2T2M/2M+2

6B;X jX3 b?Qrb i?2 bg �M/ βi /2T2M/2M+2 Q7 2H2+i`QM UT�M2H �V �M/ T`QiQM UT�M2H "V /BK2MbBQMH2bb

i2KT2`�im`2X 1�+? bQHB/ HBM2 b?Qrb i?2 pQHmK2@�p2`�;2/ i2KT2`�im`2 BM i?2 BbH�M/ 7Q` � b2i Q7

bBKmH�iBQMb rBi? i?2 b�K2 p�Hm2 Q7 bg- �M/ i?2 #H�+F /B�KQM/b- +QMM2+i2/ rBi? � /�b?2/ HBM2-

b?Qr i?2 mTbi`2�K i2KT2`�im`2 7Q` 2�+? p�Hm2 Q7 βi U7Q` bBKmH�iBQMb rBi? }t2/ βi- i?2 mTbi`2�K
daT2+B}+�HHv- BM i?2 `2;BQM r?2`2 100 c/ωpe < |y|< 120 c/ωpe �M/ |x|< 360 c/ωpeX
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6B;m`2 jX3, .BK2MbBQMH2bb U�V 2H2+i`QM �M/ U"V T`QiQM i2KT2`�im`2b- BM mMBib Q7 mec2 �M/ mic2- `2@
bT2+iBp2Hv- K2�bm`2/ BM i?2 BbH�M/ `2;BQM Uv2HHQr `2;BQM BM 6B;X jXjVX h?2 +QHQ` b+?2K2 Bb i?2 b�K2 �b BM
6B;X jXd- rBi? /Bz2`2Mi +QHQ`b BM/B+�iBM; bBKmH�iBQMb rBi? /Bz2`2Mi ;mB/2 }2H/ bi`2M;i?X h?2 #H�+F /B�KQM/
TQBMib b?Qr i?2 i2KT2`�im`2 BM i?2 mTbi`2�K `2;BQMX h?2 K2�bm`2/ i2KT2`�im`2b �`2 �p2`�;2/ Qp2` ∼ 1 tA
U2[mBp�H2MiHv- ∼ 7100ω−1

pe VX
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i2KT2`�im`2 Bb i?2 b�K2- BM/2T2M/2Mi Q7 bgVX �b /Bb+mbb2/ BM a2+X jXj- i?2 MmK2`B+�H `2bQHmiBQM

Bb bm{+B2Mi iQ F22T MmK2`B+�H ?2�iBM; mM/2` +QMi`QHc i2KT2`�im`2b K2�bm`2/ BM i?2 BM~Qr `2;BQM

�`2 �#Qmi i?2 b�K2 �b i?2 QM2b �i BMBiB�HBx�iBQM- i?`Qm;?Qmi i?2 /m`�iBQM Q7 Qm` bBKmH�iBQMbX3 h?2

bBKmH�iBQMb T`2b2Mi2/ ?2`2 �`2 i?2 b�K2 �b i?Qb2 BM a2+X jX8Xk- bQ i?2v 2KTHQv mi/me = 1836-

Te0/Ti0 = 1- �M/ σw = 0.1X

h?2 mTbi`2�K 2H2+i`QM /BK2MbBQMH2bb i2KT2`�im`2b `�M;2 7`QK MQM`2H�iBpBbiB+- θe ≈ 0.08- mT iQ

mHi`�@`2H�iBpBbiB+- θe ≈ 700c i?2 i2KT2`�im`2b BM i?2 /QrMbi`2�K `2;BQM `�M;2 7`QK KQ/2`�i2Hv iQ

mHi`�@`2H�iBpBbiB+- θe ≈ 6Ĝ700XN 6Q` �HH p�Hm2b Q7 βi- i?2 2H2+i`QM i2KT2`�im`2 BM i?2 BbH�M/ �TT2�`b

iQ #2 M2�`Hv BM/2T2M/2Mi Q7 i?2 ;mB/2 }2H/ bi`2M;i? U6B;X jX3- T�M2H �VX h?2 ;mB/2 }2H/ bBKmH�iBQMb

b?Qr i?2 b�K2 b+�HBM; rBi? βi �b i?2 �MiBT�`�HH2H +�b2 U#Hm2 +B`+H2bV- rBi? i?2 2H2+i`QM i2KT2`�im`2

BM+`2�bBM; 7`QK �#Qmi θe ≈ 6 �i βi ∼ 5× 10−4 mT iQ θe ≈ 700 �i βi ∼ 2X �//BiBQM�HHv- i?2 2H2+i`QM

i2KT2`�im`2 b?Qrb QMHv � `2H�iBp2Hv r2�F /2T2M/2M+2 QM βi- 7Q` βi ! 0.5X 6`QK βi ∼ 5×10−4 mT iQ

0.5- i?2 2H2+i`QM i2KT2`�im`2 BM i?2 BbH�M/ +?�M;2b #v MQ KQ`2 i?�M � 7�+iQ` Q7 Ry Ui?2 /2T2M/2M+2

Bb 2p2M r2�F2` 7Q` βi ! 3 × 10−2VX �i ?B;? βi- i?2 2H2+i`QM i2KT2`�im`2 BM i?2 BbH�M/ �TT2�`b iQ

#2 M2�`Hv i?2 b�K2 �b i?�i BM i?2 mTbi`2�KX >Qr2p2`- i?2 BM+`2�b2 BM i2KT2`�im`2 7`QK mTbi`2�K

iQ /QrMbi`2�K +Q``2bTQM/b iQ � bm#bi�MiB�H 7`�+iBQM UivTB+�HHv ∼30%V Q7 i?2 BM~QrBM; K�;M2iB+

2M2`;v T2` 2H2+i`QM Ub22 6B;X jXN #2HQr- T�M2H �VX h?2b2 irQ bi�i2K2Mib �`2 MQi BM +QMi`�/B+iBQM-

bBM+2 7Q` ?B;? βi i?2 �p�BH�#H2 K�;M2iB+ 2M2`;v Bb QMHv � bK�HH 7`�+iBQM Q7 i?2 BMBiB�H i?2`K�H 2M2`;vX

AM 6B;X jX3- T�M2H "- r2 b?Qr i?2 T`QiQM /BK2MbBQMH2bb i2KT2`�im`2 BM i?2 BbH�M/- 7Q` i?2 b�K2

bBKmH�iBQMb b?QrM BM T�M2H �X �i HQr βi- T`QiQMb b?Qr � +H2�` /2+`2�b2 BM BbH�M/ i2KT2`�im`2 rBi?
3.m2 iQ MmK2`B+�H ?2�iBM;- i?2 K2�bm`2/ mTbi`2�K i2KT2`�im`2 θe ≈ 0.08 7Q` i?2 βi = 5 × 10−4 `mMb

/Bz2`b 7`QK i?2 2tT2+i2/ BMBiB�HBx2/ 2H2+i`QM i2KT2`�im`2- θe0 = 0.045 Ub22 h�#X jXRVX >Qr2p2`- i?2 /Bz2`2M+2
Bb Km+? bK�HH2` UH2bb i?�M ∼15%V BM `mMb rBi? ?B;?2` βiX �Hi?Qm;? i?2 mTbi`2�K MmK2`B+�H ?2�iBM; 7Q`
βi = 5× 10−4 Bb H�`;2 +QKT�`2/ iQ i?2 i2KT2`�im`2 �i BMBiB�HBx�iBQM- i?2 `2bmHiBM; mTbi`2�K i2KT2`�im`2 Bb
biBHH Km+? bK�HH2` i?�M i?2 /QrMbi`2�K i2KT2`�im`2- bQ Bi ?�b MQ 2z2+i QM i?2 ?2�iBM; 7`�+iBQMb T`2b2Mi2/
#2HQrX h?2 #�bB+ `2�bQM Bb i?�i 7Q` HQr βi- i?2 �p�BH�#H2 K�;M2iB+ 2M2`;v U� 7`�+iBQM Q7 r?B+? rBHH #2
i`�Mb72``2/ iQ i?2 T�`iB+H2bV Bb Km+? H�`;2` i?�M i?2 BMBiB�H T�`iB+H2 i?2`K�H 2M2`;vX

Nh?Bb Bb � +QMb2[m2M+2 Q7 Qm` +?QB+2 Q7 σw = 0.1c 7Q` σw ≪ 1- i?2 #mHF Q7 2H2+i`QMb rBHH MQi �ii�BM
mHi`�@`2H�iBpBbiB+ 2M2`;B2bX
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BM+`2�bBM; ;mB/2 }2H/ bi`2M;i?c 7Q` �MiBT�`�HH2H `2+QMM2+iBQM Ubg = 0V �M/ βi ∼ 5× 10−4- i?2 T`QiQM

/BK2MbBQMH2bb i2KT2`�im`2 BM i?2 BbH�M/ Bb θi ≈ 0.02, #mi /2+`2�b2b iQ θi ≈ 6×10−4 7Q` bi`QM; ;mB/2

}2H/- bg = 6X �b βi BM+`2�b2b- i?2 T`QiQM ?2�iBM; BM i?2 BbH�M/ b?Qrb � r2�F2` /2T2M/2M+2 QM ;mB/2

}2H/ bi`2M;i?X aBKBH�` iQ 2H2+i`QM ?2�iBM; BM i?2 BbH�M/ �i ?B;? βi- θi Bb M2�`Hv BM/2T2M/2Mi Q7 bg

�i ?B;? βiX h?2 T`QiQM /BK2MbBQMH2bb i2KT2`�im`2b- BM #Qi? i?2 mTbi`2�K �M/ i?2 BbH�M/ `2;BQM-

�`2 ;2M2`�HHv MQM`2H�iBpBbiB+- θi ! 1X AM bmKK�`v- r?2M +QKT�`BM; T�M2Hb � �M/ "- � bi`BFBM;

/Bz2`2M+2 Bb i?�i i?2 2H2+i`QM /BK2MbBQMH2bb i2KT2`�im`2 BM i?2 BbH�M/ Bb BM/2T2M/2Mi Q7 i?2 ;mB/2

}2H/ bi`2M;i?- r?2`2�b i?2 T`QiQM /BK2MbBQMH2bb i2KT2`�im`2 �TT`2+B�#Hv /2+`2�b2b rBi? BM+`2�bBM;

bgX

AM 6B;X jXN r2 T`2b2Mi i?2 b+�HBM; Q7 2H2+i`QM �M/ T`QiQM ?2�iBM; rBi? ;mB/2 }2H/ bi`2M;i? bg �M/

T`QiQM@βiX h?2 }`bi �M/ b2+QM/ `Qrb b?Qr i?2 2H2+i`QM �M/ T`QiQM ?2�iBM; 7`�+iBQMb- `2bT2+iBp2Hv

Ub22 1[bX jXRkĜjXR8Vc i?2 iQi�H ?2�iBM; U}`bi +QHmKMV Bb /2+QKTQb2/ BMiQ �/B�#�iB+@+QKT`2bbBp2 �M/

B``2p2`bB#H2 +QKTQM2Mib- b?QrM BM i?2 b2+QM/ �M/ i?B`/ +QHmKMb- `2bT2+iBp2HvX AM 2�+? T�M2H- i?2

+Q``2bTQM/BM; ?2�iBM; 7`�+iBQM Bb THQii2/ �b � 7mM+iBQM Q7 βi 7Q` ;mB/2 }2H/ bi`2M;i?b BM i?2 `�M;2

0Ĝ6X

h?2 }`bi `Qr BM 6B;X jXN b?Qrb i?2 b+�HBM; Q7 i?2 2H2+i`QM iQi�H- �/B�#�iB+- �M/ B``2p2`bB#H2

?2�iBM; 7`�+iBQMb UMue,tot,Mue,ad- �M/ Mue,irrV rBi? `2bT2+i iQ bg �M/ βiX �i HQr βi- i?2 2H2+i`QM

iQi�H ?2�iBM; 7`�+iBQM rBi?BM i?2 BbH�M/ /Q2b MQi b?Qr � bi`QM; b+�HBM; rBi? i?2 bi`2M;i? Q7 i?2

;mB/2 }2H/ U+QMbBbi2Mi rBi? 6B;X jX3VX 6Q` βi ! 0.03- Mue,tot ∼ 0.1X �i ?B;? βi- i?2 iQi�H ?2�iBM; Bb

bmTT`2bb2/ #v bi`QM; ;mB/2 }2H/b- bg " 3X aQK2 BMbB;?i BMiQ i?Bb i`2M/ Bb T`QpB/2/ #v /2+QKTQbBM;

i?2 iQi�H ?2�iBM; 7`�+iBQM Mue,tot BMiQ �/B�#�iB+ �M/ B``2p2`bB#H2 T�`ib- Mue,ad UT�M2H "V �M/ Mue,irr

UT�M2H *VX 6Q` HQr βi- +QKT`2bbBp2 ?2�iBM; Bb M2;HB;B#H2c ?Qr2p2`- �i ?B;?2` p�Hm2b Q7 βi- +QKT`2bbBp2

?2�iBM; Bb KQ`2 bB;MB}+�Mi- #mi i2M/b iQ /2+`2�b2 rBi? bi`QM;2` ;mB/2 }2H/b- r?B+? Bb BM [m�HBi�iBp2

�;`22K2Mi rBi? GB 2i �HX UkyR3VX h?Bb `2bmHi Bb T?vbB+�HHv BMimBiBp2- �b i?2 TH�bK� #2+QK2b H2bb
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+QKT`2bbB#H2 r?2M i?2 K�;M2iB+ T`2bbm`2 Q7 i?2 ;mB/2 }2H/ Bb H�`;2` U�M/ BM 7�+i- r2 MQiB+2 i?�i

i?2 T`BK�`v BbH�M/ Bb H2bb /2Mb2 7Q` bi`QM;2` ;mB/2 }2H/bVX

hQ bmKK�`Bx2- r2 }M/ i?�i i?2 2H2+i`QM +QKT`2bbBp2 ?2�iBM; 7`�+iBQM BM T�M2H U"V bi2�/BHv

BM+`2�b2b rBi? βi �M/ bi`QM;Hv /2+`2�b2b rBi? bgX "Qi? i`2M/b 7Q` Mue,ad +�M #2 2�bBHv mM/2`biQQ/

7`QK 1[X UjXReV- ;Bp2M i?�i bi`QM;2` ;mB/2 }2H/b ;Bp2 bK�HH2` /2MbBiv +QKT`2bbBQMbX AM +QMi`�bi- i?2

2H2+i`QM B``2p2`bB#H2 ?2�iBM; 7`�+iBQM UT�M2H *V Bb H�`;2Hv BM/2T2M/2Mi Q7 #Qi? bg �M/ βi- �M/ Bi Bb

�`QmM/ Mue,irr ∼ 0.1X h?2 +QK#BM�iBQM Q7 B``2p2`bB#H2 �M/ +QKT`2bbBp2 ?2�iBM; 2tTH�BMb r?v i?2

iQi�H ?2�iBM; �i HQr βi Bb BM/2T2M/2Mi Q7 #Qi? βi �M/ bg- r?2`2�b �i ?B;? βi Bi Bb HQr2` 7Q` H�`;2` bg

U/m2 iQ i?2 +Q``2bTQM/BM; i`2M/ BM +QKT`2bbBp2 ?2�iBM;VX

h?2 b2+QM/ `Qr BM 6B;X jXN b?Qrb i?2 T`QiQM ?2�iBM; 7`�+iBQMb Mui,tot,Mui,ad- �M/ Mui,irr UT�M2Hb

.- 1- �M/ 6VX h?2 T`QiQM iQi�H ?2�iBM; BM i?2 BbH�M/ /Bz2`b b?�`THv 7`QK i?2 2H2+i`QM iQi�H ?2�iBM;

UT�M2H �VX h?2 T`QiQM iQi�H ?2�iBM; b?Qrb � bi`QM; /2T2M/2M+2 QM i?2 bi`2M;i? Q7 i?2 ;mB/2 }2H/c

7Q` �MiBT�`�HH2H `2+QMM2+iBQM- Mui,tot ≈ 0.3 `2;�`/H2bb Q7 βi- #mi i?2 iQi�H ?2�iBM; Bb bB;MB}+�MiHv

bmTT`2bb2/ �b bg BM+`2�b2bX 6Q` bg = 6 �M/ βi ! 0.5- Mui,tot Bb M2;HB;B#H2X h?2 T`QiQM +QKT`2bbBp2

?2�iBM; UT�M2H 1V b?Qrb � i`2M/ bBKBH�` iQ i?�i Q7 i?2 2H2+i`QM +QKT`2bbBp2 ?2�iBM; UT�M2H "Vc 7Q`

#Qi? 2H2+i`QMb �M/ T`QiQMb- i?2 +QKT`2bbBp2 ?2�iBM; Bb +QMi`QHH2/ #v /2MbBiv BM i?2 mTbi`2�K- /2MbBiv

BM i?2 BbH�M/ `2;BQM- �M/ mTbi`2�K i2KT2`�im`2 U?2`2- r2 7Q+mb QM i?2 +�b2 Te0/Ti0 = 1Vc bBM+2 i?2b2

[m�MiBiB2b �`2 bBKBH�` 7Q` 2H2+i`QMb �M/ T`QiQMb- i?2 +QKT`2bbBp2 ?2�iBM; 7Q` #Qi? bT2+B2b b?Qrb i?2

b�K2 i`2M/X h?2 T`QiQM B``2p2`bB#H2 ?2�iBM; UT�M2H 6V Bb bBKBH�` iQ i?2 T`QiQM iQi�H ?2�iBM; UT�M2H

�V 7Q` βi ! 0.03- #2+�mb2 +QKT`2bbBp2 ?2�iBM; Bb M2;HB;B#H2 BM i?Bb `2;BK2X 6Q` βi " 0.03- i?2

T`QiQM B``2p2`bB#H2 ?2�iBM; Bb H2bb b2MbBiBp2 iQ i?2 ;mB/2 }2H/ bi`2M;i?- �M/ #v βi = 2- Mui,irr ≈ 0.08

`2;�`/H2bb Q7 bg- bBKBH�`Hv iQ i?2 2H2+i`QM B``2p2`bB#H2 ?2�iBM;X

h?2 2H2+i`QM �M/ T`QiQM B``2p2`bB#H2 ?2�iBM; 7`�+iBQMb Mue,irr �M/ Mui,irr +�M #2 mb2/ iQ +QK@

Tmi2 i?2 `�iBQ Q7 2H2+i`QM B``2p2`bB#H2 ?2�iBM; iQ iQi�H B``2p2`bB#H2 T�`iB+H2 ?2�iBM; HB#2`�i2/ /m`BM;
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`2+QMM2+iBQM U_aLRdV-

que,irr ≡
Mue,irr

Mue,irr +Mui,irr
. UjXRdV

AM 6B;X jXRy- r2 T`2b2Mi i?2 βi �M/ bg /2T2M/2M+2 Q7 que,irr- i?2 2H2+i`QM B``2p2`bB#H2 ?2�iBM; 2{+B2M+vX

6Q` �HH βi ! 2- que,irr BM+`2�b2b rBi? i?2 ;mB/2 }2H/ bi`2M;i?X 6Q` �MiBT�`�HH2H `2+QMM2+iBQM- 2H2+i`QMb

mHiBK�i2Hv `2+2Bp2 ∼18% Q7 i?2 B``2p2`bB#H2 ?2�i i`�Mb72``2/ iQ T�`iB+H2bX �b i?2 ;mB/2 }2H/ BM+`2�b2b-

bQ /Q2b i?2 7`�+iBQM Q7 B``2p2`bB#H2 ?2�iBM; i`�Mb72``2/ iQ 2H2+i`QMbc 7Q` bg = 1, que,irr ≈ 45%- �M/

#v bg = 6- 2H2+i`QMb `2+2Bp2 i?2 p�bi K�DQ`Biv Q7 K�;M2iB+ 2M2`;v i?�i Bb +QMp2`i2/ iQ B``2p2`bB#H2

T�`iB+H2 ?2�iBM;- rBi? que,irr ≈ 93%X �i βi = 2 ∼ βi,max- que,irr ≈ 50%- BM/2T2M/2MiHv Q7 bgc βi,max

Bb i?2 K�tBKmK TQbbB#H2 p�Hm2 Q7 βi- ;Bp2M σw �M/ Te0/Ti0- �M/ Bb /2}M2/ �b

βi,max =
0.5

σw + σwTe0/Ti0
. UjXR3V

h?Bb 2[m�iBQM Bb /2`Bp2/ #v 2tT`2bbBM; βi �b � 7mM+iBQM Q7 Te0/Ti0,σw- �M/ θi- i?2M i�FBM; i?2 HBKBi

θi → ∞X 6Q` i?2 bBKmH�iBQMb T`2b2Mi2/ ?2`2- rBi? mi/me = 1836- Te0/Ti0 = 1- �M/ σw = 0.1-

r2 }M/ βi,max = 2.5X LQi2 i?�i 7Q` βi ∼ βi,max- 2H2+i`QMb �M/ T`QiQMb bi�`i `2H�iBpBbiB+�HHv ?Qi BM

i?2 mTbi`2�K- �M/ i?2 b+�H2 b2T�`�iBQM ( c/ωpe)/( c/ωpi) Bb Q7 Q`/2` mMBiv U_aLRdVc BM i?Bb +�b2-

2H2+i`QMb �M/ T`QiQMb #2?�p2 M2�`Hv i?2 b�K2- r?B+? 2tTH�BMb r?v 7Q` βi ∼ βi,max r2 Q#i�BM 2M2`;v

2[mBT�`iBiBQM- BX2X- r2 }M/ i?�i que,irr ≈ 50%- BM/2T2M/2MiHv Q7 bgX
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6B;m`2 jXN, :mB/2 }2H/ bg �M/ T`QiQM@βi /2T2M/2M+2 Q7 2H2+i`QM U�V iQi�H- U"V �/B�#�iB+- U*V B``2p2`bB#H2
?2�iBM;c T`QiQM U.V iQi�H- U1V �/B�#�iB+- �M/ U6V B``2p2`bB#H2 ?2�iBM;X h?2 ?2�iBM; 7`�+iBQMb �`2 /2}M2/ BM
a2+X jX9 Ub22 1[bX jXRkĜjXR8VX 6Q` i?2b2 bBKmH�iBQMb- mi/me = 1836- σw = 0.1- �M/ Te0/Ti0 = 1X

6B;m`2 jXRy, :mB/2 }2H/ �M/ T`QiQM@βi /2T2M/2M+2 Q7 2H2+i`QM B``2p2`bB#H2 ?2�iBM; 2{+B2M+v- que,irr Ub22
1[X UjXRdVVX h?2 p�Hm2b THQii2/ ?2`2 �`2 +QKTmi2/ 7`QK Mue,irr �M/ Mui,irr b?QrM BM T�M2Hb * �M/ 6 Q7
6B;X jXNX .Qii2/ HBM2b b?Qr i?2 }iiBM; 7mM+iBQM BM 1[X UjXRNV 7Q` bg BM i?2 `�M;2 yĜeX

jX8X9 1H2+i`QM B``2p2`bB#H2 ?2�iBM; 2{+B2M+v, Te0/Ti0 �M/ σw /2T2M/2M+2

6Q` bBKTHB+Biv- r2 7Q+mb2/ BM a2+X jX8Xj QM 2H2+i`QM ?2�iBM; 7Q` +�b2b rBi? `2T`2b2Mi�iBp2 K�;M2iBx�@

iBQM σw = 0.1 �M/ i2KT2`�im`2 `�iBQ Te0/Ti0 = 1X � 7mHH 2tTHQ`�iBQM Q7 i?2 /2T2M/2M+2 Q7 2H2+i`QM

�M/ T`QiQM ?2�iBM; QM βi- bg- σw- �M/ Te0/Ti0 Bb #2vQM/ i?2 b+QT2 Q7 i?Bb rQ`FX L2p2`i?2H2bb- 7Q` �

HBKBi2/ `�M;2 Q7 bg �M/ βi- r2 T`2b2Mi BM 6B;X jXRR i?2 2H2+i`QM B``2p2`bB#H2 ?2�iBM; 2{+B2M+B2b r?2M

r2 p�`v i?2 2H2+i`QM@iQ@T`QiQM i2KT2`�im`2 `�iBQ Te0/Ti0 BM i?2 `�M;2 yXRĜR UT�M2Hb � �M/ "V- �b
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r2HH �b 7Q` b2p2`�H bBKmH�iBQMb rBi? σw = 1 UT�M2H *VX h?2 T?vbB+�H T�`�K2i2`b Q7 i?2b2 `mMb �`2

;Bp2M BM h�#X jXkX

h?2 2z2+i Q7 p�`vBM; i?2 BMBiB�H 2H2+i`QM@iQ@T`QiQM i2KT2`�im`2 `�iBQ 7Q` �MiBT�`�HH2H `2+QMM2+iBQM

Ubg = 0V Bb /2KQMbi`�i2/ BM T�M2H � Q7 6B;X jXRRX �i HQr βi- i?2 2H2+i`QM B``2p2`bB#H2 ?2�iBM; 2{+B2M+v

b?Qrb M2�`Hv MQ /2T2M/2M+2 QM βi Q` i2KT2`�im`2 `�iBQX �i ?B;? βi- i?2 /2T2M/2M+2 QM i2KT2`�im`2

`�iBQ +�M #2 mM/2`biQQ/ pB� i?2 /2T2M/2M+2 Q7 βi,max QM Te0/Ti0X �++Q`/BM; iQ 1[X UjXR3V- /2+`2�bBM;

i?2 i2KT2`�im`2 `�iBQ 7Q` }t2/ σw H2�/b iQ �M BM+`2�b2 BM βi,max- �M/ bQ U�b /Bb+mbb2/ BM a2+X jX8XkV

BM i?2 p�Hm2 Q7 βi ∼ βi,max r?2`2 2[mBT�`iBiBQM #2ir22M 2H2+i`QMb �M/ T`QiQMb Bb `2�HBx2/X

h?2 2z2+i Q7 p�`vBM; i?2 i2KT2`�im`2 `�iBQ 7Q` bg = 0.3 �M/ bg = 6 Bb b?QrM BM T�M2H "X �b 7Q`

�MiBT�`�HH2H `2+QMM2+iBQM- i?2`2 Bb MQ bB;MB}+�Mi /2T2M/2M+2 QM Te0/Ti0 �i HQr βi- 7Q` 2�+? Q7 i?2

irQ bg p�Hm2bX q?BH2 βi,max = 2.5 7Q` Te0/Ti0 = 1- 7Q` Te0/Ti0 = 0.3 r2 2tT2+i βi,max ≈ 3.85- bQ

2[mBT�`iBiBQM #2ir22M 2H2+i`QMb �M/ T`QiQMb- r?B+? b?QmH/ ?QH/ `2;�`/H2bb Q7 bg �i βi ∼ βi,max- Bb

2tT2+i2/ �i ?B;?2` βi i?�M T`Q#2/ BM T�M2H U"VX

h?2 2z2+i Q7 p�`vBM; i?2 K�;M2iBx�iBQM �M/ ;mB/2 }2H/ bi`2M;i? Bb b?QrM BM T�M2H * Q7 6B;X jXRRX

�i HQr βi- i?2 2H2+i`QM B``2p2`bB#H2 ?2�iBM; 2{+B2M+v ?�b � r2�F2` /2T2M/2M+2 QM ;mB/2 }2H/ 7Q`

σw = 1 i?�M 7Q` σw = 0.1X 6Q` βi ∼ βi,max ∝ σ−1
w Ub22 1[X UjXR3VV- B``2p2`bB#H2 ?2�iBM; Q7 2H2+i`QMb

�M/ T`QiQMb Bb BM 2[mBT�`iBiBQM- �M/ i?Bb +QM+HmbBQM ?QH/b `2;�`/H2bb Q7 σw Q` bgX
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_mM A.,
βi

bg

σw

Te0/Ti0

b8e-3.bg0.t1e-1

7.8 × 10−3

y
yXR
yXR

b3e-2.bg0.t1e-1

yXyjR
y

yXR
yXR

b1e-1.bg0.t1e-1

yXRj
y

yXR
yXR

b5e-1.bg0.t1e-1

yX8
y

yXR
yXR

b2.bg0.t1e-1

k
y

yXR
yXR

_mM A.,
βi

bg

σw

Te0/Ti0

b8e-3.bg0.t3e-1

7.8 × 10−3

y
yXR
yXj

b3e-2.bg0.t3e-1

yXyjR
y

yXR
yXj

b1e-1.bg0.t3e-1

yXRj
y

yXR
yXj

b5e-1.bg0.t3e-1

yX8
y

yXR
yXj

b2.bg0.t3e-1

k
y

yXR
yXj

_mM A.,
βi

bg

σw

Te0/Ti0

b3e-2.bg3e-1.t3e-1

yXyjR
yXj
yXR
yXj

b5e-1.bg3e-1.t3e-1

yX8
yXj
yXR
yXj

b2.bg3e-1.t3e-1

k
yXj
yXR
yXj

b3e-2.bg6.t3e-1

yXyjR
e

yXR
yXj

b5e-1.bg6.t3e-1

yX8
e

yXR
yXj

b2.bg6.t3e-1

k
e

yXR
yXj

_mM A.,
βi

bg

σw

Te0/Ti0

b8e-3.bg3e-1.s1

7.8 × 10−3

yXj
R
R

b3e-2.bg3e-1.s1

yXyjR
yXj
R
R

b2e-1.bg3e-1.s1

yXk
yXj
R
R

b8e-3.bg6.s1

7.8 × 10−3

e
R
R

b3e-2.bg6.s1

yXyjR
e
R
R

b2e-1.bg6.s1

yXk
e
R
R

h�#H2 jXk, S?vbB+�H T�`�K2i2`b 7Q` bBKmH�iBQMb rBi? mM2[m�H i2KT2`�im`2 `�iBQb- �b r2HH �b σw = 1-
/2b+`B#2/ BM a2+X jX8X9X

6B;m`2 jXRR, aBKBH�` iQ 6B;X jXRy- #mi 7Q` i?2 bBKmH�iBQMb HBbi2/ BM h�#X jXk `�i?2` i?�M h�#X jXR U}/m+B�H
+�b2b rBi? σw = 0.1, Te0/Ti0 = 1 �`2 �HbQ b?QrM 7Q` `272`2M+2Vc /2T2M/2M+2 Q7 2H2+i`QM B``2p2`bB#H2 ?2�iBM;
2{+B2M+v- que,irr- 7Q` U�V Te0/Ti0 = 0.1 mT iQ 1 �M/ �MiBT�`�HH2H `2+QMM2+iBQM- U"V mM2[m�H BMBiB�H 2H2+i`QM
�M/ T`QiQM i2KT2`�im`2b BM i?2 mTbi`2�K- Te0/Ti0 = 0.3- 7Q` irQ ;mB/2 }2H/ +�b2b- bg = 0.3 �M/ 6- �M/ U*V
σw = 1- �;�BM 7Q` bg = 0.3 �M/ 6X �b #27Q`2- /Qii2/ HBM2b b?Qr i?2 }iiBM; 7mM+iBQM BM 1[X UjXRNVX
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jX8X8 6BiiBM; 7mM+iBQM

6Q` mb2 �b � bm#@;`B/ KQ/2H Q7 2H2+i`QM ?2�iBM; BM K�;M2iQ?v/`Q/vM�KB+ bBKmH�iBQMb U�b BM _2bbH2`

2i �HX UkyRd�Vc *?�2H 2i �HX UkyR3Vc _v�M 2i �HX UkyR3VV- r2 T`QpB/2 i?2 7QHHQrBM; }iiBM; 7Q`KmH�-

KQiBp�i2/ #v i?2 bBKmH�iBQM `2bmHib T`2b2Mi2/ BM a2+bX jX8Xj �M/ jX8X9,

que,irr,fit(βi, bg, Te0/Ti0,σw) =
1

2
(tanh (0.33 bg)− 0.4)

×1.7 tanh

(
(1− βi/βi,max)

1.5

(0.42 + Te0/Ti0)σ0.3
w

)
+

1

2
,

UjXRNV

r?2`2 βi,max Bb BM 1[X UjXR3V BM i2`Kb Q7 σw �M/ Te0/Ti0X

h?2 }iiBM; 7mM+iBQM BM 1[X UjXRNV ?�b i?2 7QHHQrBM; HBKBib, 7Q` HQr βi- que,irr,fit �bvKTiQi2b iQ �

Uσw@ �M/ bg@/2T2M/2MiV p�Hm2 i?�i /Q2b MQi /2T2M/ QM βiX h?2 �bvKTiQiB+ HQr@βi HBKBi i2M/b iQ i?2

2[mBT�`iBiBQM p�Hm2 que,irr,fit ∼ 0.5 7Q` σw ≫ 1 UBX2X- BM i?2 HBKBi Q7 mHi`�@`2H�iBpBbiB+ `2+QMM2+iBQMV-

`2;�`/H2bb Q7 bgX aiBHH �i βi ≪ 1- 2H2+i`QMb `2+2Bp2 KQbi Q7 i?2 B``2p2`bB#H2 ?2�i B7 bg " 1.3X 6Q`

bg ≫ 1- σw ≪ 1 �M/ βi ≪ 1- r2 ;2i que,irr,fit ≈ 1.0- BX2X- �HH Q7 i?2 B``2p2`bB#H2 ?2�i ;Q2b iQ 2H2+i`QMbX

�i βi ∼ βi,max- i?2 }iiBM; 7mM+iBQM `2im`Mb que,irr,fit ≈ 0.5- BM/2T2M/2Mi Q7 bg- σw- �M/ Te0/Ti0X 6Q`

bg BM i?2 `�M;2 0Ĝ6- i?2 }iiBM; 7mM+iBQM BM 1[X UjXRNV Bb THQii2/ BM 6B;bX jXRy �M/ jXRR �b /Qii2/

HBM2b- b?QrBM; i?�i Bi K�i+?2b r2HH i?2 i`2M/b Q#i�BM2/ 7`QK i?2 bBKmH�iBQMbX

S`2/B+iBQMb Q7 i?2 `2+QMM2+iBQM@K2/B�i2/ ?2�iBM; KQ/2H T`2b2Mi2/ ?2`2 /Bz2` 7`QK i?Qb2 Q7 ?2�i@

BM; pB� � G�M/�m@/�KT2/ im`#mH2Mi +�b+�/2 U>Qr2b- kyRyc E�r�xm`� 2i �HX- kyRNc w?/�MFBM 2i �HX-

kyRNVX AM 6B;X jXRk r2 b?Qr � +QKT�`BbQM #2ir22M `2+QMM2+iBQM@#�b2/ ?2�iBM; U1[X UjXRNVV 7Q` i?2

�MiBT�`�HH2H Ubg = 0- T�M2H �V �M/ bi`QM; ;mB/2 }2H/ Ubg = 6- T�M2H "V +�b2b- �M/ i?2 im`#mH2M+2@

#�b2/ ?2�iBM; T`2b+`BTiBQM Q7 E�r�xm`� 2i �HX UkyRNV UT�M2H *V- Qp2` i?2 `�M;2 Q7 TH�bK� +QM/BiBQMb

r2 ?�p2 BMp2biB;�i2/X 6B`bi- QM2 MQiB+2b i?�i im`#mH2M+2@#�b2/ ?2�iBM; Bb Km+? KQ`2 bBKBH�` iQ

?2�iBM; pB� `2+QMM2+iBQM BM i?2 bi`QM; ;mB/2 }2H/ HBKBi- `�i?2` i?�M BM i?2 �MiBT�`�HH2H +�b2X AM 7�+i-

7Q` i?2 H�ii2` UBM +QMi`�bi iQ i?2 }`bi irQV- T`QiQMb �`2 ?2�i2/ Km+? KQ`2 i?�M 2H2+i`QMb �i HQr βiX
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>Qr2p2`- bQK2 /Bz2`2M+2b T2`bBbi 2p2M #2ir22M im`#mH2Mi ?2�iBM; �M/ ?2�iBM; pB� bi`QM; ;mB/2 }2H/

`2+QMM2+iBQMX AM 7�+i- i?2 im`#mH2M+2@#�b2/ ?2�iBM; KQ/2H Bb M2�`Hv BMb2MbBiBp2 iQ i?2 BMBiB�H i2K@

T2`�im`2 `�iBQ Te0/Ti0- r?2`2�b 7Q` ;mB/2 }2H/ `2+QMM2+iBQM- �M BM+`2�b2 BM Te0/Ti0 /2+`2�b2b βi,max

Ub22 1[X UjXR3VV- r?B+? BM im`M /2+`2�b2b i?2 p�Hm2 Q7 βi �i r?B+? 2H2+i`QMb �M/ T`QiQMb �+?B2p2

2[mBT�`iBiBQM- BX2X- que,irr ∼ 0.5X JQ`2 ;2M2`�HHv- `2H�iBpBbiB+ 2z2+ib H2�p2 � mMB[m2 }M;2`T`BMi BM Qm`

`2bmHib �i βi ∼ βi,max-Ry r?2`2 #Qi? bT2+B2b bi�`i �b `2H�iBpBbiB+�HHv ?Qi- �M/ BM i?2 HBKBi σw ≫ 1X AM

2Bi?2` +�b2- T`QiQMb �M/ 2H2+i`QMb `2+2Bp2 2[m�H �KQmMi Q7 i?2 /BbbBT�i2/ 2M2`;v- BX2X- que,irr ∼ 0.5-

`2;�`/H2bb Q7 i?2 ;mB/2 }2H/ bi`2M;i?X

jX8Xe h2KT2`�im`2 �MBbQi`QTv

:mB/2 }2H/ `2+QMM2+iBQM +�M `2bmHi BM ?B;?Hv �MBbQi`QTB+ 2H2+i`QM /Bbi`B#miBQM 7mM+iBQMb �i H�i2

iBK2b U.�?HBM 2i �HX- kyR9c LmK�i� � GQm`2B`Q- kyR8VX u2i- iQ /2i2`KBM2 i?2 /BK2MbBQMH2bb BMi2`M�H

2M2`;v T2` T�`iB+H2 BM i?2 ~mB/ `2bi 7`�K2- r2 ?�p2 �bbmK2/ �M BbQi`QTB+ bi`2bb@2M2`;v i2MbQ` �i

2p2`v HQ+�iBQM BM i?2 mTbi`2�K �M/ BM i?2 /QrMbi`2�KX 1[X UjXRyV `2HB2b QM i?Bb �bbmKTiBQMX AM

�//BiBQM- r2 ?�p2 BKTHB+BiHv �bbmK2/ BbQi`QTv BM Qm` T`2/B+iBQM 7Q` i?2 �KQmMi Q7 �/B�#�iB+ ?2�iBM;X

hQ �bb2bb r?2i?2` BbQi`QTv Bb � `2�bQM�#H2 �bbmKTiBQM- r2 b?Qr BM 6B;X jXRj i?2 2H2+i`QM i2KT2`@

�im`2 �MBbQi`QTv Te,∥/Te,⊥ BM i?2 BbH�M/ U∥ �M/ ⊥ `272` iQ Q`B2Mi�iBQMb `2H�iBp2 iQ i?2 HQ+�H K�;M2iB+

}2H/Vc i?2 bBKmH�iBQMb ?2`2 �`2 bBKBH�` iQ i?2 T`Q/m+iBQM `mMb HBbi2/ BM h�#X jXR- #mi +Qp2` βi KQ`2

/2Mb2Hv BM i?2 `�M;2 8× 10−3 mT iQ 2X

6Q` r2�F ;mB/2 }2H/b Ubg ! 0.3V- i?2 2H2+i`QM i2KT2`�im`2 Bb BbQi`QTB+- Te,∥/Te,⊥ ≈ 1 Ub22 _aLRdVX

6Q` bg " 0.6 �M/ βi ! 0.5- r2 }M/ bm#bi�MiB�H �MBbQi`QTv- rBi? i2KT2`�im`2 `�iBQb BM i?2 `�M;2

Te,∥/Te,⊥ ≈ 2Ĝ27X AM i?2b2 +�b2b- BbQi`QTv Bb +2`i�BMHv MQi � p�HB/ �bbmKTiBQMX �b /Bb+mbb2/ �#Qp2-

i?Bb rBHH �z2+i Qm` BM72``2/ BMi2`M�H 2M2`;v UbBM+2- BM T`BM+BTH2- 1[X UjXRyV +�MMQi #2 2KTHQv2/V �M/

i?2 T`2/B+i2/ /2;`22 Q7 �/B�#�iB+ ?2�iBM;X �b `2;�`/ iQ i?2 BMi2`M�H 2M2`;v- BM � 72r +�b2b r2 ?�p2
Ryq2 `2K�`F i?�i βi,max K�v #2 Km+? H�`;2` Q` Km+? bK�HH2` i?�M mMBiv- /2T2M/BM; T`BK�`BHv QM σwX
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6B;m`2 jXRk, *QKT�`BbQM Q7 2H2+i`QM B``2p2`bB#H2 ?2�iBM; 2{+B2M+v- que,irr U/2}M2/ BM 1[X UjXRdVV 7Q` U�V
�MiBT�`�HH2H `2+QMM2+iBQM Ubg = 0V- U"V bi`QM; ;mB/2 }2H/ `2+QMM2+iBQM Ubg = 6V- �M/ U*V i?2 im`#mH2Mi
?2�iBM; T`2b+`BTiBQM Q7 E�r�xm`� 2i �HX UkyRNV Ub22 1[X k i?2`2BMV- BM i?2 βi@Te0/Ti0 T�`�K2i2` bT�+2X *B`@
+H2b BM T�M2Hb � �M/ " b?Qr T�`�K2i2`b T`Q#2/ /B`2+iHv #v i?2 bBKmH�iBQMb /Bb+mbb2/ BM a2+X jX8X9- +QHQ`b
BM T�M2Hb � �M/ " 2KTHQv i?2 }iiBM; 7mM+iBQM BM 1[X UjXRNVX

+�H+mH�i2/ �HH i?2 +QKTQM2Mib Q7 i?2 bi`2bb 2M2`;v i2MbQ` BM i?2 bBKmH�iBQM 7`�K2X "v i`�Mb7Q`KBM;

BMiQ i?2 +QKQpBM; 7`�K2- r2 /Q MQi M22/ iQ `2Hv QM �Mv �bbmKTiBQM Q7 BbQi`QTvX AM ;2M2`�H- r2 ?�p2

7QmM/ i?2 BM72``2/ BMi2`M�H 2M2`;B2b /Bz2` 7`QK 1[X UjXRyV QMHv �i i?2 ∼ 10% H2p2HX

�b `2;�`/ iQ �/B�#�iB+ ?2�iBM;- r2 ?�p2 /Bb+mbb2/ BM a2+X jX8Xj i?�i +QKT`2bbBp2 ?2�iBM; Bb

bmTT`2bb2/ #v bi`QM; ;mB/2 }2H/b- �b r2HH �b �i HQr p�Hm2b Q7 βiX h?2`27Q`2- BM i?2 K�DQ`Biv Q7 +�b2b

i?�i b?Qr bm#bi�MiB�H i2KT2`�im`2 �MBbQi`QTv- �/B�#�iB+ ?2�iBM; +QMbiBimi2b � M2;HB;B#H2 7`�+iBQM Q7

i?2 iQi�H ?2�iBM;- bQ i?2 /2;`22 Q7 �MBbQi`QTv ?�b QMHv � M2;HB;B#H2 2z2+i QM i?2 BM72``2/ B``2p2`bB#H2

?2�iBM;X � MQi�#H2 2t+2TiBQM ?2`2 Bb i?2 `mM rBi? βi ≈ 0.1 �M/ bg = 1- 7Q` r?B+? +QKT`2bbBp2

?2�iBM; �++QmMib 7Q` �#Qmi jjW Q7 i?2 iQi�H ?2�iBM;- �M/ i?2 K2�bm`2/ �MBbQi`QTv BM i?2 BbH�M/ Bb

MQM@M2;HB;B#H2- Te,∥/Te,⊥ ≈ 2c Q7 �HH Qm` bBKmH�iBQMb- i?Bb QM2 ?�b i?2 ;`2�i2bi bvbi2K�iB+ mM+2`i�BMiv

QM i?2 +QKT`2bbBp2 ?2�iBM;- �M/ +QMb2[m2MiHv QM i?2 BM72``2/ B``2p2`bB#H2 ?2�iBM;X

jX8Xd J2+?�MBbKb Q7 2H2+i`QM ?2�iBM; BM ;mB/2 }2H/ `2+QMM2+iBQM

h?2 Q`#Bi Q7 � +?�`;2/ T�`iB+H2 BM 2H2+i`QK�;M2iB+ }2H/b K�v #2 �TT`QtBK�i2/ �b i?2 bmT2`TQbBiBQM

Q7 irQ KQiBQMb, 7�bi +B`+mH�` KQiBQM �#Qmi � TQBMi- i?2 ;mB/BM; +2Mi2`- �M/ � bHQr /`B7i Q7 i?2

;mB/BM; +2Mi2` Bib2H7X h?Bb �TT`QtBK�iBQM Bb p�HB/ r?2M i?2 T�`iB+H2Ƕb ;v`QT2`BQ/ Bb b?Q`i +QKT�`2/
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6B;m`2 jXRj, _�iBQ Q7 2H2+i`QM T�`�HH2H@iQ@T2`T2M/B+mH�` i2KT2`�im`2 BM i?2 BbH�M/ `2;BQMX 6Q` `272`2M+2-
i?2 #H�+F /�b?2/ HBM2 BM/B+�i2b i2KT2`�im`2 BbQi`QTv- Te,∥/Te,⊥ = 1X S�`�HH2H U∥V �M/ T2`T2M/B+mH�` U⊥V �`2
BM `272`2M+2 iQ i?2 /B`2+iBQM Q7 i?2 HQ+�H K�;M2iB+ }2H/X h?2 bBKmH�iBQMb b?QrM ?2`2 �`2 bBKBH�` iQ i?Qb2
HBbi2/ BM h�#X jXR- #mi +Qp2` βi BM i?2 M�``Qr2` `�M;2 8× 10−3Ĝ2X

iQ i?2 iBK2b+�H2 Q7 p�`B�iBQM Q7 i?2 }2H/b- �M/ �HbQ r?2M i?2 T�`iB+H2Ƕb G�`KQ` `�/Bmb Bb bK�HH

+QKT�`2/ iQ i?2 }2H/ ;`�/B2Mi H2M;i? b+�H2X q?2M p�HB/- i?2 ;mB/BM; +2Mi2` �TT`QtBK�iBQM +�M

T`QpB/2 p�Hm�#H2 BMbB;?i BMiQ i?2 K2+?�MBbKb `2bTQMbB#H2 7Q` T�`iB+H2 2M2`;Bx�iBQM Ub22 2X;X- .�?HBM

2i �HX UkyR9Vc aB`QMB � L�`�v�M UkyR8Vc q�M; 2i �HX UkyReVVX AM i?Bb b2+iBQM- r2 mb2 i?2 ;mB/BM;

+2Mi2` �TT`QtBK�iBQM iQ BMp2biB;�i2 i?2 K2+?�MBbKb Q7 2H2+i`QM ?2�iBM; 7Q` βi ∼ 0.01- �b � 7mM+iBQM

Q7 i?2 ;mB/2 }2H/ bi`2M;i?X .2i�BHb Q7 i?2 ;mB/BM; +2Mi2` /2+QKTQbBiBQM �`2 /Bb+mbb2/ BM �TTX 9X"X

q2 i`�+F ∼104 2H2+i`QMb bi�`iBM; BMBiB�HHv BM i?2 mTbi`2�K `2;BQM Ub22 6B;X jXR9- T�M2H �V- �M/

+QKTmi2 i?2 +QMi`B#miBQMb ∆εE∥ �M/ ∆εcurv- r?B+? +Q``2bTQM/ iQ 2M2`;v +?�M;2b /m2 iQ i?2 T�`�HH2H

2H2+i`B+ }2H/ �M/ +m`p�im`2 /`B7i- `2bT2+iBp2HvX 6Q` +H�`Biv r2 7Q+mb BM Qm` /Bb+mbbBQM QMHv QM i?2

E@T�`�HH2H �M/ +m`p�im`2 /`B7i i2`Kb- r?B+? i2M/ iQ /QKBM�i2 7Q` i?2 +�b2b r2 BMp2biB;�i2 ?2`2 Ur2

?�p2 /B`2+iHv p2`B}2/ i?Bb- �M/ Bi �;`22b rBi? }M/BM;b Q7 .�?HBM 2i �HX UkyR9V 7Q` MQM`2H�iBpBbiB+

`2+QMM2+iBQMVX q?BH2 i?2 bBKmH�iBQM iBK2bi2T Bb ∆t ≈ 0.1ω−1
pe - i?2 iBK2 BMi2`p�H r2 mb2 ?2`2 7Q`

QmiTmib Q7 i?2 }2H/ �M/ 2H2+i`QM T`QT2`iB2b 7Q` i?2 ;mB/BM; +2Mi2` �M�HvbBb Bb �`QmM/ ∆tout ≈

3ω−1
pe X hQ 2Mbm`2 i?�i i?Bb iBK2 `2bQHmiBQM Bb bm{+B2Mi 7Q` � ;mB/BM; +2Mi2` `2+QMbi`m+iBQM- r2

+QKT�`2 i?2 �+im�H 2pQHmiBQM Q7 i?2 2H2+i`QM 2M2`;v U+QKTmi2/ QM i?2 ~v #v i?2 bBKmH�iBQMV iQ
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6B;m`2 jXR9, _2T`2b2Mi�iBp2 U�V BMBiB�H �M/ U"V }M�H HQ+�iBQMb Q7 2H2+i`QMb BM bBKmH�iBQMb mb2/ 7Q` i?2
;mB/BM; +2Mi2` �M�HvbBb QmiHBM2/ BM a2+X jX8XdX 6Q` i?2 bBKmH�iBQM b?QrM ?2`2- bg = 0.1- βi ≈ 7.8 × 10−3-
σw = 0.1- mi/me = 1836- �M/ Te0/Ti0 = 1X AM i?Bb +�b2- � b�KTH2 Q7 �#Qmi 1.5 × 104 T�`iB+H2b Bb i`�+F2/ �b
i?2v T`QT�;�i2 7`QK i?2 mTbi`2�K iQ i?2 BbH�M/ `2;BQMX
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6B;m`2 jXR8, �p2`�;2 2M2`;v ;�BM T2` 2H2+i`QM 7Q` i?2 TQTmH�iBQM Q7 i`�+F2/ T�`iB+H2b Ub22 6B;X jXR9V- 7Q`
;mB/2 }2H/ bi`2M;i?b bg BM i?2 `�M;2 yXRĜR- b?QrM BM T�M2Hb �Ĝ.X h?2 K2�bm`2/ +?�M;2 BM 2M2`;v U#Hm2V Bb
+QKT�`2/ iQ 2M2`;Bx�iBQM /m2 iQ i?2 T�`�HH2H 2H2+i`B+ }2H/ U;`22MV �M/ +m`p�im`2 /`B7i U`2/V i2`Kb- �b r2HH
�b i?2B` bmK U/�b?2/ v2HHQrVX h?2 BMBiB�H /BK2MbBQMH2bb 2H2+i`QM BMi2`M�H 2M2`;v BM i?2 mTbi`2�K- υe0 ≈ 1.6-
Bb b?QrM #v i?2 ?Q`BxQMi�H /�b?2/ #H�+F HBM2X

i?2 p�Hm2 +�H+mH�i2/ 7`QK i?2 /QrMb�KTH2/ }2H/ �M/ T�`iB+H2 BM7Q`K�iBQMX 6Q` i?2 iBK2 `�M;2

Qp2` r?B+? r2 i`�+F T�`iB+H2b U∼3700ω−1
pe ≈ 1 tA 7Q` i?2b2 bBKmH�iBQMbV- i?2 2M2`;v ;�BM +QKTmi2/

7`QK /QrMb�KTH2/ }2H/ �M/ T�`iB+H2 BM7Q`K�iBQM b?Qrb 2t+2HH2Mi �;`22K2Mi rBi? i?2 �+im�H p�Hm2

2pQHp2/ �i i?2 iBK2 `2bQHmiBQM Q7 i?2 bBKmH�iBQMX

hQ bim/v 2H2+i`QM ?2�iBM; pB� i?2 ;mB/BM; +2Mi2` i?2Q`v- r2 mb2 7Qm` bBKmH�iBQMb 7Q` r?B+? βi =

7.8× 10−3 �M/ bg ∈ {0.1, 0.3, 0.6, 1}X >2`2- r2 mb2 � bK�HH2` #Qt bBx2- Lx ≈ 1080 c/ωpe Ui?2 /QK�BM

bBx2 /2T2M/2M+2 Q7 Qm` `2bmHib Bb /Bb+mbb2/ BM �TTX 9X�VX �T�`i 7`QK i?2 /QK�BM bBx2- i?2 T�`�K2i2`b

�`2 i?2 b�K2 �b BM i?2 K�BM ;mB/2 }2H/ bBKmH�iBQMb UBX2X- mi/me = 1836- σw = 0.1- Te0/Ti0 = 1-

c/ωpe = 4 +2HHb- Nppc = 16VX h?2 ?2�iBM; 7`�+iBQMb 2ti`�+i2/ 7`QK i?2b2 bBKmH�iBQMb �`2 `Qm;?Hv

i?2 b�K2 �b BM i?2 T`Q/m+iBQM `mMbQ7 h�#X jXRX

1H2+i`QMb �`2 i`�+F2/ 7`QK t/ tA ≈ 0.9 iQ 1.9 U2[mBp�H2MiHv- tωpe ≈ 3330 iQ 7030VX h?2 i`�+F2/

T�`iB+H2b �`2 b2H2+i2/ �i i?2 BMBiB�H iBK2 iQ HB2 BM i?2 mTbi`2�K `2;BQM- rBi?BM `Qm;?Hv ±50 c/ωpe Q7

y = 0 Ub22 6B;X jXR9- T�M2H �c ;`2v +QMiQm`b b?Qr K�;M2iB+ }2H/ HBM2bVX h?2 b2H2+i2/ 2H2+i`QMb �`2

i`�+F2/ 7Q` ∼3700ω−1
pe ≈ 1 tA- �i r?B+? TQBMi i?2v ivTB+�HHv `2bB/2 BM i?2 BbH�M/ `2;BQM UT�M2H "VX

6B;X jXR8 b?Qrb i?2 iBK2 2pQHmiBQM Q7 2H2+i`QM 2M2`;v ;�BMb- 7Q` ;mB/2 }2H/b bg = 0.1, 0.3, 0.6-

�M/ 1 BM T�M2Hb �- "- *- �M/ .- `2bT2+iBp2Hv Ui?2 bi`2M;i? Q7 i?2 ;mB/2 }2H/ BM+`2�b2b 7`QK H27i

iQ `B;?iVX h?2 2M2`;v ;�BM Bb T`2b2Mi2/ BM /BK2MbBQMH2bb 7Q`K rBi? `2bi K�bb bm#i`�+i2/- BX2X-
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(εe − mec2)/mec2 ∼= υeXRR AM 2�+? T�M2H- i?2 #Hm2 HBM2 +Q``2bTQM/b iQ i?2 2H2+i`QM 2M2`;v ;�BM

K2�bm`2/ /B`2+iHv BM i?2 bBKmH�iBQMbX h?2 E@T�`�HH2H �M/ +m`p�im`2 i2`Kb �`2 b?QrM BM ;`22M �M/

`2/- `2bT2+iBp2Hv- �M/ i?2 v2HHQr /�b?2/ +m`p2 Bb i?2B` bmKX h?2 ;QQ/ �;`22K2Mi #2ir22M /�b?2/

v2HHQr �M/ #Hm2 HBM2b Bb �M BM/B+�iBQM i?�i Qm` QmiTmi iBK2 `2bQHmiBQM Bb �/2[m�i2 7Q` i?2 ;mB/BM;

+2Mi2` `2+QMbi`m+iBQMX h?2 #H�+F /�b?2/ HBM2 b?Qrb i?2 bT2+B}+ BMi2`M�H 2M2`;v BM i?2 7�` mTbi`2�K

Uυe0 ≈ 1.6V- r?B+? K�i+?2b r2HH i?2 bi�`iBM; TQBMi Q7 i?2 +m`p2bX

6Q` r2�F ;mB/2 }2H/b- bg ! 0.6- i?2 2M2`;v ;�BMb /m2 iQ E@T�`�HH2H �M/ +m`p�im`2 i2`Kb �`2

+QKT�`�#H2- +QMbBbi2Mi rBi? i?2 }M/BM;b Q7 .�?HBM 2i �HX UkyR9VX 6Q` bi`QM; ;mB/2 }2H/b- 2M2`;Bx�iBQM

/m2 iQ i?2 T�`�HH2H 2H2+i`B+ }2H/ /QKBM�i2bc BM i?Bb +�b2- i?2 K�;M2iB+ }2H/ BM i?2 +m``2Mi b?22i Bb

�TT`QtBK�i2Hv bi`�B;?i UbBM+2 Bi Bb /QKBM�i2/ #v i?2 Qmi@Q7@TH�M2 }2H/V- bQ ?2�iBM; /m2 iQ i?2

+m`p�im`2 i2`K Bb M2;HB;B#H2X h?Qm;? i?2 K2+?�MBbKb `2bTQMbB#H2 7Q` 2M2`;Bx�iBQM Q7 2H2+i`QMb

/Bz2` 7Q` r2�F �M/ bi`QM; ;mB/2 }2H/b- i?2 Qp2`�HH 2M2`;v ;�BM Bb �#Qmi i?2 b�K2 BM �HH +�b2b-

(εe − mec2)/mec2 ∼= υe ≈ 14.5 Ub22 �HbQ 6B;X jX3- T�M2H �VX h?2 i2KTQ`�H 2pQHmiBQM Q7 2H2+i`QM

?2�iBM; U#Qi? i?2 iQi�H ?2�iBM;- �b r2HH �b E@T�`�HH2H �M/ +m`p�im`2 +QMi`B#miBQMbV b�im`�i2b �i H�i2

iBK2b- r?2M KQbi Q7 i?2 T�`iB+H2b `2bB/2 BM i?2 T`BK�`v BbH�M/X

6B;X jXRe b?Qrb i?2 k. bT�iB�H /Bbi`B#miBQM Q7 TQr2` �bbQ+B�i2/ rBi? i?2 E@T�`�HH2H UT�M2Hb

�Ĝ.V �M/ +m`p�im`2 UT�M2Hb 1Ĝ>V 2M2`;Bx�iBQM i2`KbX 6Q` 2p2`v i`�+F2/ 2H2+i`QM �i 2�+? iBK2-

r2 /2TQbBi i?2 +Q``2bTQM/BM; E@T�`�HH2H �M/ +m`p�im`2 TQr2`b �i i?2 HQ+�iBQM r?2`2 i?2 T�`iB+H2

BMbi�Mi�M2QmbHv `2bB/2b UTQr2` Bb /2TQbBi2/ BMiQ bT�iB�H #BMb Q7 H2M;i? �M/ rB/i? 2[m�H iQ 2 c/ωpec

MQi2 i?�i i?2 +QHQ`#�` `�M;2 BM 6B;X jXRe /2T2M/b QM i?Bb #BMMBM;- bQ i?2 mMBib �`2 �`#Bi`�`vV- �M/

i?2M r2 �p2`�;2 Qp2` i?2 MmK#2` Q7 i`�+F2/ 2H2+i`QMbX :`2v HBM2b b?Qr i?2 K�;M2iB+ }2H/ HBM2b

�i t/ tA ≈ 1.9- 7Q` `272`2M+2X 6Q` r2�F ;mB/2 }2H/b Ubg ! 0.3V- 2M2`;Bx�iBQM /m2 iQ i?2 T�`�HH2H

2H2+i`B+ }2H/ Bb T�i+?v U.�?HBM 2i �HX UkyR9VV- rBi? ?2�iBM; bT`2�/ Qp2` i?2 2t?�mbi `2;BQM �b r2HH
RRh?Bb Bb MQi �M 2[m�HBiv #2+�mb2 εe − mec2 BM+Hm/2b #mHF FBM2iB+ 2M2`;v- BM �//BiBQM iQ BMi2`M�H 2M2`;vX

>Qr2p2`- BM i?2 T`BK�`v BbH�M/ i?2 H�ii2` ;`2�iHv /QKBM�i2b Qp2` i?2 7Q`K2`X

Rky



6B;m`2 jXRe, k. bT�iB�H /2T2M/2M+2 Q7 2M2`;v +?�M;2b /m2 iQ U�Ĝ.V E@T�`�HH2H �M/ U1Ĝ>V +m`p�im`2
/`B7i i2`Kb BM i?2 ;mB/BM; +2Mi2` �TT`QtBK�iBQM- �M/ UAĜGV R. T`Q}H2b Q7 E@T�`�HH2H ?2�iBM; U;`22MV- +m`p�@
im`2 /`B7i ?2�iBM; U`2/V- �M/ i?2B` bmK U/�b?2/ v2HHQrVX 6`QK H27i iQ `B;?i- i?2 ;mB/2 }2H/ BM+`2�b2b 7`QK
yXR iQ RX h?2 }`bi �M/ b2+QM/ `Qrb b?Qr i?2 T2`@T�`iB+H2 �p2`�;2 TQr2` /2TQbBi2/ 7`QK t/ tA = 0.9 mT iQ
1.9 Utωpe ≈ 3330 iQ 7030 BM i?2b2 bBKmH�iBQMbc i?2 /QK�BM bBx2 Lx ≈ 1080 c/ωpe mb2/ ?2`2 Bb � 7�+iQ` Q7
irQ bK�HH2` i?�M 7Q` i?2 `mMb BM h�#X jXR- � +?QB+2 i?�i Bb DmbiB}2/ BM �TTX 9X�VX 6Q` `272`2M+2- K�;M2iB+
}2H/ HBM2b �i t/ tA = 1.9 �`2 b?QrM BM ;`2v- #mi MQi2 i?�i i?2v �`2 MQi bi�iB+ 7`QK t/ tA = 0.9 iQ 1.9X AM
i?2 i?B`/ `Qr- R. T`Q}H2b �`2 +QKTmi2/ 7`QK k. T`Q}H2b #v bmKKBM; }`bi �HQM; y- i?2M bmKKBM; +mKm@
H�iBp2Hv �HQM; x- bi�`iBM; 7`QK i?2 p2`iB+�H /�b?2/ #H�+F HBM2 Ur?B+? `2T`2b2Mib `Qm;?Hv i?2 HQ+�iBQM Q7 i?2
+2Mi`�H s@TQBMiV �M/ T`Q+22/BM; Qmir�`/ �HQM; ±xX

RkR



�b i?2 BbH�M/X PM �p2`�;2- i?2`2 Bb � M2i 2M2`;v ;�BM- ?Qr2p2`- T�`�HH2H 2H2+i`B+ }2H/b +�M �HbQ

HQ+�HHv +QQH i?2 2H2+i`QMb U#Hm2 T�i+?2b BM T�M2H �VX >2�iBM; /m2 iQ i?2 +m`p�im`2 /`B7i Bb HQ+�HBx2/

T`2/QKBM�MiHv �HQM; i?2 r�HHb Q7 i?2 2t?�mbi- BM T�`iB+mH�` QM i?2 mTT2` H27i �M/ HQr2` `B;?i U�b BM

T�M2H "- 7Q` bg = 0.3V- r?2`2 Qmi~QrBM; 2H2+i`QMb i2M/ iQ ;2i 7Q+mb2/ Ub22 �HbQ 6B;X jXk- T�M2H 6VX

�b i?2 bi`2M;i? Q7 i?2 ;mB/2 }2H/ BM+`2�b2b- i?2 `2H�iBp2 BKTQ`i�M+2 Q7 i?2 +m`p�im`2 /`B7i 2M2`@

;Bx�iBQM /2+`2�b2b UT�M2Hb :Ĝ>V- �M/ i?2 E@T�`�HH2H ?2�iBM; #2+QK2b /QKBM�Mi UT�M2Hb *Ĝ.VX �

bm#bi�MiB�H �KQmMi Q7 ?2�iBM; /m2 iQ i?2 T�`�HH2H 2H2+i`B+ }2H/ Bb HQ+�HBx2/ BM i?2 2t?�mbi `2;BQM-

?Qr2p2` 2M2`;Bx�iBQM +QMiBMm2b BMiQ i?2 BbH�M/X

q?BH2 i?2 ;mB/BM; +2Mi2` 7Q`K�HBbK K�F2b MQ /BbiBM+iBQM #2ir22M �/B�#�iB+ �M/ B``2p2`bB#H2

?2�iBM;- r2 +�M BM72` #�b2/ QM Qm` `2bmHib 7Q` HQr βi ;mB/2 }2H/ `2+QMM2+iBQM Ub22 6B;X jXN- }`bi

`QrV i?�i i?2 E@T�`�HH2H �M/ +m`p�im`2 /`B7i i2`Kb BM i?Bb +�b2 U?�pBM; βi ∼ 0.01V +QMi`B#mi2

T`2/QKBM�MiHv iQ i?2 B``2p2`bB#H2 ?2�iBM; Q7 2H2+i`QMbX aBM+2 +QKT`2bbBp2 ?2�iBM; Bb M2;HB;B#H2 �i

βi ≈ 8 × 10−3 Ub22 6B;X jXN- T�M2H "c �HbQ- 1[X UjXReVV- B``2p2`bB#H2 ?2�iBM; BM i?2 HQr βi `2;BK2

`2T`2b2Mib i?2 K�BM +QMi`B#miBQM iQ iQi�H 2H2+i`QM ?2�iBM;X Ai 7QHHQrb i?�i- BM i?Bb HQr βi `2;BK2-

i?2 ;mB/BM; +2Mi2` /2+QKTQbBiBQM �bb2bb2b +QMi`B#miBQMb iQ B``2p2`bB#H2 ?2�iBM;X

hQ +H�`B7v i?2 bT�iB�H /2T2M/2M+2 Q7 E@T�`�HH2H �M/ +m`p�im`2 /`B7i ?2�iBM;- r2 b?Qr BM i?2 H�bi

`Qr Q7 6B;X jXRe UT�M2Hb AĜGV i?2 R. +mKmH�iBp2 bmK �HQM; ±x U�b BM .�?HBM 2i �HX UkyR9VV- bi�`iBM;

7`QK i?2 p2`iB+�H /�b?2/ HBM2- Q7 i?2 E@T�`�HH2H UbQHB/ ;`22MV �M/ +m`p�im`2 UbQHB/ `2/V 2M2`;Bx�iBQM

`�i2b /BbTH�v2/ BM i?2 }`bi �M/ b2+QM/ `Qrbc i?2B` bmK Bb b?QrM #v i?2 /�b?2/ v2HHQr HBM2X h?Bb

b?Qrb i?�i ?2�iBM; +QMiBMm2b i?`Qm;?Qmi i?2 2t?�mbi `2;BQM- �M/ �i i?2 BMi2`7�+2 #2ir22M i?2

Qmi~Qr �M/ i?2 T`BK�`v BbH�M/X GBiiH2 �//BiBQM�H ?2�iBM; ?�TT2Mb BMbB/2 i?2 T`BK�`v BbH�M/X

jXe amKK�`v �M/ /Bb+mbbBQM

"v K2�Mb Q7 7mHHv@FBM2iB+ H�`;2@b+�H2 k. SA* bBKmH�iBQMb- r2 ?�p2 BMp2biB;�i2/ ;mB/2 }2H/ `2+QM@

M2+iBQM BM i?2 i`�Mb`2H�iBpBbiB+ `2;BK2 KQbi `2H2p�Mi iQ #H�+F ?QH2 +Q`QM�2 �M/ ?Qi �++`2iBQM ~QrbX
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AM T�`iB+mH�`- r2 ?�p2 7Q+mb2/ QM i?2 7mM/�K2Mi�H [m2biBQM Q7 2H2+i`QM �M/ T`QiQM ?2�iBM; pB�

`2+QMM2+iBQM- /Bz2`2MiB�iBM; #2ir22M �/B�#�iB+@+QKT`2bbBp2 �M/ B``2p2`bB#H2 +QKTQM2MibX �HH Qm`

bBKmH�iBQMb 2KTHQv i?2 `2�HBbiB+ K�bb `�iBQ- mi/me = 1836X

q2 }M/ i?�i i?2 2M2`;v T�`iBiBQM #2ir22M 2H2+i`QMb �M/ T`QiQMb +�M p�`v bm#bi�MiB�HHv /2T2M/BM;

QM i?2 bi`2M;i? Q7 i?2 ;mB/2 }2H/X 6Q` � bi`QM; ;mB/2 }2H/ bg = Bg/B0 ∼ 6 �M/ HQr T`QiQM #2i�

βi ! 0.5- �`QmM/ 10% Q7 i?2 7`22 K�;M2iB+ 2M2`;v T2` T�`iB+H2 Bb +QMp2`i2/ iQ B``2p2`bB#H2 2H2+i`QM

?2�iBM; U`2;�`/H2bb Q7 βiV- r?2`2�b i?2 2{+B2M+v Q7 B``2p2`bB#H2 T`QiQM ?2�iBM; Bb Km+? bK�HH2`-

Q7 Q`/2` ∼1% Ui?2b2 p�Hm2b `272` iQ Qm` }/m+B�H K�;M2iBx�iBQM σw = 0.1 �M/ i2KT2`�im`2 `�iBQ

Te0/Ti0 = 1VX Ai 7QHHQrb i?�i i?2 2M2`;v T�`iBiBQM �i ?B;? ;mB/2 }2H/b /Bz2`b /`�biB+�HHv 7`QK i?2

�MiBT�`�HH2H HBKBi Ubg = 0V- BM r?B+? 2H2+i`QMb `2+2Bp2 QMHv ∼6% Q7 i?2 7`22 K�;M2iB+ 2M2`;v T2`

T�`iB+H2- �M/ T`QiQM B``2p2`bB#H2 ?2�iBM; Bb �`QmM/ 7Qm` iBK2b �b Km+?- ∼24% U_aLRdVX

q?BH2 i?2 2M2`;v T�`iBiBQM #2ir22M 2H2+i`QMb �M/ T`QiQMb +?�M;2b /`�biB+�HHv rBi? i?2 ;mB/2 }2H/

bi`2M;i? �i HQr βi- �i βi ∼ 2 U≈ βi,max- 7Q` σw = 0.1 �M/ Te0/Ti0 = 1V- i?2 B``2p2`bB#H2 ?2�iBM; Q7

2H2+i`QMb �M/ T`QiQMb Bb BM �TT`QtBK�i2 2[mBT�`iBiBQM- `2;�`/H2bb Q7 i?2 ;mB/2 }2H/ bi`2M;i?X h?�i

Bb- �b βi → βi,max Ur?2M #Qi? bT2+B2b bi�`i `2H�iBpBbiB+�HHv ?QiV- 2H2+i`QMb �M/ T`QiQMb 2�+? `2+2Bp2

`Qm;?Hv i?2 b�K2 �KQmMi Q7 2M2`;v- ∼10% Q7 i?2 7`22 K�;M2iB+ 2M2`;v T2` T�`iB+H2 BM i?2 mTbi`2�KX

AM �//BiBQM iQ � +QKT`2?2MbBp2 BMp2biB;�iBQM Q7 i?2 ;mB/2 }2H/ /2T2M/2M+2 Q7 2H2+i`QM �M/ T`QiQM

2M2`;v T�`iBiBQM 7Q` Qm` }/m+B�H +�b2b rBi? σw = 0.1 �M/ Te0/Ti0 = 1- r2 bim/v b2p2`�H +�b2b rBi?

H�`;2` K�;M2iBx�iBQM- σw = 1- �M/ bK�HH2` i2KT2`�im`2 `�iBQb- Te0/Ti0 = 0.1, 0.3X JQiBp�i2/ #v Qm`

2ti2MbBp2 2tTHQ`�iBQM Q7 i?2 T�`�K2i2` bT�+2 Uh�#X jXR �M/ Uh�#X jXkV- r2 T`QpB/2 � }iiBM; 7mM+iBQM

U1[X UjXRNVV- r?B+? +�Tim`2b i?2 �TT`QtBK�i2 /2T2M/2M+2 Q7 2H2+i`QM B``2p2`bB#H2 ?2�iBM; 2{+B2M+v

QM βi, bg,σw- �M/ Te0/Ti0X h?Bb }iiBM; 7mM+iBQM +�M #2 mb2/ 7Q` bm#@;`B/ KQ/2Hb Q7 HQr@HmKBMQbBiv

�++`2iBQM ~Qrb bm+? �b a;` �∗ �i i?2 :�H�+iB+ *2Mi2`X

�b r2 ?�p2 b�B/- 7Q` bi`QM; ;mB/2 }2H/b �M/ HQr βi- 2H2+i`QMb `2+2Bp2 KQbi Q7 i?2 B``2p2`bB#H2 ?2�i

Rkj



i?�i Bb i`�Mb72``2/ iQ i?2 T�`iB+H2bX h?Bb Bb bBKBH�` iQ `2+2Mi }M/BM;b Q7 2H2+i`QM �M/ T`QiQM ?2�iBM;

BM K�;M2iBx2/ im`#mH2M+2 Ub22 6B;X jXRk- r?B+? +QKT�`2b rBi? E�r�xm`� 2i �HX kyRNV- bm;;2biBM;

� 7mM/�K2Mi�H +QMM2+iBQM #2ir22M `2+QMM2+iBQM �M/ im`#mH2M+2- �b BM/22/ bmTTQ`i2/ #v `2+2Mi

i?2Q`2iB+�H rQ`Fb U"QH/v`2p � GQm`2B`Q- kyRdc GQm`2B`Q � "QH/v`2p- kyRdc J�HH2i 2i �HX- kyRdc

*QKBbbQ � aB`QMB- kyR3c a?�v 2i �HX- kyR3VX aiBHH- bQK2 F2v /Bz2`2M+2b #2ir22M Qm` `2+QMM2+iBQM@

#�b2/ ?2�iBM; T`2b+`BTiBQM �M/ im`#mH2M+2@#�b2/ ?2�iBM; T`2b+`BTiBQMb U>Qr2b- kyRyc E�r�xm`�

2i �HX- kyRNV T2`bBbi, 7Q` βi ∼ βi,max- r?2M #Qi? 2H2+i`QMb �M/ T`QiQMb bi�`i `2H�iBpBbiB+- `2+QMM2+iBQM

H2�/b iQ 2[mBT�`iBiBQM #2ir22M i?2 irQ bT2+B2b BM/2T2M/2MiHv Q7 i?2 ;mB/2 }2H/ bi`2M;i?- r?2`2�b

7Q` i?2 T`2b+`BTiBQM Q7- 2X;X- E�r�xm`� 2i �HX UkyRNV- T`QiQMb `2+2Bp2 i?2 K�DQ`Biv Q7 i?2 B``2p2`bB#H2

?2�iBM; �i ?B;? βiX �HbQ- 7Q` `2+QMM2+iBQM@#�b2/ ?2�iBM;- i?2 i`�MbBiBQM iQ 2[mBT�`iBiBQM ?�TT2Mb

MQi �i βi ∼ 1- #mi ;2M2`�HHv �i βi ∼ βi,max- r?B+? +�M /Bz2` 7`QK mMBiv B7 σw ≪ 1 Q` σw ≫ 1X

q2 ?�p2 �HbQ mb2/ � ;mB/BM; +2Mi2` �M�HvbBb iQ bim/v i?2 K2+?�MBbKb `2bTQMbB#H2 7Q` 2H2+i`QM

?2�iBM; �b � 7mM+iBQM Q7 i?2 ;mB/2 }2H/ bi`2M;i?- 7Q` � `2T`2b2Mi�iBp2 HQr@βi +�b2 rBi? βi ∼ 0.01X h?2

E@T�`�HH2H �M/ +m`p�im`2 /`B7i i2`Kb /QKBM�i2 i?2 2M2`;v +?�M;2 Q7 2H2+i`QMb- �M/ i?2B` `2H�iBp2

BKTQ`i�M+2 b?B7ib /2T2M/BM; QM i?2 bi`2M;i? Q7 i?2 ;mB/2 }2H/c 7Q` r2�F iQ KQ/2`�i2 ;mB/2 }2H/b-

0.1 ! bg ! 0.6- i?2 2M2`;v ;�BMb /m2 iQ E@T�`�HH2H �M/ +m`p�im`2 /`B7i �`2 +QKT�`�#H2- #mi 7Q` �

bi`QM; ;mB/2 }2H/- bg " 1- 2H2+i`QM 2M2`;Bx�iBQM Bb /QKBM�i2/ #v E@T�`�HH2H ?2�iBM;X h?Qm;? i?2

K2+?�MBbKb Q7 2H2+i`QM ?2�iBM; /Bz2` /2T2M/BM; QM i?2 bi`2M;i? Q7 i?2 ;mB/2 }2H/- i?2 M2i BM+`2�b2

BM 2H2+i`QM 2M2`;v `2K�BMb �#Qmi i?2 b�K2X

q2 +QM+Hm/2 #v `2K�`FBM; QM bQK2 bBKTHB7vBM; �bbmKTiBQMb Q7 i?2 T`2b2Mi rQ`F- �b r2HH �b

/Bb+mbbBM; 7mim`2 HBM2b Q7 BM[mB`vX 6B`bi- BM Qm` BMp2biB;�iBQM Q7 ;mB/2 }2H/ `2+QMM2+iBQM- r2 ?�p2

7Q+mb2/ T`BK�`BHv QM QM2 p�Hm2 Q7 i?2 K�;M2iBx�iBQM- σw = 0.1- �M/ 2[m�H i2KT2`�im`2 `�iBQb BM

i?2 mTbi`2�K- Te0/Ti0 = 1-Rk iQ bBKTHB7v i?2 T�`�K2i2` bT�+2 BMp2biB;�iBQMX h?2 /2T2M/2M+2 Q7
Rkh?2 }iiBM; 7mM+iBQM 1[X UjXRNV- ?Qr2p2`- �HbQ BM+Q`TQ`�i2b `2bmHib 7`QK �//BiBQM�H bBKmH�iBQMb rBi?

σw = 1 �M/ Te0/Ti0 = 0.1, 0.3- 7Q` #Qi? HQr �M/ ?B;? ;mB/2 }2H/ `2;BK2bX

Rk9



2M2`;v T�`iBiBQM pB� `2+QMM2+iBQM QM ;mB/2 }2H/ bi`2M;i? 7Q` Qi?2` p�Hm2b Q7 i?2 K�;M2iBx�iBQM

`2K�BMb mM/2`@2tTHQ`2/- 2bT2+B�HHv 7Q` i?2 HQr βi `2;BK2- r?2`2 r2 }M/ i?�i i?2 T`QiQM B``2p2`bB#H2

?2�iBM; 2{+B2M+v /2T2M/b bi`QM;Hv QM i?2 ;mB/2 }2H/ bi`2M;i?X aBKBH�`Hv- i?2 2z2+i Q7 i?2 mTbi`2�K

i2KT2`�im`2 `�iBQ Te0/Ti0 BM ;mB/2 }2H/ `2+QMM2+iBQM Bb mM/2`@2tTHQ`2/X

� b2+QM/ bBKTHB}+�iBQM Bb i?�i r2 ?�p2 mb2/ k. bBKmH�iBQMb- r?B+? K�v /Bz2` 7`QK j. �b `2;�`/

iQ T�`iB+H2 ?2�iBM;X AM j. `2+QMM2+iBQM- BM TH�+2 Q7 K�;M2iB+ BbH�M/b- irBbi2/ im#2b Q7 K�;M2iB+ ~mt

rBHH /2p2HQTc iQ mM/2`bi�M/ i?2 /Bz2`2M+2b �b `2;�`/ iQ ?2�iBM;- � +QKT�`BbQM #2ir22M k. �M/ j.

i`�Mb`2H�iBpBbiB+ `2+QMM2+iBQM rBHH #2 BKTQ`i�Mi- 2bT2+B�HHv BM i?2 HQr@βi `2;BK2- r?2`2 b2+QM/�`v

K�;M2iB+ BbH�M/b �`2 +QTBQmbHv ;2M2`�i2/X

6BM�HHv- BM Qm` ;mB/BM; +2Mi2` �M�HvbBb- r2 ?�p2 7Q+mb2/ QM 2H2+i`QM ?2�iBM; BM i?2 HQr βi `2;BK2-

r?2`2 i?2 �bbmKTiBQM i?�i i?2 K�;M2iB+ }2H/ p�`B2b M2;HB;B#Hv Qp2` i?2 2H2+i`QM `�/Bmb Q7 ;v`�iBQM

Bb 2�bBHv b�iBb}2/X �i ?B;? βi- i?Bb �bbmKTiBQM Bb H2bb `Q#mbi- �M/ i?2 ;mB/BM; +2Mi2` i?2Q`v K�v #2

MQi �TTHB+�#H2X �//BiBQM�H i?2Q`2iB+�H rQ`F rBHH #2 M2+2bb�`v iQ T`QpB/2 BMbB;?i BMiQ i?2 T?vbB+b Q7

2H2+i`QM �M/ T`QiQM ?2�iBM; BM i?2b2 `2;BK2bX

�+FMQrH2/;2K2Mib

h?Bb rQ`F Bb bmTTQ`i2/ BM T�`i #v L�a� pB� i?2 h*�L �r�`/ ;`�Mi LLsR9�"9d: �M/ #v i?2

"H�+F >QH2 AMBiB�iBp2 �i >�`p�`/ lMBp2`bBiv- r?B+? Bb bmTTQ`i2/ #v � ;`�Mi 7`QK i?2 h2KTH2iQM

6QmM/�iBQMX Ga �+FMQrH2/;2b bmTTQ`i 7`QK .Q1 .1@a*yyRe89k- L�a� 62`KB LLs@Re�_d8:-

L�a� �hS LLs@Rd�:kR:- La6 �*ARe8d8yd- �M/ La6 �ah@RdRe8edX h?2 bBKmH�iBQMb r2`2

T2`7Q`K2/ QM >�#�M2`Q �i *QHmK#B�- QM i?2 ">A +Hmbi2` �i i?2 "H�+F >QH2 AMBiB�iBp2- �M/ QM

L�a� >B;?@1M/ *QKTmiBM; U>1*V `2bQm`+2bX h?Bb `2b2�`+? �HbQ mb2/ `2bQm`+2b Q7 i?2 L�iBQM�H

1M2`;v _2b2�`+? a+B2MiB}+ *QKTmiBM; *2Mi2`- � .P1 P{+2 Q7 a+B2M+2 lb2` 6�+BHBiv bmTTQ`i2/ #v

i?2 P{+2 Q7 a+B2M+2 Q7 i?2 lXaX .2T�`iK2Mi Q7 1M2`;v mM/2` *QMi`�+i LQX .1@�*yk@y8*>RRkjRX

Rk8



jX� *QMp2`;2M+2 Q7 B``2p2`bB#H2 ?2�iBM; 7`�+iBQMb rBi? `2bT2+i iQ /QK�BM bBx2 Lx

h?2 K�BM 7Q+mb Q7 i?Bb T�T2` Bb i?2 B``2p2`bB#H2 ?2�iBM; Q7 2H2+i`QMb �M/ T`QiQMbX AM T`BM+BTH2- i?2

K2�bm`2/ p�Hm2b K�v /2T2M/ QM i?2 /QK�BM bBx2 Lx B7- 7Q` 2t�KTH2- i?2 +QKTmi�iBQM�H #Qt Bb bQ

bK�HH i?�i i?2 `2+QMM2+iBQM Qmi~Qrb /Q MQi ?�p2 i?2 +?�M+2 iQ `2�+? i?2 �bvKTiQiB+ �H7pûM HBKBiX

AM i?Bb +�b2- i?2 #mHF 2M2`;v Q7 i?2 Qmi~Qrb rQmH/ #2 �`iB}+B�HHv bmTT`2bb2/- r?B+? +QmH/ BM im`M

bmTT`2bb i?2 T�`iB+H2 B``2p2`bB#H2 ?2�iBM;X AM i?Bb �TT2M/Bt- r2 T`2b2Mi � b2i Q7 HQr2` `2bQHmiBQM

Uc/ωpe = 2 BMbi2�/ Q7 c/ωpe = 4V bBKmH�iBQMb rBi? p�`vBM; /QK�BM bBx2b- Lx = 1080 c/ωpe, 2160 c/ωpe

UQm` }/m+B�H +?QB+2V- �M/ 4176 c/ωpe- iQ 2tTHQ`2 i?2 #Qt bBx2 /2T2M/2M+2 Q7 i?2 2H2+i`QM �M/ T`QiQM

B``2p2`bB#H2 ?2�iBM; 7`�+iBQMb- Mue,irr �M/ Mui,irrX 6Q` i?2b2 bBKmH�iBQMb- bg = 1- mi/me = 1836-

σw = 0.1- βi = 0.125- �M/ Te0/Ti0 = 1X AM 6B;X jXRd- r2 b?Qr i?2 iBK2 /2T2M/2M+2 Q7 2H2+i`QM

UT�M2H �V �M/ T`QiQM UT�M2H "V B``2p2`bB#H2 ?2�iBM; 7`�+iBQMb 7Q` i?2 i?`22 bBKmH�iBQMb rBi? p�`vBM;

LxX

6Q` #Qt bBx2b Lx " 2160 c/ωpe- i?2 2H2+i`QM B``2p2`bB#H2 ?2�iBM; +QMp2`;2b iQ Mue,irr ≈ 0.11X qBi?

`2bT2+i iQ 2H2+i`QM B``2p2`bB#H2 ?2�iBM;- 2p2M i?2 bK�HH2` #Qt rBi? Lx " 1080 c/ωpe /Bz2`b #v QMHv

∼10% +QKT�`2/ iQ i?2 H�`;2` #Qt2bX h?Bb DmbiB}2b i?2 }/m+B�H /QK�BM bBx2 Lx = 2160 c/ωpe i?�i

r2 mb2 iQ bim/v 2H2+i`QM ?2�iBM; BM ;mB/2 }2H/ `2+QMM2+iBQM- �M/ �HbQ i?2 +?QB+2 Q7 Lx = 1080 c/ωpe

BM a2+X jX8Xd- r?2`2 r2 mb2 i?2 ;mB/BM; +2Mi2` i?2Q`v iQ bim/v 2H2+i`QM 2M2`;Bx�iBQMX h?2 T`QiQM

B``2p2`bB#H2 ?2�iBM; /2T2M/b KQ`2 bi`QM;Hv QM i?2 #Qt bBx2- #mi biBHH b?Qrb `2�bQM�#H2 �;`22K2Mi

#2ir22M i?2 }/m+B�H #Qt bBx2 ULx = 2160 c/ωpeV �M/ H�`;2` #Qt2b ULx = 4176 c/ωpeVX AM +QMi`�bi-

bK�HH2` #Qt2b mM/2`2biBK�i2 i?2 T`QiQM ?2�iBM; 7`�+iBQM U;`22M HBM2VX

jX" :mB/BM; +2Mi2` 7Q`K�HBbK

>2`2- r2 `2pB2r i?2 /2i�BHb Q7 ;mB/BM; +2Mi2` 7Q`K�HBbK ULQ`i?`QT- RNeR- RNej�-#VX h?2 ;mB/BM;

+2Mi2` K2i?Q/ T`QpB/2b �M �TT`QtBK�iBQM iQ T�`iB+H2 KQiBQM �HQM; � K�;M2iB+ }2H/ HBM2- BM i?2

HBKBi i?�i i?2 BMp2`b2 G�`KQ` 7`2[m2M+v ω−1 ≡ mc/qB Bb bK�HH +QKT�`2/ iQ i?2 iBK2b+�H2 i?�i

Rke



6B;m`2 jXRd, h2bi Q7 +QMp2`;2M+2 7Q` U�V 2H2+i`QM �M/ U"V T`QiQM B``2p2`bB#H2 ?2�iBM; 7`�+iBQMb- rBi? `2@
bT2+i iQ /QK�BM bBx2 LxX q2 b?Qr K2�bm`2/ B``2p2`bB#H2 ?2�iBM; 7`�+iBQMb 7`QK bBKmH�iBQMb rBi? Lx =
1080 c/ωpe- 2160 c/ωpe- �M/ 4176 c/ωpeX 6Q` i?2b2 bBKmH�iBQMb- bg = 1- mi/me = 1836- σw = 0.1- βi = 0.125-
�M/ Te0/Ti0 = 1X

+?�`�+i2`Bx2b p�`B�iBQM BM i?2 K�;M2iB+ }2H/- Q` 2[mBp�H2MiHv- i?�i i?2 K�;M2iB+ }2H/ /Q2b MQi

p�`v bB;MB}+�MiHv Qp2` i?2 G�`KQ` U;v`�iBQMV `�/Bmb- ρ ≡ v⊥/ω, r?2`2 v⊥ Bb i?2 T�`iB+H2 p2HQ+Biv

T2`T2M/B+mH�` iQ i?2 K�;M2iB+ }2H/X hQ bim/v i?2 KQiBQM Q7 � T�`iB+H2 /m2 iQ �M 2H2+i`QK�;M2iB+

}2H/- r2 bi�`i rBi? i?2 GQ`2Mix 7Q`+2 H�r,

r̈ =
q

m

(
E(r) +

ṙ

c
×B(r)

)
, UjXkyV

r?2`2 r /2MQi2b i?2 HQ+�iBQM Q7 i?2 T�`iB+H2X 1[X jXky Bb r`Bii2M BM i?2 MQM`2H�iBpBbiB+ HBKBi- #mi i?2

2z2+i Q7 `2H�iBpBbiB+ BM2`iB� +�M #2 BM72``2/ 7`QK i?2 bm#biBimiBQM m → γm- r?2`2 γ Bb i?2 T�`iB+H2Ƕb

GQ`2Mix 7�+iQ`X .2}M2 irQ p2+iQ`b- R �M/ ρρρ, +Q``2bTQM/BM; iQ i?2 HQ+�iBQM Q7 i?2 ;mB/BM; +2Mi2`

�M/ i?2 HQ+�iBQM Q7 i?2 T�`iB+H2 `2H�iBp2 iQ i?2 ;mB/BM; +2Mi2`- `2bT2+iBp2HvX h?2M r = R + ρρρX h?2

;mB/BM; +2Mi2` +QQ`/BM�i2b �`2 BHHmbi`�i2/ BM 6B;X jXR3X

Rkd



B

⇢⇢⇢

Origin

r

Origin

R

1

6B;m`2 jXR3, AHHmbi`�iBQM Q7 i?2 ;mB/BM; +2Mi2` +QQ`/BM�i2bc BM i?2 ;mB/BM; +2Mi2` 7Q`K�HBbK- i?2 Q`#Bi Q7
� T�`iB+H2 Bb /2+QKTQb2/ BMiQ `�TB/ +B`+mH�` KQiBQM �#Qmi � TQBMi- i?2 ;mB/BM; +2Mi2` UHQ+�i2/ �i RV- �M/
KQiBQM �HQM; i?2 K�;M2iB+ }2H/ BX

� h�vHQ` 2tT�MbBQM BM ρρρ �#Qmi i?2 ;mB/BM; +2Mi2` R- B;MQ`BM; ?B;?2` Q`/2` i2`Kb BM i?2 2tT�MbBQM

T�`�K2i2` ϵ ≡ m/q- vB2H/b

R̈+ ρ̈ρρ =
q

m

(
E(R) + (ρρρ ·∇∇∇)E(R) +

Ṙ+ ρ̇ρρ

c
× (B(R) + (ρρρ ·∇∇∇)B(R))

)
+ O(ϵ2) UjXkRV

Ai Bb M2+2bb�`v iQ `2i�BM i?2 }M�H i2`K BM T�`2Mi?2b2b ∼ρ̇̇ρ̇ρρρρ- #2+�mb2 Bi Bb BM 7�+i Q7 Q`/2` ϵX

.2}M2 � b2i Q7 Q`i?Q;QM�H #�bBb p2+iQ`b- ê̂êe1 = B/B- ê̂êe2 r?B+? TQBMib iQr�`/ i?2 +2Mi2` Q7 +m`p�im`2

Q7 i?2 K�;M2iB+ }2H/ HBM2- �M/ ê̂êe3 = ê̂êe1 × ê̂êe2- r?B+? Bb Q`i?Q;QM�H iQ i?2 T`2pBQmb irQ mMBi p2+iQ`bX

Rk3



qBi? i?2b2 mMBi p2+iQ`b- i?2 T�`iB+H2 HQ+�iBQM- p2HQ+Biv- �M/ �++2H2`�iBQM +�M #2 r`Bii2M �b

ρρρ = ρ(ê̂êe2 sin θ + ê̂êe3 cos θ) UjXkkV

ρ̇ρρ = ωρ(ê̂êe2 cos θ − ê̂êe3 sin θ) +
d

dt
(ρê̂êe2) sin θ +

d

dt
(ρê̂êe3) cos θ UjXkjV

ρ̈ρρ = −ω2ρ(ê̂êe2 sin θ + ê̂êe3 cos θ) + ω̇ρ(ê̂êe2 cos θ − ê̂êe3 sin θ)

+ 2ω

(
d

dt
(ρê̂êe2) cos θ −

d

dt
(ρê̂êe3) sin θ

)

+
d2

dt2
(ρê̂êe2) sin θ +

d2

dt2
(ρê̂êe3) cos θ

UjXk9V

r?2`2 θ =
∫
ωdt, r?2`2 ωX LQi2 i?�i ρ̇ρρ +QMi�BMb i2`Kb Q7 Q`/2` R- #2+�mb2 ωρ ∼ (1/ϵ)ϵ ≡ 1X h?2

b2+QM/ �M/ i?B`/ i2`Kb BM 1[X jXkj �`2 Q7 Q`/2` ϵ bQ i?2v +�M #2 B;MQ`2/ mTQM bm#biBimiBQM BMiQ 1[X

jXkRX h?2 i2`Kb BM 1[X jXk9 �`2 Q7 Q`/2` 1/ϵ, 1, 1- �M/ ϵ, `2bT2+iBp2Hv- bQ QMHv i?2 }`bi i?`22 i2`Kb

M22/ iQ #2 F2Ti r?2M bm#biBimiBM; BMiQ 1[X jXkRX

AMb2`iBM; 1[bX jXkk- jXkj- �M/ jXk9 BMiQ 1[X jXkR- �M/ 2p�Hm�iBM; i?2 iBK2@�p2`�;2 Qp2` i?2

;v`�iBQM T2`BQ/
∫ 2π
0 (· · ·)dθ- QM2 Q#i�BMb

R̈ =
q

m

(
E(R) +

Ṙ

c
×B(R)

)
+

q

mc
⟨ρ̇ρρ× (ρρρ ·∇∇∇)B(R)⟩. UjXk8V

h?2 �M;H2 #`�+F2ib ?2`2 /2MQi2 i?2 iBK2@�p2`�;2c 2p�Hm�iBM; i?2 iBK2@�p2`�;2 7Q` i?2 }M�H i2`K

vB2H/b

⟨ρ̇ρρ× (ρρρ ·∇∇∇)B(R)⟩ = 1

2
ωρ2(ê̂êe2 × (ê̂êe3 ·∇∇∇)B(R)− ê̂êe3 × (ê̂êe2 ·∇∇∇)B(R)). UjXkeV

RkN



h?2 +Q2{+B2Mi QM i?2 `B;?i ?�M/ bB/2 Bb i?2 �/B�#�iB+ KQK2Mi,

1

2
ωρ2 =

1

2

qB

mc

(
mcv⊥
qB

)2

=
mv2⊥
2B c

q
≡ µc

q
UjXkdV

1[X jXk8 bBKTHB}2b rBi? i?2 7QHHQrBM; p2+iQ` B/2MiBiB2b,

ê̂êe2 × (ê̂êe3 ·∇∇∇)B(R) = (ê̂êe3 × ê̂êe1)× (ê̂êe3 ·∇∇∇)B UjXk3V

= ê̂êe1(ê̂êe3 · (ê̂êe3 ·∇∇∇)B)− ê̂êe3(ê̂êe1 · (ê̂êe3 ·∇∇∇)B) UjXkNV

h?2 H�bi i2`K +�M #2 `2r`Bii2M �b

ê̂êe1 · (ê̂êe3 ·∇∇∇)B = ê̂êe1 · (ê̂êe3 ·∇∇∇)(ê̂êe1B) UjXjyV

= ê̂êe3 ·∇∇∇B +
B

2
(ê̂êe3 ·∇∇∇)ê̂êe21 UjXjRV

= ê̂êe3 ·∇∇∇B, UjXjkV

i?2M

(ê̂êe2 × (ê̂êe3 ·∇∇∇)B = ê̂êe1(ê̂êe3 · (ê̂êe3 ·∇∇∇)B)− ê̂êe3(ê̂êe3 ·∇∇∇B) UjXjjV

�M/ bBKBH�`Hv

(ê̂êe3 × (ê̂êe2 ·∇∇∇)B = −ê̂êe1(ê̂êe2 · (ê̂êe2 ·∇∇∇)B) + ê̂êe2(ê̂êe2 ·∇∇∇B). UjXj9V

h?2 irQ }`bi i2`Kb BM 1[bX jXjj �M/ jXj9 +QMi�BM i2`Kb �TT2�`BM; BM ∇∇∇ · B, r?B+? Bb +H2�` B7 i?2

Rjy



/Bp2`;2M+2 QT2`�iQ` Bb r`Bii2M �b

∇∇∇ = ê̂êe1(ê̂êe1 ·∇∇∇) + ê̂êe2(ê̂êe2 ·∇∇∇) + ê̂êe3(ê̂êe3 ·∇∇∇) UjXj8V

⇒∇∇∇ ·B = ê̂êe1 · (ê̂êe1 ·∇∇∇)B+ ê̂êe2 · (ê̂êe2 ·∇∇∇)B+ ê̂êe3 · (ê̂êe3 ·∇∇∇)B, UjXjeV

#mi

ê̂êe1 · (ê̂êe1 ·∇∇∇)B = ê̂êe1 ·
∂B

∂ℓ
=

∂B

∂ℓ
UjXjdV

r?2`2 ℓ /2MQi2b i?2 /Bbi�M+2 �HQM; i?2 K�;M2iB+ }2H/ HBM2X LQr- bm#i`�+i 1[X jXj9 7`QK 1[X jXjj

iQ Q#i�BM

(ê̂êe2 × (ê̂êe3 ·∇∇∇)B− ê̂êe3 × (ê̂êe2 ·∇∇∇)B) = ê̂êe1(ê̂êe3 · (ê̂êe3 ·∇∇∇)B) + ê̂êe1(ê̂êe2 · (ê̂êe2 ·∇∇∇)B) UjXj3V

− ê̂êe2(ê̂êe2 ·∇∇∇B)− ê̂êe3(ê̂êe3 ·∇∇∇B) UjXjNV

= ê̂êe1(ê̂êe1 · (ê̂êe1 ·∇∇∇)B+ ê̂êe2 · (ê̂êe2 ·∇∇∇)B+ ê̂êe3 · (ê̂êe3 ·∇∇∇)B) UjX9yV

− ê̂êe1(ê̂êe1 · (ê̂êe1 ·∇∇∇)B)− ê̂êe2(ê̂êe2 ·∇∇∇B)− ê̂êe3(ê̂êe3 ·∇∇∇B) UjX9RV

= ê̂êe1(∇∇∇ ·B)− ê̂êe1
∂B

∂ℓ
− ê̂êe2(ê̂êe2 ·∇∇∇B)− ê̂êe3(ê̂êe3 ·∇∇∇B) UjX9kV

= −∇∇∇B, UjX9jV

r?2`2 r2 ?�p2 mb2/ ∇∇∇ ·B = 0. lbBM; i?Bb bBKTHB}+�iBQM BM 1[X jXk8- r2 }M/ i?�i

R̈ =
q

m

(
E(R) +

Ṙ

c
×B(R)

)
− µ

m
∇∇∇B(R) + O(ϵ). UjX99V

h?Bb Bb i?2 2[m�iBQM Q7 KQiBQM 7Q` i?2 ;mB/BM; +2Mi2`- rBi? }2H/b 2p�Hm�i2/ �i i?2 HQ+�iBQM Q7 i?2

;mB/BM; +2Mi2`X

RjR



1[X UjX99V b2T�`�i2b BMiQ T2`T2M/B+mH�` �M/ T�`�HH2H +QKTQM2MibX AM T�`iB+mH�`- bQHpBM; 7Q` i?2

T2`T2M/B+mH�` �M/ T�`�HH2H +QKTQM2Mib Q7 i?2 ;mB/BM; +2Mi2` p2HQ+Biv Ṙ T`QpB/2b � 7Q`K i?�i Bb mb27mH

BM 2p�Hm�iBM; i?2 T�`iB+H2 2M2`;v ;�BM T2` mMBi iBK2- dW/dt. hQ ;2i i?2 T2`T2M/B+mH�` +QKTQM2Mi-

+`Qbb QM i?2 `B;?i rBi? ê̂êe1,

R̈× ê̂êe1 =
q

m

[
E(R)× ê̂êe1 +

(
Ṙ

c
×B(R)

)
× ê̂êe1

]
− µ

m
(∇∇∇B(R)× ê̂êe1) + O(ϵ) UjX98V

h?2 H�bi i2`K BM b[m�`2 #`�+F2ib Bb `2r`Bii2M �b

(
Ṙ

c
×B(R)

)
× ê̂êe1 = B

(
ê̂êe1 ·

Ṙ

c

)
− Ṙ

c
(ê̂êe1 ·B) UjX9eV

=

(
ê̂êe1

(
ê̂êe1 ·

Ṙ

c

)
− Ṙ

c

)
B, UjX9dV

i?2M r2 +�M bQHp2 1[X jX98 7Q` i?2 T2`T2M/B+mH�` +QKTQM2Mi Q7 i?2 ;mB/BM; +2Mi2` p2HQ+Biv-

Ṙ− ê̂êe1
(
ê̂êe1 · Ṙ

)
≡ Ṙ⊥ =

cE(R)× ê̂êe1
B

− mc

q

R̈× ê̂êe1
B

− µc

q

∇∇∇B(R)× ê̂êe1
B

+ O(ϵ2) UjX93V

=
ê̂êe1
B

×
(
−cE+

µc

q
∇∇∇B +

mc

q
R̈

)
+ O(ϵ2). UjX9NV

LQi2 i?�i

R̈ =
d

dt
Ṙ =

d

dt

(
ê̂êe1

(
ê̂êe1 · Ṙ

)
+ Ṙ⊥

)
, UjX8yV

#mi �i x2`Qi? Q`/2` BM ϵ- Ṙ⊥ = cE× ê̂êe1/B- i?2M

Ṙ⊥ =
ê̂êe1
B

×
[
−cE+

µc

q
∇∇∇B +

mc

q

d

dt

(
v∥ê̂êe1 +

cE× ê̂êe1
B

)]
+ O(ϵ2) UjX8RV

Rjk



h?2 H�bi i2`K BM i?2 b[m�`2 #`�+F2ib Bb i?2 /`B7i p2HQ+Biv- uE ≡ cE×B/B2X

h?2 T2`T2M/B+mH�` p2HQ+Biv Q7 i?2 ;mB/BM; +2Mi2`- �b r`Bii2M BM 1[X jX8R- Bb mb27mH BM �M�HvxBM;

i?2 2M2`;v ;�BM Q7 i?2 T�`iB+H2 T2` iBK2X AMimBiBp2Hv- i?2 2M2`;v Q7 � T�`iB+H2- �p2`�;2/ Qp2` ;v`�iBQM-

Bb i?2 bmK Q7 i?`22 i2`Kb,

W =
1

2
mṘ2

∥ +
1

2
mṘ2

⊥ + µB UjX8kV

h?2 }`bi �M/ b2+QM/ i2`Kb �`2 i?2 T�`�HH2H �M/ T2`T2M/B+mH�` 2M2`;B2b Q7 i?2 ;mB/BM; +2Mi2` KQiBQM-

`2bT2+iBp2HvX h?2 H�bi i2`K Bb i?2 `Qi�iBQM�H 2M2`;v Q7 i?2 T�`iB+H2 �#Qmi i?2 ;mB/BM; +2Mi2`X q2

?�p2

W = q

∫
E · (Ṙ∥ + Ṙ⊥)dt+ µB UjX8jV

⇒ dW

dt
= q(Ṙ∥ + Ṙ⊥) ·E+ µ

∂B

∂t
UjX89V

Rjj



lbBM; 1[X jX8R- r2 Q#i�BM

dW

dt
= qv∥E∥ + qṘ⊥ ·E+ µ

∂B

∂t
UjX88V

= qv∥E∥ + q

(
ê̂êe1
B

×
[
−cE+

µc

q
∇∇∇B +

mc

q

d

dt

(
v∥ê̂êe1 +

cE× ê̂êe1
B

)])
·E+ µ

∂B

∂t
UjX8eV

= qv∥E∥ + q

(
cE× ê̂êe1

B
+

µc

q

ê̂êe1 ×∇∇∇B

B
+

mc

q

ê̂êe1
B

× d

dt

(
v∥ê̂êe1 +

cE× ê̂êe1
B

))
·E+ µ

∂B

∂t
UjX8dV

= qv∥E∥ + q

(
µc

q

(ê̂êe1 ×∇∇∇B) ·E
B

+
mc

q

ê̂êe1
B

× d

dt

(
v∥ê̂êe1 + uE

)
·E

)
+ µ

∂B

∂t
UjX83V

= qv∥E∥ + q

(
µ

q

cE× ê̂êe1
B

·∇∇∇B +
m

q

cE× ê̂êe1
B

· d

dt

(
v∥ê̂êe1 + uE

))
+ µ

∂B

∂t
UjX8NV

= qv∥E∥ + µuE ·∇∇∇B +

(
muE · d

dt

(
v∥ê̂êe1 + uE

))
+ µ

∂B

∂t
UjXeyV

= qv∥E∥ + µuE ·∇∇∇B +muE · duE

dt
+muE · d

dt

(
v∥ê̂êe1

)
+ µ

∂B

∂t
UjXeRV

=

[
qv∥E∥ +mv∥uE · dê̂

êe1
dt

]

︸ ︷︷ ︸
parallel

+

[
µuE ·∇∇∇B + µ

∂B

∂t
+muE · duE

dt

]

︸ ︷︷ ︸
perpendicular

UjXekV

6Q` 2t�KTH2- i?2 2M2`;v +?�M;2 Q7 �M 2H2+i`QM- iBK2@�p2`�;2/ Qp2` i?2 ;v`�iBQM T2`BQ/- �M/ iQ

}`bi Q`/2` BM i?2 2tT�MbBQM T�`�K2i2` me/e- Bb U`2biQ`BM; i?2 2z2+i Q7 `2H�iBpBbiB+ BM2`iB� pB� i?2

bm#biBimiBQM me → γmeV

1

e

dεe
dt

=

[
−v∥E∥ +

γme

e
v∥uE · db̂

dt

]

︸ ︷︷ ︸
parallel

+

[
1

γ

µ

e
uE ·∇∇∇B +

1

γ

µ

e

∂B

∂t
+

γme

e
uE · duE

dt

]

︸ ︷︷ ︸
perpendicular

+O
(me

e

)2
UjXejV

r?2`2 εe = γmec2- −e Bb i?2 2H2+i`QM +?�`;2- µ = γ2v2⊥me/2B Bb i?2 �/B�#�iB+ KQK2Mi Q7 i?2

2H2+i`QM- b̂ = ê̂êe1 = B/B Bb i?2 /B`2+iBQM Q7 i?2 HQ+�H B@}2H/- �M/ uE = cE × B/B2 Bb i?2 /`B7i

p2HQ+Bivc 2H2+i`B+ �M/ K�;M2iB+ }2H/b �`2 iQ #2 2p�Hm�i2/ �i i?2 HQ+�iBQM Q7 i?2 ;mB/BM; +2Mi2`X h?2

mM/2`#`�+F2ib BM/B+�i2 i2`Kb i?�i �`2 �bbQ+B�i2/ rBi? T�`�HH2H �M/ T2`T2M/B+mH�` 2M2`;v +?�M;2bX

Rj9



a2p2`�H Q7 i?2 i2`Kb ?�p2 /B`2+i T?vbB+�H bB;MB}+�M+2- �M/ T`QpB/2 BMbB;?i BMiQ i?2 K2+?�MBbKb

`2bTQMbB#H2 7Q` T�`iB+H2 2M2`;Bx�iBQMc i?2 }`bi Q7 i?2 i2`Kb H�#2H2/ ǵT�`�HH2HǶ BM 1[X UjXejV- 7Q`

2t�KTH2- +Q``2bTQM/b iQ �++2H2`�iBQM #v i?2 2H2+i`B+ }2H/- T�`�HH2H iQ i?2 HQ+�H B@}2H/X h?2 T?vbB+�H

bB;MB}+�M+2 Q7 b2p2`�H Q7 i?2 Qi?2` i2`Kb Bb /Bb+mbb2/ #2HQrX

h?2 i2`Kb BM 1[X jXej +�M #2 7m`i?2` �M�Hvx2/ mbBM; i?2 `2H�iBQM #2ir22M G�;`�M;B�M �M/

1mH2`B�M /2`Bp�iBp2b,

d

dt
=

∂

∂t
+ (v∥b̂+ uE) ·∇∇∇ UjXe9V

h�F2 i?2 b2+QM/ i2`K QM i?2 }`bi HBM2 Q7 1[X UjXejV,

γme

e
v∥uE · db̂

dt
=

γme

e
v∥uE ·

(
∂

∂t
+ (v∥b̂+ uE) ·∇∇∇

)
b̂ UjXe8V

=
γme

e
v∥uE · ∂b̂

∂t
+

γme

e
v∥uE · (uE ·∇∇∇)b̂+

γme

e
v2∥uE · (b̂ ·∇∇∇)b̂ UjXeeV

h?2 H�bi i2`K ?2`2 Bb i?2 r2HH@FMQrM ǵ+m`p�im`2 /`B7iǶ-

γme

e
v2∥uE · (b̂ ·∇∇∇)b̂ =

γme

e
cv2∥E ·

b̂×
[
(b̂ ·∇∇∇)b̂

]

B
UjXedV

≡ −E · vcurv. UjXe3V

r?B+? /2b+`B#2b i?2 62`KB@HBF2 �++2H2`�iBQM Q7 T�`iB+H2b /m2 iQ i?2 K�;M2iB+ i2MbBQM Q7 +m`p2/ }2H/

HBM2b U.`�F2 2i �HX- kyye- kyRyVX >2`2- r2 ?�p2 /2}M2/ i?2 +m`p�im`2 /`B7i p2HQ+Biv- vcurvX h?Bb +�M

#2 BMi2`T`2i2/ �b i?2 p2HQ+Biv- BM i?2 /B`2+iBQM Q`i?Q;QM�H iQ i?2 TH�M2 Q7 +m`p�im`2- i?�i Bb `2[mB`2/

Rj8



iQ T`QpB/2 +2Mi`BT2i�H 7Q`+2 QM � T�`iB+H2 7QHHQrBM; � +m`p2/ K�;M2iB+ }2H/ HBM2,

Fcurv =
γmev2∥
R2

curv
Rcurv UjXeNV

⇒ vcurv = −c

e

Fcurv ×B

B2
= −

γmecv2∥
eR2

curv

Rcurv ×B

B2
, UjXdyV

r?B+? +�M #2 2tT`2bb2/ BM i2`Kb Q7 i?2 /2`Bp�iBp2 Q7 i?2 mMBi p2+iQ` b̂ �HQM; i?2 K�;M2iB+ }2H/

HBM2X hQ b22 i?Bb- +QMbB/2` �M BM}MBi2bBK�H +?�M;2 BM i?2 mMBi p2+iQ` db̂ �b � T�`iB+H2 bm#i2M/b �M;H2

α �HQM; � +m`p2/ }2H/ r?Qb2 `�/Bmb Q7 +m`p�im`2 Bb Rcurv. h?2M db̂ = −αRcurv/Rcurv- �M/ i?2

/Bbi�M+2 i`�p2H2/ �HQM; i?2 �`+ Bb dℓ = Rcurvα- #mi #v /2}MBiBQM

db̂

dℓ
= (b̂ ·∇∇∇)b̂, UjXdRV

i?2`27Q`2

(b̂ ·∇∇∇)b̂ = −Rcurv

R2
curv

. UjXdkV

am#biBimi2 i?Bb BMiQ 1[X jXdy iQ Q#i�BM

vcurv = −
γmecv2∥

e

b̂×
[
(b̂ ·∇∇∇)b̂

]

B
, UjXdjV

�b BM i?2 /2}MBiBQM U1[bX jXed- jXe3VX

PM i?2 b2+QM/ HBM2 Q7 1[X UjXejV- i?2 }`bi i2`K 2tT`2bb2b 2M2`;v +?�M;2 /m2 iQ i?2 ǵ∇∇∇B@/`B7iǶ-

1

γ

µ

e
uE ·∇∇∇B =

1

γ

µ

e
cE · b̂×∇∇∇B

B
UjXd9V

≡ −E · v∇∇∇B. UjXd8V

Rje



r?B+? /2}M2b i?2 ∇∇∇B@/`B7i p2HQ+BivX

hQ 2Hm+B/�i2 i?2 T?vbB+�H Q`B;BM Q7 i?2∇∇∇B@/`B7i- +QMbB/2` i?2 Q`#Bi Q7 �M 2H2+i`QM BM �M BM?QKQ;2@

M2Qmb K�;M2iB+ }2H/ B = B(R⊥)b̂X �bbmK2 i?�i i?2 K�;M2iB+ }2H/ p�`B2b QMHv BM i?2 ê̂êe2 /B`2+iBQM-

�M/ i?�i i?2 T�`iB+H2 ?�b MQ BMBiB�H p2HQ+Biv �HQM; i?2 /B`2+iBQM b̂X h?2 7Q`+2 QM i?2 2H2+i`QM- BM i?2

ê̂êe3 /B`2+iBQM- Bb UM2;H2+iBM; `2H�iBpBbiB+ BM2`iB�V

meρ̈2 = eρ̇3B UjXdeV

h�vHQ` 2tT�M/BM; B �#Qmi i?2 ;mB/BM; +2Mi2`- �M/ BMb2`iBM; i?2 1[bX Q7 KQiBQM 7Q` i?2 T�`iB+H2

UjXkj- jXk9V-

meρ̈2 =
e

c
v⊥ cos θ [B + ρ cos θ(∂2B)] . UjXddV

q2 2KTHQv � iBK2@�p2`�;2 Qp2` i?2 ;v`QT2`BQ/ iQ +QKTmi2 i?2 �p2`�;2 7Q`+2,

⟨meρ̈2⟩ =
ev⊥ρ

2c
∂2B = −

mev2⊥
2B

∂2B. UjXd3V

AM ;2M2`�H- i?Bb 7Q`+2 K�v #2 r`Bii2M �b

⟨meρ̈ρρ⟩ = −µ∇∇∇B. UjXdNV

h?2M- i?2 ∇∇∇B@/`B7i p2HQ+Biv Bb

v∇∇∇B = −µc

e

b̂×∇∇∇B

B
, UjX3yV

r?B+? Bb i?2 /2}MBiBQM �b T`QpB/2/ BM 1[bX jXd9 �M/ jXd8 U7Q` �M 2H2+i`QM rBi? `2H�iBpBbiB+ K�bb

Rjd



γmeVX

h?2 b2+QM/ i2`K QM i?2 b2+QM/ HBM2 Q7 1[X UjXejV +Q``2bTQM/b iQ i?2 BM/m+iBQM 2z2+i Q7 � iBK2@

p�`vBM; }2H/ /m2 iQ ∇∇∇× E �+iBM; �#Qmi i?2 +B`+H2 Q7 ;v`�iBQM ULQ`i?`QT- RNej#VX 6BM�HHv- i?2 H�bi

i2`K QM i?2 b2+QM/ HBM2 Q7 1[X UjXejV- r?2M 2tT�M/2/- +QMi�BMb �MQi?2` i2`K rBi? � r2HH@FMQrM

T?vbB+�H BMi2`T`2i�iBQMX hQ 2ti`�+i i?Bb i2`K- 2tT�M/ i?2 G�;`�M;B�M /2`Bp�iBp2,

γme

e
uE · duE

dt
=

γme

e
uE ·

(
∂

∂t
+ (v∥b̂+ uE) ·∇∇∇

)
uE UjX3RV

=
γme

e
uE · ∂uE

∂t
+

γme

e
uE · (uE ·∇∇∇)uE +

γme

e
v∥uE · (b̂ ·∇∇∇)uE. UjX3kV

h?Bb }`bi i2`K +Q``2bTQM/b iQ ǵTQH�`Bx�iBQM /`B7iǶ- r?B+? Bb /`Bp2M #v iBK2@p�`B�iBQM BM i?2 2H2+i`B+

}2H/,

γme

e
uE · ∂uE

∂t
=

γme

e
cE ·

b̂× ∂uE
∂t

B
UjX3jV

≡ −E · vpol. UjX39V

hQ +H�`B7v i?2 T?vbB+�H bB;MB}+�M+2 Q7 TQH�`Bx�iBQM /`B7i- +QMbB/2` �M 2H2+i`QM BM T2`T2M/B+mH�` E

�M/ B }2H/bX h?2 2H2+i`QM ?�b /`B7i p2HQ+Biv

uE =
cE×B

B2
. UjX38V

A7 i?2 2H2+i`B+ }2H/ Bb iBK2 p�`vBM;- i?2M UM2;H2+iBM; `2H�iBpBbiB+ BM2`iB�V

meu̇E =
cĖ×B

B2
, UjX3eV

r?B+? Bb � 7Q`+2 QM i?2 2H2+i`QM- T2`T2M/B+mH�` iQ #Qi? i?2 E �M/ B }2H/bX Ai Bb MQi bmTTHB2/ #v

Rj3



E #2+�mb2 E ⊥ uE; BMbi2�/- i?2 2H2+i`QM /2p2HQTb � p2HQ+Biv vpol BM i?2 b�K2 /B`2+iBQM �b E iQ

#�H�M+2 i?2 K�;M2iB+ 7Q`+2 QM i?2 2H2+i`QM-

meu̇E = −e

c
vpol ×B UjX3dV

⇒ 1

ω
u̇E × b̂ = −(b̂× (vpol × b̂)) = −vpol UjX33V

⇒ vpol =
1

ω

(
b̂× ∂uE

∂t

)
. UjX3NV

lTQM bm#biBimiBQM me → γme iQ �++QmMi 7Q` `2H�iBpBbiB+ BM2`iB�- i?Bb Bb i?2 /2}MBiBQM Q7 TQH�`Bx�iBQM

/`B7i p2HQ+Biv �b T`QpB/2/ BM 1[bX jX3j �M/ jX39X

AM T`�+iB+2- K�Mv i2`Kb BM i?2 2tT�MbBQM Q7 1[X UjXejV +�M #2 B;MQ`2/- �b i?2B` +QMi`B#miBQM

iQ i?2 2H2+i`QM 2M2`;v ;�BM Bb M2;HB;B#H2X AM a2+X jX8Xd- r2 2KTHQv i?2 ;mB/BM; +2Mi2` �M�HvbBb- �b

/2i�BH2/ BM .�?HBM 2i �HX UkyR9V- iQ �bb2bb i?2 K2+?�MBbKb `2bTQMbB#H2 7Q` 2M2`;v ;�BM BM ;mB/2 }2H/

`2+QMM2+iBQMX 6Q`K�HHv- i?2 2H2+i`QK�;M2iB+ }2H/b �`2 iQ #2 2p�Hm�i2/ �i i?2 HQ+�iBQM Q7 i?2 ;mB/BM;

+2Mi2`- ?Qr2p2` B7 i?2 2H2+i`QM G�`KQ` `�/Bmb Bb bm{+B2MiHv bK�HH- `2H�iBp2 iQ i?2 ;`�/B2Mi H2M;i?

b+�H2 Q7 i?2 K�;M2iB+ }2H/- i?2M i?2 K2�bm`2/ p�Hm2 �i i?2 ;mB/BM; +2Mi2` Bb bBKBH�` iQ i?�i �i

i?2 T�`iB+H2 HQ+�iBQMX 6Q` i?2 bBKmH�iBQMb /2b+`B#2/ BM a2+X jX8Xd- r2 }M/ i?�i i?Bb Bb � `2�bQM�#H2

�bbmKTiBQMX

RjN



9X E2HpBM@>2HK?QHix A
9XR AMi`Q/m+iBQM

h?2 E2HpBM@>2HK?QHix UE>V BMbi�#BHBiv Bb /`Bp2M #v i?2 i`�Mb72` Q7 KQK2MimK �+`Qbb i?2 BMi2`7�+2

Q7 irQ ~mB/b BM `2H�iBp2 KQiBQMX h?Bb BMbi�#BHBiv r�b /Bb+Qp2`2/ }`bi #v oQM >2HK?QHix � JQM�ib

UR3e3V- r?Q bim/B2/ KBtBM; #2ir22M ~mB/ H�v2`b Q7 /Bz2`BM; /2MbBivX GQ`/ E2HpBM UR3dRV bim/B2/

7Q`K�HHv i?2 T�bb�;2 Q7 rBM/ Qp2` r�i2` �b � b?2�`BM; ~QrX *?�M/`�b2F?�` URNeRV �M/ .vbQM

URNeyV- �KQM; K�Mv Qi?2`b- ?�p2 bim/B2/ i?2 E> BMbi�#BHBiv �i i?2 BMi2`7�+2 Q7 �B` +m``2Mib BM

1�`i?Ƕb �iKQbT?2`2X

h?2 E> BMbi�#BHBiv- rBi? �M 2bT2+B�HHv `B+? ?BbiQ`v BM ;2QT?vbB+�H HBi2`�im`2- Bb � ;2M2`B+ T?2@

MQK2MQMX Ai ?�b #22M b?QrM iQ ?�p2 � `B+? BMi2`TH�v rBi? K�;M2iB+ `2+QMM2+iBQM- 7Q` 2t�KTH2c

6�;�M2HHQ 2i �HX Ukyy3- kyRkV mb2/ MmK2`B+�H bBKmH�iBQMb Q7 i?2 E> BMbi�#BHBiv iQ b?Qr i?�i `2@

+QMM2+iBQM K�v #2 BM/m+2/ �b � #vT`Q/m+i Q7 mMbi�#H2 E> ;`Qri? �i i?2 BMi2`7�+2 Q7 1�`i?Ƕb

K�;M2iQbT?2`2 �M/ i?2 bQH�` rBM/X Ai Bb BMi2`2biBM; iQ �bF r?2i?2` � bBKBH�` K2+?�MBbK K�v QT@

2`�i2 BM Qi?2` �bi`QT?vbB+�H +QMi2tib- 7Q` 2t�KTH2 �i i?2 BMi2`7�+2 Q7 � #H�+F ?QH2Ƕb D2i �M/ i?2

bm``QmM/BM; rBM/f+Q`QM� U>�KHBM � L2rK�M- kyRjVX

AM i?Bb +?�Ti2`- r2 7Q+mb QM � E> T`Q#H2K KQiBp�i2/ #v i?2 BMi2`�+iBQM Q7 �bi`QT?vbB+�H D2ib

rBi? i?2 bm``QmM/BM; /BbF rBM/X AM i?2 ivTB+�H +�b2 Q7 �M �++`2iBM; #H�+F ?QH2- i?2 D2i Bb ?B;?Hv

K�;M2iBx2/- `2H�iBpBbiB+- �M/ Q7 HQr /2MbBiv- r?BH2 i?2 rBM/ ?�b HQr2` K�;M2iBx�iBQM- KQp2b KQ`2

bHQrHv- �M/ ?�b ?B;?2` /2MbBiv U2X;X- um�M � L�`�v�M UkyR9VVX LmK2`B+�H ;2M2`�H@`2H�iBpBbiB+ K�;M2@

iQ?v/`Q/vM�KB+ bBKmH�iBQMb b?Qr bQK2 2pB/2M+2 7Q` E> BMbi�#BHBiv �i i?2 BMi2`7�+2 U>�`/22- kyy9c

JBxmMQ 2i �HX- kyyec >�`/22 2i �HX- kyydVX h?2 QmiHBM2 Bb �b 7QHHQrb, AM a2+X 9Xk- r2 /2b+`B#2 irQ

E> T`Q#H2Kb- �M/ 7Q` 2�+? +�``v Qmi � HBM2�` �M�HvbBb Q7 i?2 E> BMbi�#BHBivX L2ti- BM a2+X 9Xj- r2

/2b+`B#2 `2H�iBpBbiB+ K�;M2iQ?v/`Q/vM�KB+ bBKmH�iBQMb i?�i r2 mb2 iQ i2bi i?2 HBM2�` �M�HvbBbX q2

R9y



+QM+Hm/2 BM a2+X 9X9X

9Xk S`Q#H2K /2b+`BTiBQMb �M/ HBM2�` �M�HvbBb

>2`2- r2 bim/v i?2 2pQHmiBQM Q7 r�p2b �i i?2 BMi2`7�+2 Q7 irQ `2H�iBpBbiB+ K�;M2iBx2/ ~mB/b BM `2H�iBp2

KQiBQM U"Q/Q 2i �HX- kyy9c PbK�MQp 2i �HX- kyy3VX h?2 ;`Qri? Q7 bm+? r�p2b Bb ;Qp2`M2/ #v i?2

2[m�iBQMb Q7 `2H�iBpBbiB+ K�;M2iQ?v/`Q/vM�KB+b U_J>.V- �M/ bQ � bi�M/�`/ HBM2�` �M�HvbBb Q7 i?2

b?2�` ~Qr T`Q#H2K- rBi?BM i?2 7`�K2rQ`F Q7 _J>.- H2�/b iQ � /2b+`BTiBQM Q7 i?2 r�p2b �HHQr2/ �i

i?2 BMi2`7�+2 b2T�`�iBM; i?2 irQ U`2H�iBpBbiB+ �M/ K�;M2iBx2/V ~mB/b U�MBH2- RNNyc "Q/Q 2i �HX- kyy9VX

AM i?2 7QHHQrBM; b2+iBQMb- r2 /2b+`B#2 irQ b?2�` ~Qr T`Q#H2K b2imTb BM /2i�BH- i?2M BMp2biB;�i2 i?2

HBM2�` BMbi�#BHBiv Q7 _J>. r�p2b 7Q` 2�+? b2imTX

6Q` +QM+Bb2M2bb Q7 MQi�iBQM BM a2+X 9XkXR- r2 �/QTi M�im`�HBx2/ :�mbbB�M mMBib- rBi? c = 4π =

kB = 1X

9XkXR a?2�`BM; ~Qr T`Q#H2K /2b+`BTiBQMb

q2 +QMbB/2` irQ `2H�i2/ T`Q#H2Kb Q7 K�;M2iBx2/ b?2�` ~Qr, }`bi- i?2 +H�bbB+�H +�b2 BM r?B+? irQ

B/2MiB+�H ~mB/b KQp2 rBi? 2[m�H �M/ QTTQbBi2 p2HQ+BiB2b U?2M+27Q`i? `272``2/ iQ �b i?2 ǵbvKK2i`B+Ƕ

b2imTV- �M/ b2+QM/- � +�b2 KQiBp�i2/ #v �bi`QT?vbB+�H D2ib- r?2`2BM r2�FHv K�;M2iBx2/ TH�bK�

`mb?2b T�bi K�;M2iBx2/ TH�bK� Ur?B+? r2 `272` iQ �b i?2 ǵD2iǶ b2imT- #2+�mb2 Q7 i?2 T?vbB+�H bBKBH�`Biv

iQ r?�i QM2 K�v Q#b2`p2 bBiiBM; BM i?2 `2bi 7`�K2 Q7 � D2iVX AM i?2 7QHHQrBM; b2+iBQMb- a2+bX 9XkXRXR

�M/ 9XkXRXk- r2 2H�#Q`�i2 QM i?2 bvKK2i`B+ �M/ D2i b2imTbX

9XkXRXR avKK2i`B+ b?2�` ~Qr, T`Q#H2K /2b+`BTiBQM

6Q` i?2 T`Q#H2K Q7 bvKK2i`B+ b?2�`BM; ~Qr- r2 +QMbB/2` � U/BK2MbBQMH2bbV p2HQ+Biv T`Q}H2 rBi? �M

BM}MBi2Hv i?BM i`�MbBiBQM rB/i? #2ir22M i?2 irQ bB/2b Q7 i?2 ~Qr,

v(y) =

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

(+βsh, 0, 0) B7 y > 0,

(−βsh, 0, 0) B7 y < 0.

U9XRV

R9R



h?2 T�`�K2i2` βsh ?2`2 T�`�K2i`Bx2b i?2 p2HQ+Biv Q7 2Bi?2` bB/2 Q7 i?2 ~Qr- �b pB2r2/ BM i?2

H�#Q`�iQ`v 7`�K2c MQiB+2 i?�i i?2 iQi�H p2HQ+Biv DmKT #2ir22M i?2 bB/2b rBi? y < 0 �M/ y > 0

Ur?B+? r2 `272` iQ �b y− �M/ y+- `2bT2+iBp2HvV Bb- BM i?2 H�#Q`�iQ`v 7`�K2- 2βshXR 6QHHQrBM; i?2

MQi�iBQM Q7 PbK�MQp 2i �HX Ukyy3V- r2 mb2 bm#b+`BTib − �M/ + `272` iQ [m�MiBiB2b QM bB/2b y− �M/ y+X

� K�;M2iB+ }2H/ Q`B2Mi2/ �HQM; +x- BX2X- T�`�HH2H iQ i?2 /B`2+iBQM Q7 KQiBQM- T2`K2�i2b i?2 TH�bK�,

B(y) = (Bx0, 0, 0). U9XkV

6Q` bvKK2i`v- i?2 irQ bB/2b Q7 i?2 ~Qr �`2 �bbmK2/ iQ ?�p2 2[m�H T`QT2` K�bb /2MbBiB2b ρ̃0− = ρ̃0+-

�M/ iQ #2 BM T`2bbm`2 #�H�M+2 �HQM; y- BX2X i?2 yy +QKTQM2Mi Q7 i?2 bi`2bb@2M2`;v i2MbQ` T yy
tot(y) Bb

+QMbi�Mi �HQM; yX

AM Bib ;2M2`�HBiv- i?2 bvKK2i`B+ b?2�` ~Qr T`Q#H2K /2b+`B#2/ ?2`2 Bb i?2 bm#D2+i Q7 � p�bi �M/ /22T

HBi2`�im`2- rBi? b2KBM�H rQ`F Q`B;BM�iBM; �b 2�`Hv �b i?2 H�i2 MBM2i22Mi? +2Mim`v UoQM >2HK?QHix �

JQM�ib- R3e3c GQ`/ E2HpBM- R3dRVX Pm` 7Q+mb i?2M BM BMp2biB;�iBM; i?2 bvKK2i`B+ b2imT Bb iQ K�F2

+QMM2+iBQM rBi? T`2pBQmb bim/B2b- MQi�#Hv i?Qb2 `2;�`/BM; �M�HvbBb Q7 i?2 E> BMbi�#BHBiv BM _J>.

U62``�`B 2i �HX- RN3yc "Q/Q 2i �HX- kyy9c PbK�MQp 2i �HX- kyy3c >�KHBM � L2rK�M- kyRjc JB;MQM2

2i �HX- kyR3VX

9XkXRXk �bi`QT?vbB+�H D2i, T`Q#H2K /2b+`BTiBQM

�b � +QKT�MBQM b2imT iQ i?2 bvKK2i`B+ +�b2 /2b+`B#2/ �#Qp2- r2 +QMbB/2` � b2+QM/ T`Q#H2K KQ@

iBp�i2/ #v �bi`QT?vbB+�H D2ib- rBi? y− Q7 i?2 b?2�` ~Qr K�;M2iBx2/ Ui?2 ǵD2iǶV- �M/ y+ UTQbbB#HvV

r2�FHv K�;M2iBx2/ Ui?2 ǵrBM/ǶVX hQ /2b+`B#2 i?2 }2H/ T`Q}H2b- r2 BK�;BM2 bBiiBM; BM i?2 `2bi 7`�K2

Q7 i?2 K�;M2iBx2/ D2ic i?2M i?2 D2i TH�bK� Bb �i `2bi- �M/ i?2 `2H�iBp2 KQiBQM Q7 i?2 rBM/ Bb �HQM;
Rh?2 /Bz2`2M+2 BM p2HQ+Biv #2ir22M D2i �M/ rBM/ bB/2b- �b pB2r2/ BM 2Bi?2` i?2 D2i Q` rBM/ 7`�K2- Bb BM

;2M2`�H MQi 2[m�H iQ 2βsh- /m2 iQ bi�M/�`/ `2H�iBpBbiB+ 7Q`KmH�2 7Q` p2HQ+Biv �//BiBQMX

R9k



+x,

v(y) =

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

(βsh, 0, 0) B7 y > 0,

(0, 0, 0) B7 y < 0.

U9XjV

LQi2 i?�i BM Qm` /2b+`BTiBQM ?2`2 Q7 i?2 D2i T`Q#H2K- βsh T�`�K2i`Bx2b i?2 7mHH /Bz2`2M+2 BM p2HQ+Biv

#2ir22M bB/2b y− �M/ y+c i?Bb /Bz2`b 7`QK i?2 /2}MBiBQM Q7 βsh BM i?2 bvKK2i`B+ b2imT Ur?2`2 βsh

Bb ?�H7 i?2 /Bz2`2M+2 BM p2HQ+Biv #2ir22M y− �M/ y+VX >Qr2p2`- i?2 K2�MBM; Q7 βsh BM i?2 `2K�BM/2`

Q7 i?Bb +?�Ti2` rBHH 2Bi?2` #2 mM�K#B;mQmb #�b2/ QM i?2 +QMi2ti- Q` rBHH #2 bi�i2/ 2tTHB+BiHvX

h?2 T`Q}H2 Q7 i?2 K�;M2iB+ }2H/ Bb

B(y) =

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

(0, 0, bwB0) B7 y > 0,

(B0, 0, bjB0) B7 y < 0,

U9X9V

r?2`2 r2 �HHQr 7Q` ;mB/2 +QKTQM2Mib Q7 K�;M2iB+ }2H/ QM i?2 D2i �M/ rBM/ bB/2b pB� i?2 T�`�K2i2`b

bw �M/ bj- `2bT2+iBp2HvX h?2 U~mB/ 7`�K2 `2bi@K�bbV /2MbBiv `�iBQ Q7 D2i iQ rBM/ Bb BM72``2/ 7`QK

;2M2`�H `2H�iBpBbiB+ J>. bBKmH�iBQMb iQ HB2 `Qm;?Hv BM i?2 `�M;2 102Ĝ105 Ub22 2X;X- h+?2F?QpbFQv

2i �HX UkyRRVc .m`�M 2i �HX UkyRdVV- #mi Bi Bb MQi FMQrM rBi? T`2+BbBQMX q2 +QMbB/2` � /2MbBiv T`Q}H2

Q7 i?2 7Q`K,

ρ(y) =

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

ρ0w B7 y > 0,

ρ0j B7 y < 0.

U9X8V

AM #Qi? i?2 bvKK2i`B+ �M/ D2i T`Q#H2Kb /2b+`B#2/ �#Qp2- r2 K�F2 i?2 bBKTHB7vBM; �bbmKTiBQM

i?�i i?2 T`Q}H2b Q7 p2HQ+Biv �M/ K�;M2iB+ }2H/ U�b r2HH �b K�bb /2MbBiv- 7Q` ρ0w ̸= ρ0jV ?�p2 �M

BM}MBi2Hv i?BM i`�MbBiBQM rB/i?X � KQ`2 T?vbB+�H �bbmKTiBQM U�HbQ- KQ`2 +?�HH2M;BM; �M�HviB+�HHvV- Bb

R9j



i?�i i?2 }2H/ T`Q}H2b p�`v bKQQi?Hv Qp2` bQK2 }MBi2 H2M;i?c i?2 ;`Qri? `�i2 Q7 i?2 E> BMbi�#BHBiv BM

J>.- 7Q` ~mB/b b2T�`�i2/ #v � ?vT2`#QHB+ i�M;2Mi T`Q}H2- r�b rQ`F2/ Qmi #v *?�M/`�b2F?�` URNeRVX

AMi`Q/m+iBQM Q7 � bKQQi?Hv p�`vBM; p2HQ+Biv T`Q}H2 ?�b i?2 2z2+i Q7 bmTT`2bbBM; E> KQ/2b rBi?

r�p2H2M;i?b H2bb i?�M i?2 i`�MbBiBQM rB/i? UM2;H2+iBM; 7�+iQ`b Q7 Q`/2` mMBiv U"2`HQF � S7`QKK2`-

kyRRVVX h?2 ;`Qri? `�i2b Q7 i?2 E> BMbi�#BHBiv i?�i r2 /Bb+mbb BM i?2 7QHHQrBM; b2+iBQMb- �bbmKBM;

/Bb+QMiBMmQmb T`Q}H2b- b?QmH/ i?2M #2 mM/2`biQQ/ �b mTT2` HBKBib iQ ;`Qri? `�i2b i?�i +�M #2

Q#i�BM2/ BM bBKmH�iBQMb- r?2`2 bT�iB�H `2bQHmiBQM Q7 i?2 i`�MbBiBQM Bb Bib2H7 HBKBi2/X

9XkXk _2H�iBpBbiB+ J>. 2[m�iBQMb

h?2 2[m�iBQMb Q7 `2H�iBpBbiB+ J>. 7QHHQr 7`QK +QMb2`p�iBQM Q7 2M2`;v@KQK2MimK �M/ K�bbc BM

+Qp�`B�Mi 7Q`K- i?2 ;Qp2`MBM; 2[m�iBQMb Q7 _J>. K�v #2 r`Bii2M +QKT�+iHv �b U.BtQM- RNd3c

�MBH2- RNNyV

∂µT
µν
tot = 0, U9XeV

∂µ(ρu
µ) = 0, U9XdV

r?2`2 Tµν
tot Bb i?2 bi`2bb@2M2`;v i2MbQ` U+QMbBbiBM; Q7 ~mB/ �M/ 2H2+i`QK�;M2iB+ +QKTQM2Mib- Tµν

tot =

Tµν
fl + Tµν

emV- uµ = (γ, γv) Bb i?2 ~mB/ 7Qm`@p2HQ+Biv- �M/

Tµν
fl = wuµuν + pgµν , U9X3V

Tµν
em = FµαF ν

α − 1

4
gµνFαβF

αβ . U9XNV

>2`2- w = ρh Bb i?2 ~mB/ 2Mi?�HTv /2MbBiv UBM i?2 `2bi 7`�K2 Q7 i?2 ~mB/Vc ρ Bb K�bb /2MbBivc

h = 1 + θΓad/(Γad − 1) Bb bT2+B}+ 2Mi?�HTv- �bbmKBM; � T2`72+i ~mB/c θ Bb i?2 ~mB/ /BK2MbBQMH2bb

i2KT2`�im`2c Γad Bb i?2 �/B�#�iB+ BM/2t Q7 i?2 ~mB/c p Bb i?2 ~mB/ T`2bbm`2 U�bbmK2/ BbQi`QTB+Vc

gµν = /B�;(−1, 1, 1, 1) Bb i?2 K2i`B+c �M/ Fµν Bb i?2 2H2+i`QK�;M2iB+ i2MbQ`- Q#2vBM; i?2 :�mbb@

R99



6�`�/�v H�r ∂[αFµν] = 0 �M/ :�mbb@�KTĕ`2 H�r ∂µFµν = −Jν X h?2 2[m�iBQMb Q7 _J>. U1[bX 9X3

�M/ 9XNV K�v #2 r`Bii2M BM i?`22@/BK2MbBQM�H 7Q`K �b UJB;MQM2 2i �HX- kyR3V

∂(ργ)

∂t
+∇∇∇ · (ργv) = 0, U*QMiBMmBiv 1[MXV U9XRyV

∂

∂t
(wγ2v) +∇∇∇ · (wγ2vv) +∇∇∇p− J×B = 0, UJQK2MimK 1[MXV U9XRRV

∂E

∂t
−∇∇∇×B+ J = 0, U�KTĕ`2Ƕb H�rV U9XRkV

∂B

∂t
+∇∇∇×E = 0, U6�`�/�vǶb H�rV U9XRjV

∂

∂t

(
wγ2 − p

)
+∇∇∇ · (wγ2v)− J ·E = 0, U1M2`;v 1[MXV U9XR9V

r?2`2 E �M/ B �`2 i?2 2H2+i`B+ �M/ K�;M2iB+ }2H/b- �M/ J Bb i?2 +m``2MiX *QMbi`�BMib QM i?2

/Bp2`;2M+2 Q7 i?2 2H2+i`B+ �M/ K�;M2iB+ }2H/b +QK2 7`QK i?2 i2KTQ`�H +QKTQM2Mib Q7 i?2 :�mbb@

�KTĕ`2 �M/ :�mbb@6�`�/�v H�rb-

∇∇∇ ·E = ρq, U9XR8V

∇∇∇ ·B = 0, U9XReV

r?2`2 ρq Bb i?2 +?�`;2 /2MbBivX

9XkXj GBM2�` �M�HvbBb Q7 BMbi�#BHBiv

hQ T`Q+22/ rBi? HBM2�`Bx�iBQM Q7 1[bX 9XRyĜ9XR9- r?2`2BM bK�HH T2`im`#�iBQMb �#Qmi i?2 #�+F;`QmM/

}2H/b �`2 BMi`Q/m+2/- r2 +?QQb2 iQ rQ`F BM i?2 i?2 `2bi 7`�K2 Q7 i?2 ~mB/- r?2`2 i?2 #�+F;`QmM/

2H2+i`B+ }2H/ p�MBb?2bX 1[bX 9XRyĜ9XR9 �`2 i?2M HBM2�`Bx2/ #v BMi`Q/m+BM; bK�HH T2`im`#�iBQMb iQ i?2

R98



#�+F;`QmM/ }2H/b-

ρ = ρ0 + ρ1 + O(ϵ2), U9XRdV

p = p0 + p1 + O(ϵ2), U9XR3V

v = 0 + v1 + O(ϵ2), U9XRNV

B = B0 +B1 + O(ϵ2), U9XkyV

E = 0 +E1 + O(ϵ2), U9XkRV

�M/ #v �bbmKBM; i?�i i?2 T2`im`#2/ p�`B�#H2b i�F2 i?2 7Q`K Q7 TH�M2 r�p2b, X1 ∝ ϵei(k·x−ωt)- r?2`2

X1 Bb �Mv Q7 i?2 T2`im`#2/ p�`B�#H2b ρ1, p1,v1- Q` B1c ϵ Bb � bK�HH �KTHBim/2- ω Bb i?2 7`2[m2M+v- �M/

k = (k, l,m) Bb i?2 r�p2p2+iQ` U#Qi? i?2 7`2[m2M+v �M/ r�p2p2+iQ` �`2 +QKTH2tVX h?2 r�p2p2+iQ`

+QKTQM2Mi k Bb i?2 T�`i Q7 k T�`�HH2H iQ i?2 b?2�` p2HQ+Biv- l Bb i?2 +QKTQM2Mi Q7 k T2`T2M/B+mH�`

iQ i?2 D2i@rBM/ BMi2`7�+2- �M/ m Bb i?2 +QKTQM2Mi Q7 k HvBM; QM i?2 BMi2`7�+2 �M/ T2`T2M/B+mH�` iQ

i?2 b?2�`BM; TH�M2X h?2 �M;H2 Q7 T`QT�;�iBQM Q7 i?2 r�p2- `2H�iBp2 iQ i?2 b?2�`BM; TH�M2 �M/ HvBM;

BM i?2 BMi2`7�+2- Bb +QMi`QHH2/ #v

f ≡ m

k
. U9XkkV

q2 +QMbB/2` i?Bb �b � 7`22 T�`�K2i2` /m`BM; Qm` 2tTHQ`�iBQM Q7 i?2 E> BMbi�#BHBiv BM D2ib- BM a2+bX

9XkXjXj �M/ 9XkX9X

h?2 T2`im`#�iBQM iQ i?2 2H2+i`B+ }2H/ E1 Bb 2HBKBM�i2/ 7`QK i?2 HBM2�`Bx2/ 2[m�iBQMb BM i?2 B/2�H

HBKBi UBX2X BM}MBi2 +QM/m+iBpBivV- r?B+? `2[mB`2b i?2 +m``2Mi iQ p�MBb? �i �HH Q`/2`b BM ϵ- 7`QK r?B+?

r2 /2/m+2 E1 = −v1 ×B0X

R9e



GBM2�`Bx�iBQM Q7 1[bX 9XRyĜ9XR9 vB2H/b

−iωρ1 + iρ0k · v1 = 0, U9XkjV

−iωw0v1 + ikp1 − ((ik×B1 − iωv1 ×B0)×B0) = 0, U9Xk9V

−iωB1 − (ik× (v1 ×B0)) = 0, U9Xk8V

−iω

((
∂w0

∂p0
− 1

)
p1 +

∂w0

∂ρ0
ρ1

)
+ w0ik · v1 = 0; U9XkeV

MQi2 i?�i �KTĕ`2Ƕb H�r U1[X 9XRkV Bb 2HBKBM�i2/ 7`QK 1[bX 9XRyĜ9XR9 #v bQHpBM; 7Q` J �M/ bm#biBimi@

BM; BMiQ i?2 `2K�BMBM; 2[m�iBQMb T`BQ` iQ HBM2�`Bx�iBQM- r?B+? H2�/b iQ i?2 2[m�iBQMb 1[bX 9XkjĜ9XkeX

AMi`Q/m+BM; i?2 bi�i2 p2+iQ` ψψψ = (ρ1, p1,B1,v1)- 1[bX 9XRyĜ9XR9 K�v #2 +�bi �b � K�i`Bt 2[m�iBQM

Xψψψ = 0- r?B+? ?�b MQMi`BpB�H bQHmiBQMb B7

/2i(X) = 0. U9XkdV

PM2 Kmbi �HbQ 2M7Q`+2 i?2 /Bp2`;2M+2@7`22 +QMbi`�BMi- k ·B1 = 0X

AM i?2 7QHHQrBM; b2+iBQMb- r2 �TTHv i?2 i2+?MB[m2 QmiHBM2/ �#Qp2 iQ /2i2`KBM2 i?2 ;`Qri? `�i2b

Q7 _J>. r�p2b 7Q` i?2 ǵbvKK2i`B+Ƕ �M/ ǵD2iǶ ;2QK2i`B2b /2b+`B#2/ BM a2+X 9XkXRX AM i?Bb �M�HvbBb-

i?2 MQi�iBQM #2+QK2b KQ`2 +QM+Bb2 #v BMi`Q/m+BM; i?2 �H7pûM bT22/ vA �M/ bQmM/ bT22/ cs- r?B+?

r2 /2}M2 �b UEQKBbb�`Qp- RNNNc PbK�MQp 2i �HX- kyy3c JB;MQM2 2i �HX- kyR3V

vA =

√
B2

0

w0 +B2
0

, U9Xk3V

cs =

√√√√w0 − ∂w0
∂ρ0

ρ0
∂w0
∂p0

− 1

1

w0
. U9XkNV

h?2 2[m�iBQM /2i(X) = 0 vB2H/b � /BbT2`bBQM `2H�iBQM ;Qp2`MBM; `2H�iBpBbiB+ J>. r�p2b- �b pB2r2/
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BM i?2 7`�K2 +QKQpBM; rBi? i?2 ~mB/X .2}MBM; i?2 K�;M2iBx�iBQM σw = B2
0/w0- �M/ `2+�HHBM; i?�i

U7Q` � T2`72+i ~mB/V w0 = ρ0h0 = ρ0(1 + θ0Γad/(Γad − 1))- i?2 �H7pûM bT22/ �M/ bQmM/ bT22/ K�v

#2 r`Bii2M �b

vA =

√
σw

1 + σw
, U9XjyV

cs =

√
Γadθ0
h0

. U9XjRV

9XkXjXR avKK2i`B+ b?2�` ~Qr, `2H�iBpBbiB+ J>. /BbT2`bBQM `2H�iBQM

6Q` i?2 bvKK2i`B+ b?2�` ~Qr b2imT /2b+`B#2/ BM a2+X 9XkXRXR- � HQM;Bim/BM�H K�;M2iB+ }2H/ B0 =

(Bx0, 0, 0) T2`K2�i2b i?2 TH�bK� Ui?2 /BbT2`bBQM `2H�iBQM 7Q` i?Bb T`Q#H2K ?�b #22M /2`Bp2/ #v

PbK�MQp 2i �HX Ukyy3V- r?Qb2 /2`Bp�iBQM r2 7QHHQr BM i?Bb b2+iBQMVX AM i?Bb +�b2- 1[X 9Xkd U2M7Q`+BM;

�HbQ∇∇∇·B1 = 0- BX2X k·B1 = 0- �M/ 2KTHQvBM; i?2 /2}MBiBQMb 1[bX 9Xk3Ĝ9XjRV `2/m+2b iQ UEQKBbb�`Qp-

RNNNc PbK�MQp 2i �HX- kyy3V

ω̃± · (ω̃2
± − k̃2±v

2
A±) · (ω̃4

± − ω̃2
±(c

2
s±(k̃

2
± + (1− v2A±)(l̃

2
± + m̃2

±))

+ v2A±(k̃
2
± + l̃2± + m̃2

±)) + k̃2±v
2
A±c

2
s±(k̃

2
± + l̃2± + m̃2

±)) = 0,

U9XjkV

r?2`2 i?2 Qp2`iBH/2b BM/B+�i2 `2bi@7`�K2 [m�MiBiB2b Ui?2 Qp2`iBH/2 Bb QKBii2/ 7Q` i?2 �H7pûM bT22/

vA = Bx0/
√

w0 +B2
x0- r?B+? Bb BM i?Bb +�b2 BMp�`B�Mi mM/2` #QQbib BM i?2 x /B`2+iBQM- �M/ bQ Bb

i?2 b�K2 r?2i?2` pB2r2/ 7`QK y− Q` y+c i?2 Qp2`iBH/2 Bb QKBii2/ �HbQ 7Q` i?2 bQmM/ bT22/- r?B+?

Bb QMHv r2HH@/2}M2/ BM i?2 ~mB/ `2bi 7`�K2Vc �b BM a2+X a2+X 9XkXRXR- bm#b+`BTib − �M/ + `272` iQ i?2

y < 0 �M/ y > 0 bB/2b Q7 i?2 b?2�`X

h?2 }`bi `QQi Q7 i?2 /BbT2`bBQM `2H�iBQM 1[X 9Xjk- ω̃± = 0- Bb BKTQ`i�Mi BM bKQQi?Hv p�`vBM;

b?2�` H�v2`b- �b QTTQb2/ iQ i?2 /Bb+QMiBMmQmb T`Q}H2 r2 +QMbB/2` T`2b2MiHv- �M/ Bb /Bb+mbb2/ BM

R93



/2i�BH #v "HmK2M 2i �HX URNd8Vck b22 �HbQ "Q/Q 2i �HX Ukyy9VX h?2 b2+QM/ 7�+iQ` BM 1[X 9Xjk ;Bp2b

ω̃± = ±k̃±vA± �M/ +Q``2bTQM/b iQ i?2 T`QT�;�iBQM Q7 �H7pûM r�p2bX h?Bb �;�BM Bb MQi Q7 BMi2`2bi iQ

mbX h?2 }M�H 7�+iQ` BM 1[X 9Xjk /2b+`B#2b i?2 T`QT�;�iBQM Q7 K�;M2iQbQMB+ KQ/2bc BM �MiB+BT�iBQM

i?�i i?2 T?�b2 p2HQ+BiB2b ω̃± +Q``2bTQM/BM; iQ i?2b2 K�;M2iQbQMB+ KQ/2b K�v ?�p2 BK�;BM�`v T�`ib-

r2 b2H2+i i?2 i?B`/ 7�+iQ` 7`QK 1[X 9Xjk iQ bim/v BMbi�#BHBiv �i i?2 BMi2`7�+2 Q7 i?2 b?2�` H�v2`X

hQ 2tT`2bb i?2 ;`Qri? `�i2 Q7 i?2 BMbi�#BHBiv �b pB2r2/ BM i?2 H�#Q`�iQ`v 7`�K2- r2 /2`Bp2 irQ

2[m�iBQMb 7Q` (l+/l−)2- r?B+? �HHQrb mb iQ 2HBKBM�i2 (l+/l−)2 �M/ �``Bp2 �i i?2 H�#Q`�iQ`v 7`�K2

/BbT2`bBQM `2H�iBQM- r?B+? /2T2M/b QMHv QM i?2 bQmM/ bT22/- �H7pûM bT22/- b?2�` ~Qr βsh- r�p2p2+@

iQ`b k,m- �M/ T?�b2 p2HQ+Biv ωX hQ #QQbi 1[bX 9Xjk iQ i?2 H�#Q`�iQ`v 7`�K2- r2 mb2 i?2 GQ`2Mix

i`�Mb7Q`K�iBQMb

ω̃± =
ω ∓ kβsh√
1− β2

sh

, k̃± =
k ∓ ωβsh√
1− β2

sh

, l̃± = l±, m̃± = m, U9XjjV

k"HmK2M 2i �HX URNd8V b?Qr2/ i?�i 7Q` � bKQQi?Hv p�`vBM; U�b QTTQb2/ iQ /Bb+QMiBMmQmbV b?2�` H�v2` Q7
+QKT`2bbB#H2 ~mB/- i?2 M2mi`�HHv bi�#H2 KQ/2 +Q``2bTQM/BM; iQ ω̃± = 0 BM 1[X 9Xjk Bb BM/22/ mMbi�#H2 iQ
T2`im`#�iBQMbc i?2 bi�#BHBiv T`QT2`iB2b Q7 HQM;@r�p2H2M;i? T2`im`#�iBQMb �i bKQQi?Hv@p�`vBM; BMi2`7�+2b /Bz2`
bB;MB}+�MiHv 7`QK i?2 T`QT2`iB2b Q7 HQM;@r�p2H2M;i? T2`im`#�iBQMb �i /Bb+QMiBMmQmb b?2�` BMi2`7�+2bX

R9N



�M/ bQHp2 7Q` (l+/l−)2- r?B+? vB2H/b

(l+/l−)
2 = (1− β2

sh)(c
2
s (1− v2A)(ω + kβsh)

2 − c2sv
2
A(k + ωβsh)

2 + v2A(ω + kβsh)
2)

· (c2s (v2A(k − ωβsh)
2((k − ωβsh)

2 + (1− β2
sh)m

2)− (ω − kβsh)
2((k − ωβsh)

2

+ (1− β2
sh)m

2(1− v2A))) + (ω − kβsh)
4 − v2A(ω − kβsh)

2((k − ωβsh)
2 + (1− β2

sh)m
2))

/ ((1− β2
sh)(v

2
A(ω − kβsh)

2 − c2s (k
2(v2A − β2

sh(1− v2A)) + 2βshk(1− 2v2A)ω

− ω2(1− (1 + β2
sh)v

2
A)))(c

2
s (v

2
A(k + ωβsh)

2((k + ωβsh)
2 − (β2

sh − 1)m2)

− (ω + kβsh)
2((k + ωβsh)

2 + (1− β2
sh)m

2(1− v2A))) + (ω + kβsh)
4

− v2A(ω + kβsh)
2((k + ωβsh)

2 + (1− β2
sh)m

2))).

U9Xj9V

q2 /2`Bp2 � b2+QM/ 2[m�iBQM 7Q` (l+/l−)2 #v +QMbB/2`BM; i?2 y �M/ z +QKTQM2Mib Q7 i?2 HBM2�`Bx2/

_J>. KQK2MimK 2[m�iBQMb- 1[bX 9Xk9- �HQM; rBi? i?2 BM/m+iBQM 2[m�iBQMb 1[bX 9Xk8,

k̃±Bx0B̃y1± − l±Bx0Bx1± − l±p̃1± + ṽy1±ω̃±(B
2
x0 + ρ̃0±h0±) = 0, U9Xj8V

mBx0Bx1± − ṽz1±ω̃±
(
B2

x0 + ρ̃0±h0±
)
− k̃±Bx0B̃z1± +mp̃1± = 0, U9XjeV

l±ṽy1±Bx0 +mṽz1±Bx0 − ω̃±Bx1± = 0, U9XjdV

k̃±ṽy1±Bx0 + ω̃±B̃y1± = 0, U9Xj3V

k̃±ṽz1±Bx0 + ω̃±B̃z1± = 0. U9XjNV

"v 2HBKBM�iBM; m, B̃y1±, B̃z1±, ṽx1±, �M/ ṽz1± 7`QK 1[bX 9Xj8Ĝ9XjN- �TTHvBM; i?2 GQ`2Mix i`�Mb@

7Q`K�iBQMb 1[bX 9Xjj- �M/ 2KTHQvBM; T`2bbm`2 #�H�M+2 Up− = p+V- �HQM; rBi? i?2 /BbTH�+2K2Mi

R8y



K�i+?BM; +QM/BiBQM �i i?2 BMi2`7�+2 Q7 i?2 b?2�` ~Qr Uy = 0V- M�K2Hv

ṽy1−
ω + kβsh

=
ṽy1+

ω − kβsh
, U9X9yV

r2 Q#i�BM � b2+QM/ 2[m�iBQM 7Q` l+/l−-

l+
l−

=
v2A(ω

2 − k2)
(
1− β2

sh

)
+ (ω − kβsh)2(1− v2A)

v2A(ω
2 − k2)

(
1− β2

sh

)
+ (ω + kβsh)2(1− v2A)

. U9X9RV

hQ;2i?2`- 1[bX 9Xj9 �M/ 9X9R vB2H/ i?2 /2bB`2/ /BbT2`bBQM `2H�iBQM ;Qp2`MBM; _J>. KQ/2b +QmTH2/

�i i?2 BMi2`7�+2 Q7 i?2 b?2�` ~Qr 7Q` i?2 bvKK2i`B+ b?2�` T`Q#H2KX AM b[m�`BM; 1[X 9X9R iQ b22F

MmK2`B+�HHv i?2 +QKTH2t `QQib Q7 i?2 /BbT2`bBQM `2H�iBQM- 7Qm` bTm`BQmb bQHmiBQMb �`2 BMi`Q/m+2/c

i`B�H bQHmiBQMb Kmbi #2 `2D2+i2/ B7 i?2v /Q MQi b�iBb7v 1[X 9X9R- bQ i?�i QMHv i?2 T?vbB+�H bQHmiBQMb

�`2 `2i�BM2/X AM +QKTmiBM; bQHmiBQMb iQ i?2 /BbT2`bBQM `2H�iBQM- r2 �HbQ 2M7Q`+2 i?2 +QM/BiBQM

AK(l+) > 0 �M/ AK(l−) < 0- r?B+? 2Mbm`2b i?�i i?2 r�p2 �KTHBim/2 �TT`Q�+?2b x2`Q �b y → ±∞X

q?2M /Bb+mbbBM; bQHmiBQMb iQ i?2 /BbT2`bBQM `2H�iBQM- Bi rBHH #2 +QMp2MB2Mi iQ `2+�bi i?2 T?�b2

p2HQ+BiB2b �b /BK2MbBQMH2bb MmK#2`b UPbK�MQp 2i �HX- kyy3V-

φvA ≡ ω

vA
√
k2 +m2

, φcs ≡
ω

cs
√
k2 +m2

. U9X9kV

A7 i?2 [m�MiBiv φvA UQ` φcs - r?B+? Bb 2bT2+B�HHv +QMp2MB2Mi B7 /Bb+mbbBM; mMK�;M2iBx2/ b?2�`BM;

~QrV ?�b � TQbBiBp2 BK�;BM�`v T�`i- r2 ?�p2 �M mMbi�#H2 KQ/2- r?2`2�b � M2;�iBp2 BK�;BM�`v T�`i

BM/B+�i2b � bi�#H2 KQ/2X

AM i?2 `2K�BM/2` Q7 i?Bb b2+iBQM- �M/ �HbQ BM a2+X 9XjXj- r2 K�F2 7`2[m2Mi `272`2M+2 iQ i?2 ǵ;`Qri?

`�i2Ƕ AK(φvA)- r?B+? Bb � +QM/2Mb2/ MQi�iBQM r2 mb2 iQ BM/B+�i2 i?2 7QHHQrBM;, 7`QK i?2 b2i Q7

7Qm` T?vbB+�HHv pB�#H2 φvA i?�i- 7Q` � ;Bp2M +?QB+2 Q7 T?vbB+�H T�`�K2i2`b- b�iBb7v RV i?2 /BbT2`bBQM

R8R



`2H�iBQM- �M/ kV i?2 ǵ/2+�vBM;Ƕ #QmM/�`v +QM/BiBQM �b y → ±∞- b2H2+i i?2 K�tBKmK Q7 i?2 7Qm`

BK�;BM�`v T�`ibc i?mb i?2 MQi�iBQM AK(φvA) > 0 BM/B+�i2b BMbi�#BHBiv- �M/ AK(φvA) < 0 +Q``2bTQM/b

iQ bi�#BHBivX

h?2 /BbT2`bBQM `2H�iBQM 1[bX 9Xj9 �M/ 9X9R Bb r`Bii2M BM i2`Kb Q7 T?vbB+�H T�`�K2i2`b vA �M/ cs-

#mi Qi?2` T�`�K2i2`Bx�iBQMb �`2 TQbbB#H2X u2i �MQi?2` +?QB+2 Q7 T�`�K2i2`b Bb

Mr =
βsh
cs

√
1− c2s√
1− β2

sh

, U9X9jV

ζ =
vA
cs

, U9X99V

r?B+? �`2 i?2 `2H�iBpBbiB+ J�+? MmK#2` �M/ �H7pûMB+ J�+? MmK#2`- `2bT2+iBp2Hv U*?Bm- RNdjc EQMB;H-

RN3yc "Q/Q 2i �HX- kyy9c PbK�MQp 2i �HX- kyy3VX �M �Hi2`M�i2 T�`�K2i`Bx�iBQM- 7�KBHB�` 7`QK bim/B2b

Q7 K�;M2iBx2/ TH�bK�b U`2+QMM2+iBQM- im`#mH2M+2- �M/ b?Q+Fb- 7Q` 2t�KTH2V Bb BM i2`Kb Q7 BQM TH�bK�@

#2i� �M/ K�;M2iBx�iBQM U/2}M2/ rBi? i?2 BM@TH�M2 +QKTQM2Mi Q7 K�;M2iB+ }2H/V-

βix =
2p0i
B2

x0

, U9X98V

σwx =
B2

x0

w0
, U9X9eV

r?2`2 p0i = ρ0iθ0i Bb i?2 i?2`K�H T`2bbm`2 Q7 BQMb Uρ0i �M/ θ0i �`2 i?2 K�bb /2MbBiv �M/ /BK2MbBQMH2bb

i2KT2`�im`2 Q7 BQMb- `2bT2+iBp2Hvc r2 +QMbB/2` � irQ ~mB/ TB+im`2- rBi? p0i = p0eV- �M/ i?2 K�;M2iB+

}2H/ �M/ 2Mi?�HTv �`2 �b /2}M2/ BM a2+bX 9XkXk �M/ 9XkXjX hQ r`Bi2 1[bX 9Xj9 �M/ 9X9R BM i2`Kb Q7

βi �M/ σw- QM2 �HbQ `2[mB`2b �M 2[m�iBQM Q7 bi�i2 `2H�iBM; /BK2MbBQMH2bb i2KT2`�im`2 �M/ �/B�#�iB+

BM/2tc iQ i?Bb 2M/- r2 mb2 � T`2+Bb2 }iiBM; 7Q`KmH� iQ i?2 avM;2 URN8dV 2[m�iBQM Q7 bi�i2 Ua2`pB+2-

RN3eVc b22 1[X 9XNy BM a2+X 9X�X Pm` K�BM `2bmHib BM a2+bX 9XkXjXj �M/ 9XjXj �`2 T?`�b2/ BM i2`Kb Q7

BQM TH�bK�@#2i� �M/ K�;M2iBx�iBQMX
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6B;m`2 9XR, _2H�iBpBbiB+ J�+? MmK#2` /2T2M/2M+2 Q7 i?2 ;`Qri? `�i2 BM `2H�iBpBbiB+ J>. 7Q` bvKK2i`B+
b?2�` ~Qr- 7Q` /Bz2`2Mi p�Hm2b Q7 i?2 �H7pûMB+ J�+? MmK#2`- ζ ≡ vA/csX � p2`iB+�H #H�+F /�b?2/ HBM2 �i
Mr =

√
2 BM/B+�i2b i?2 +H�bbB+�H bi�#BHBiv #QmM/X

hQ +QMM2+i rBi? `2bmHib BM i?2 HBi2`�im`2- r2 b?Qr BM 6B;X 9XR i?2 /2T2M/2M+2 Q7 i?2 ;`Qri?

`�i2 AK(φcs) QM `2H�iBpBbiB+ J�+? MmK#2` 7Q` b?2�`@�HB;M2/ KQ/2b Um = 0V- +QKTmi2/ pB� i?2

/BbT2`bBQM `2H�iBQM U1[bX 9Xj9 �M/ 9X9Rc Qm` 6B;X 9XR +�M #2 +QKT�`2/ rBi? 6B;X R BM 62``�`B

2i �HX URN3yV- �M/ 6B;X 9 BM "Q/Q 2i �HX Ukyy9VVX h?2 v2HHQr +m`p2 BM 6B;X 9XR +Q``2bTQM/b iQ

i?2 MQM`2H�iBpBbiB+ ?v/`Q/vM�KB+ HBKBi- BM r?B+? i?2 bvbi2K Bb bi�#H2 iQ T2`im`#�iBQMb 7Q` J�+?

MmK#2`b �#Qp2
√
2 U62``�`B 2i �HX- RN3yc "Q/Q 2i �HX- kyy9c >�KHBM � L2rK�M- kyRjVc b22 a2+X 9XkXjXk

7Q` 7m`i?2` /Bb+mbbBQMX h?Bb +H�bbB+�H #QmM/ Bb BM/B+�i2/ BM 6B;X 9XR #v � p2`iB+�H #H�+F /�b?2/ HBM2X

h�F2M iQ;2i?2`- i?2 b2[m2M+2 Q7 +QHQ`2/ HBM2b /2KQMbi`�i2b bQK2 Q7 i?2 #�bB+ T?vbB+b Q7 i?2 E>

BMbi�#BHBiv BM i?2 T`2b2M+2 Q7 � b?2�`@�HB;M2/ K�;M2iB+ }2H/c �b i?2 �H7pûMB+ J�+? MmK#2` BM+`2�b2b

U2[mBp�H2MiHv- �b i?2 K�;MBim/2 Q7 i?2 BM@TH�M2 K�;M2iB+ }2H/ BM+`2�b2b �i }t2/ i2KT2`�im`2V- i?2

`�M;2 Q7 Mr Qp2` r?B+? i?2 bvbi2K Bb mMbi�#H2 /2+`2�b2b- �M/ �HbQ i?2 K�tBKmK ;`Qri? `�i2 rBi?BM

i?2 `�M;2 Q7 mMbi�#H2 Mr /2+`2�b2bX >2m`BbiB+�HHv- i?2 2z2+i Q7 i?2 K�;M2iB+ }2H/ Bb bBKBH�` iQ i?2

bi�#BHBxBM; 2z2+i Q7 � bm`7�+2 i2MbBQMc �b i?2 bi`2M;i? Q7 i?2 K�;M2iB+ }2H/ BM+`2�b2b- i?2 2M2`;v

`2[mB`2/ #v i?2 r�p2 iQ T`QT�;�i2 �HQM; i?2 /B`2+iBQM Q7 i?2 K�;M2iB+ }2H/- �M/ BM /QBM; bQ- #2M/

i?2 }2H/ HBM2b- BM+`2�b2b U*?�M/`�b2F?�`- RNeRc >�KHBM � L2rK�M- kyRjVX
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9XkXjXk avKK2i`B+ b?2�` ~Qr, MQM`2H�iBpBbiB+ >. /BbT2`bBQM `2H�iBQM

AM i?2 HBKBi Q7 p�MBb?BM; K�;M2iB+ }2H/b- �M/ MQM`2H�iBpBbiB+ βsh �M/ cs- `QQib Q7 i?2 /BbT2`bBQM

`2H�iBQM 1[bX 9Xj9 �M/ 9X9R bBKTHB7v +QMbB/2`�#Hv U�b � 7m`i?2` bBKTHB}+�iBQM- r2 +QMbB/2` QMHv

KQ/2b r?B+? T`QT�;�i2 �HQM; i?2 /B`2+iBQM Q7 i?2 b?2�`BM; ~Qr- BX2X KQ/2b rBi? m = 0VX qBi?

vA = 0 �M/ m = 0- 1[X 9Xj9 `2/m+2b iQ

(
l+
l−

)2

=
(ω − kβsh)2 − c2s (k − ωβsh)2

(ω + kβsh)2 − c2s (k + ωβsh)2
. U9X9dV

aBKBH�`Hv- 1[X 9Xj9 bBKTHB}2b,

l+
l−

=
(ω − kβsh)2

(ω + kβsh)2
. U9X93V

1[bX 9X9d �M/ 9X93 K�v #2 bQHp2/ 7Q` ω- r?B+? vB2H/b UmbBM; 1[X 9X9kV �M �M�HviB+ 2tT`2bbBQM 7Q`

i?2 /BK2MbBQMH2bb T?�b2 p2HQ+BivX 6Q` MQM`2H�iBpBbiB+ βsh �M/ cs- i?2 UT?vbB+�HHv pB�#H2V bQHmiBQMb

�`2

φcs = 0, U9X9NV

φcs =

√√√√
1 +

(
βsh
cs

)2

±

√

1 + 4

(
βsh
cs

)2

. U9X8yV

�b /Bb+mbb2/ BM a2+X 9XkXjXR- i?2 }`bi bQHmiBQM 1[X 9X9N BM 7�+i +Q``2bTQM/b iQ �M mMbi�#H2 KQ/2

r?2M QM2 +QMbB/2`b � bKQQi?Hv p�`vBM; b?2�` T`Q}H2X 6`QK i?2 b2+QM/ b2i Q7 bQHmiBQMb 1[bX 9X8y-

QMHv i?2 QM2 rBi? � KBMmb bB;M +�M ?�p2 � TQbBiBp2 BK�;BM�`v T�`i- �M/ Bi +Q``2bTQM/b iQ �M mMbi�#H2

KQ/2c BM T�`iB+mH�`- i?Bb `QQi Bb Tm`2Hv BK�;BM�`v r?2M

βsh
cs

<
√
2, U9X8RV
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r?B+? /2KQMbi`�i2b i?2 +H�bbB+�H `2bmHi i?�i i?2 bvKK2i`B+ b?2�` ~Qr Bb mMbi�#H2 7Q` Mc <
√
2-

r?2`2 Mc ≡ βsh/cs Bb i?2 +H�bbB+�H J�+? MmK#2` U*?�M/`�b2F?�`- RNeRVX h?Bb #QmM/ Bb THQii2/

BM 6B;X 9XR �b � p2`iB+�H #H�+F /�b?2/ HBM2- �M/ 2tTH�BMb r?v i?2 v2HHQr +m`p2 U+Q``2bTQM/BM; iQ

�H7pûMB+ J�+? MmK#2` ζ = 0 �M/ βsh = 10−3V BM/B+�i2b bi�#BHBiv #2vQM/ Mc ≈ Mr =
√
2c "Q/Q

2i �HX Ukyy9V ?�p2 b?QrM i?�i i?2 +H�bbB+�H HBKBi T2`bBbib 2p2M 7Q` `2H�iBpBbiB+ b?2�`BM; ~Qrb- r?2M

QM2 +QMbB/2`b i?2 �TT`QT`B�i2 J�+? MmK#2`- BX2X i?2 bvbi2K Bb mMbi�#H2 7Q` Mr <
√
2X

9XkXjXj �bi`QT?vbB+�H D2i, `2H�iBpBbiB+ J>. /BbT2`bBQM `2H�iBQM

>2`2- r2 /2`Bp2 i?2 /BbT2`bBQM `2H�iBQM 7Q` i?2 D2i T`Q#H2K /2b+`B#2/ BM a2+X 9XkXRXRX h?2 K2i?Q/

Q7 bQHmiBQM Bb bBKBH�` iQ i?�i T`2b2Mi2/ BM a2+X 9XkXjXR 7Q` i?2 bvKK2i`B+ b?2�` T`Q#H2K- bQ ?2`2

r2 7Q+mb QM F2v `2bmHib- �M/ QM �Mv bi2Tb BM i?2 bQHmiBQM r?B+? /Bz2` 7`QK r?�i Bb T`2b2Mi2/ BM

a2+X 9XkXRXRX

6Q` i?2 D2i b2imT- r2 +QMbB/2` � K�;M2iB+ }2H/ r?B+? /Bz2`b #2ir22M i?2 irQ bB/2b Q7 i?2 b?2�`-

y+ �M/ y− Ui?2 ǵrBM/Ƕ �M/ ǵD2iǶ- `2bT2+iBp2HvVX PM i?2 rBM/ bB/2- i?2 K�;M2iB+ }2H/ Bb B0+ =

(0, 0, bwB0)- �M/ QM i?2 D2i bB/2 i?2 K�;M2iB+ }2H/ Bb B0− = (B0, 0, bjB0)- r?B+? �`2 #Qi? Q7 i?2

7Q`K B0± = (Bx0±, 0, Bz0±)X am#biBimiBQM Q7 B0± BMiQ 1[X 9Xkd- �HQM; rBi? i?2 /Bp2`;2M+2@7`22

+QMbi`�BMi- vB2H/b � /BbT2`bBQM `2H�iBQM ;Qp2`MBM; _J>. r�p2b BM i?2 ~mB/ `2bi 7`�K2,j

ω̃± · (ω̃2
± − k̃∥

2

±ṽA
2
±) ·

(
ω̃4
± − ω̃2

±

(
B̃x0

2
± + B̃z0

2
±

|̃B0|
2

±

|̃k|
2

±ṽA
2
± + c2s±

(
|̃k|

2

± −
ṽA

2
±

|̃B0|
2

±

(
B̃z0

2
±(k̃

2
± + l̃2±)

− 2B̃x0±B̃z0±k̃±m̃± + B̃x0
2
±(l̃

2
± + m̃2

±)
)))

+ k̃∥
2

± |̃k|
2

±c
2
s±ṽA

2
±

)
= 0.

U9X8kV

aBKBH�` iQ 1[X 9Xjk- i?2 }`bi 7�+iQ` BM 1[X 9X8k +Q``2bTQM/b iQ � K�`;BM�HHv bi�#H2 KQ/2 Uω̃± = 0V-

i?2 b2+QM/ 7�+iQ` +Q``2bTQM/b iQ �H7pûM r�p2b Uω̃± = ±k̃∥±ṽA±V- �M/ i?2 i?2 i?B`/ 7�+iQ` ;Bp2b i?2

j1p2M 7Q` [m�MiBiB2b U�T�`i 7`QK csV r?B+? i`�Mb7Q`K i`BpB�HHv mM/2` � #QQbi �HQM; x- bm+? �b l̃±- m̃±- �M/
B̃x0- r2 /Q MQi bmTT`2bb Qp2`iBH/2b- iQ +H�`B7v i?�i i?Bb 2[m�iBQM �TTHB2b ;2M2`�HHv BM i?2 ~mB/ `2bi 7`�K2X

R88



K�;M2iQbQMB+ KQ/2bX a2H2+iBM; i?2 i?B`/ 7�+iQ` BM 1[X 9X8k- r2 K�v bQHp2 7Q` l̃2±(= l2±)- i?2M mb2

�TT`QT`B�i2 GQ`2Mix i`�Mb7Q`Kb iQ 2tT`2bb 2�+? Q7 l2+ �M/ l2− BM i2`Kb Q7 D2i@7`�K2 [m�MiBiB2b UMQi2

i?�i- �b /2b+`B#2/ BM a2+X 9XkXRXR- r2 +?QQb2 i?2 D2i 7`�K2 �b i?2 H�# 7`�K2- bQ i?2 2[m�iBQM 7Q` l2−

i`�Mb7Q`Kb i`BpB�HHvVX hQ 2tT`2bb i?2 UrBM/@bB/2V l̃2+ BM i2`Kb Q7 D2i 7`�K2 [m�MiBiB2b- r2 2KTHQv

bi�M/�`/ GQ`2Mix i`�Mb7Q`K�iBQMb-

ω̃+ =
ω − kβsh√
1− β2

sh

, k̃+ =
k − ωβsh√
1− β2

sh

, l̃+ = l, m̃+ = m, B̃z0+ = Bz0+

√
1− β2

sh.

U9X8jV

h?2 `2bmHi- r?B+? r2 2tT`2bb BM i2`Kb Q7 Qm` +�MQMB+�H +?QB+2 Q7 p�`B�#H2b φvA - βix- σwx- βsh- bj- bw-

ρ0j- ρ0w- k- �M/ i?2 `�iBQ Q7 r�p2p2+iQ`b f ≡ m/k- Bb � `�i?2` H2M;i?v 2[m�iBQMc Bi Bb T`2b2Mi2/ BM

7mHH BM a2+X 9X� U�HQM; rBi? Qi?2` +�H+mH�iBQM�H /2i�BHbVX 6Q` i?2 T`2b2Mi /Bb+mbbBQM- r2 `2T`2b2Mi

i?2 bQHmiBQM �b � TH�+2?QH/2` 7mM+iBQM F1 r?B+? bBKTHv BM/B+�i2b i?2 [m�MiBiB2b mTQM r?B+? (l+/l−)2

/2T2M/b,9

(l+/l−)
2 = F1(φvA , k,βix,σwx, ρ0j, ρ0w,βsh, bj, bw, f). U9X89V

q2 Q#i�BM � b2+QM/ 2[m�iBQM 7Q` (l+/l−)2 7`QK i?2 HBM2�`Bx2/ `2H�iBpBbiB+ J>. KQK2MimK �M/

BM/m+iBQM 2[m�iBQMb U1[bX 9XkjĜ9XkeV- �HQM; rBi? iQi�H T`2bbm`2 #�H�M+2 UiQ }`bi Q`/2`Vc QM i?2 D2i
9AM a2+X 9X�- r2 ?�p2 /2`Bp2/ i?2 2tTHB+Bi 7Q`K Q7 1[X 9X89 �bbmKBM; �M �`#Bi`�`v K�bb `�iBQ mi/me BM

i?2 TH�bK�- #mi 7Q` i?2 T`2b2Mi /Bb+mbbBQM- r2 �bbmK2 i?2 irQ bT2+B2b iQ ?�p2 2[m�H K�bb2b- mi/me = 1X

R8e



bB/2- i?2b2 `2�/

kbjB0Bz1 −mbjB0Bx1 + kp1 − vx1ω(bjB0)
2 + vz1ωbjB

2
0 − ρ0h0vx1ω = 0, U9X88V

kB0By1 − lB0Bx1 − lbjB0Bz1 +mbjB0By1 − lp1 + vy1ωB
2
0

+vy1ω(bjB0)
2 + ρ0h0vy1ω = 0,

U9X8eV

kB0Bz1 −mB0Bx1 −mp1 − vx1ωbjB
2
0 + vz1ωB

2
0 + ρ0h0vz1ω = 0, U9X8dV

mvx1bjB0 − lvy1B0 −mvz1B0 + ωBx1 = 0, U9X83V

kvy1B0 +mvy1bjB0 + ωBy1 = 0, U9X8NV

kvx1bjB0 + lvy1bjB0 − kvz1B0 − ωBz1 = 0, U9XeyV

ptot1 − (p1 +Bx1B0 +Bz1bjB0) = 0, U9XeRV

�M/ QM i?2 rBM/ bB/2 UBM i?2 7`�K2 +QKQpBM; rBi? i?2 rBM/V-

k̃+B̃z0+B̃z1+ −mB̃z0+Bx1+ + k̃+p̃1+ − ṽx1+ω̃+B̃z0
2
+ − ρ̃0+h0+ṽx1+ω̃+ = 0, U9XekV

l+B̃z0+B̃z1+ −mB̃z0+B̃y1+ + l+p̃1+ − ṽy1+ω̃+B̃z0
2
+ − ρ̃0+h0+ṽy1+ω̃+ = 0, U9XejV

mp̃1+ − ρ̃0+h0+ṽz1+ω̃+ = 0, U9Xe9V

−mṽx1+B̃z0+ − ω̃+Bx1+ = 0, U9Xe8V

−mṽy1+B̃z0+ − ω̃+B̃y1+ = 0, U9XeeV

k̃+ṽx1+B̃z0+ + l+ṽy1+B̃z0+ − ω̃+B̃z1+ = 0, U9XedV

p̃tot1+ − (p̃1+ + B̃z1+B̃z0+) = 0. U9Xe3V

"v bQHpBM; 1[bX 9X88Ĝ9XeR �M/ 9XekĜ9Xe3 7Q` l �M/ l+- `2bT2+iBp2Hv- �M/ mbBM; i?2 GQ`2Mix i`�Mb7Q`@
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K�iBQMb 9X8j- �HQM; rBi? i?2 /BbTH�+2K2Mi K�i+?BM; +QM/BiBQM �i i?2 BMi2`7�+2-

vy1
ω

=
ṽy1+
ω−kβsh√
1−β2

sh

, U9XeNV

i?2 `�iBQ Q7 r�p2p2+iQ`b l+/l Bb Q#i�BM2/X h?2 `2bmHi K�v #2 2tT`2bb2/ �b � 7mM+iBQM Q7 φvA - k- βix-

σwx- ρ0j- ρ0w- βsh- bj- bw- �M/ f U= m/k- r?B+? +QMi`QHb i?2 �M;H2 Q7 T`QT�;�iBQM Q7 i?2 r�p2 BM i?2

xz TH�M2VX h?2 `2bmHi- r?B+? r2 BM/B+�i2 #v i?2 7mM+iBQM F2-

l+/l = F2(φvA , k,βix,σwx, ρ0j, ρ0w,βsh, bj, bw, f), U9XdyV

Bb bi�i2/ 2tTHB+BiHv BM a2+X 9X� Ub22 1[X 9X38VX hQ;2i?2`- 1[bX 9X89 �M/ 9Xdy T`QpB/2 i?2 /2bB`2/

/BbT2`bBQM `2H�iBQMX hQ bim/v i?2 ;`Qri? `�i2 Q7 mMbi�#H2 KQ/2b BM i?2 D2i T`Q#H2K- r2 +QKTmi2

UMmK2`B+�HHvV bQHmiBQMb iQ i?2 2[m�iBQM

F1(φvA , k,βix,σwx, ρ0j, ρ0w,βsh, bj, bw, f) = F2(φvA , k,βix,σwx, ρ0j, ρ0w,βsh, bj, bw, f)
2. U9XdRV

h?2 /2T2M/2M+2 QM k +�M+2Hb #2ir22M i?2 irQ bB/2b Q7 1[X 9XdR- bQ bQHmiBQMb φvA �`2 }M�HHv

+QKTmi2/ �b `QQib Q7 �M 2[m�iBQM Q7 i?2 7Q`K

F3(φvA ,βix,σwx, ρ0j, ρ0w,βsh, bj, bw, f) = 0. U9XdkV

�b /2b+`B#2/ BM a2+X 9XkXjXR- b[m�`BM; F2 Ur?B+? Bb 2[m�H iQ l+/lV BM 1[MX 9XdR BMi`Q/m+2b 7Qm`

MQMT?vbB+�H `QQib r?B+? /Q MQi b�iBb7v 1[X 9Xdy- bQ r2 `2D2+i i?2b2 bQHmiBQMbX q2 �HbQ `2D2+i

bQHmiBQMb i?�i /Q MQi b�iBb7v i?2 #QmM/�`v +QM/BiBQM AK(l+) > 0 �M/ AK(l) < 0c i?Bb Bb � bi�i2K2Mi

i?�i i?2 r�p2 �KTHBim/2 Kmbi �TT`Q�+? x2`Q �b y → ±∞X

R83



S�`�K2i2` 1[MX .2b+`BTiBQM
βix 1[X 9X98 p0i/(B2

x0/2)- i?2 BQM TH�bK�@#2i� /2}M2/ rBi? `2bT2+i iQ BM@TH�M2
K�;M2iB+ }2H/c `�iBQ Q7 BQM i?2`K�H T`2bbm`2 iQ BM@TH�M2 K�;M2iB+
T`2bbm`2 QM D2i bB/2

σwx 1[X 9X9e B2
x0/w0- K�;M2iBx�iBQM /2}M2/ rBi? `2bT2+i iQ BM@TH�M2 K�;M2iB+

}2H/c +QMi`QHb `�iBQ Q7 U2×VBM@TH�M2 K�;M2iB+ T`2bbm`2 iQ TH�bK�
2Mi?�HTv /2MbBiv BM i?2 D2i

βsh 1[X 9Xj aT22/ Q7 rBM/ `2H�iBp2 iQ i?2 D2i
bj 1[X 9X9 Bz0,j/Bx0,j- bi`2M;i? Q7 ;mB/2 }2H/ BM i?2 D2i U�b K2�bm`2/ BM i?2

D2ifH�# 7`�K2V- BM mMBib Q7 BM@TH�M2 K�;M2iB+ }2H/ Bx0,j UBM i?2 D2iV
bw 1[X 9X9 Bz0,w/Bx0,j- bi`2M;i? Q7 ;mB/2 }2H/ BM i?2 rBM/ U�b K2�bm`2/ BM i?2

D2ifH�# 7`�K2V- BM mMBib Q7 BM@TH�M2 K�;M2iB+ }2H/ Bx0,j UBM i?2 D2iV
ρ0j 1[X 9X8 J�bb /2MbBiv Q7 i?2 D2i UBM i?2 ~mB/ `2bi 7`�K2V
ρ0w 1[X 9X8 J�bb /2MbBiv Q7 i?2 rBM/ UBM i?2 ~mB/ `2bi 7`�K2V
f 1[X 9Xkk m/k- i?2 `�iBQ Q7 r�p2 p2+iQ`b BM i?2 TH�M2 Q7 i?2 b?2�` BMi2`7�+2

Ui?�i Bb- i?2 xz TH�M2Vc +QMi`QHb T`QT�;�iBQM �M;H2 Q7 T2`im`#�iBQM

h�#H2 9XR, GBbiBM; Q7 T�`�K2i2`b mb2/ iQ bT2+B7v i?2 BMBiB�H bi�i2 7Q` i?2 �bi`QT?vbB+�H D2i T`Q#H2KX

9XkX9 �bi`QT?vbB+�H D2i, MmK2`B+�H `2bmHib

hQ 2tTHQ`2 i?2 T�`�K2i2` /2T2M/2M+2 Q7 i?2 E> BMbi�#BHBiv BM i?2 �bi`QT?vbB+�H D2i T`Q#H2K- r2

+QKTmi2 i?2 ;`Qri? `�i2 AK(φvA) 7Q` /Bz2`2Mi b2H2+iBQMb Q7 Qm` bi�M/�`/ p�`B�#H2b βix- σwx- βsh- bj-

bw- ρ0j- ρ0w- �M/ f c 7Q` 2�bv `272`2M+2- i?2b2 �`2 HBbi2/ BM h�#X 9XR- �HQM; rBi? b?Q`i /2b+`BTiBQMbX

9XkX9XR βix- σwx- �M/ βsh /2T2M/2M+2 Q7 BMbi�#BHBiv 7Q` T`QT�;�iBQM T2`T2M/B+mH�` iQ
i?2 D2i@bB/2 K�;M2iB+ }2H/

�b � }`bi +�b2- r2 +QMbB/2` � HBKBi r?B+? Bb bBKBH�` iQ Tm`2 ?v/`Q/vM�KB+ U>.V ~Qrc r2 +QKTmi2 i?2

;`Qri? `�i2 AK(φvA) BM i?2 βixσwx@TH�M2- 7Q` βsh BM i?2 `�M;2 yXRĜyXN Ubj = 20 �M/ bw = 0 �`2 ?2H/

}t2/VX q2 �bbmK2 � `�iBQ Q7 rBM/@bB/2 /2MbBiv iQ D2i@bB/2 /2MbBiv Q7 ρ0w/ρ0j = 100X h?2 T�`�K2i2`

f Bb +?Qb2M iQ #2 x2`Q- bQ i?�i i?2 T2`im`#�iBQM T`QT�;�i2b T2`T2M/B+mH�` iQ i?2 K�;M2iB+ }2H/

BM i?2 D2i- BX2X k · B0− = 0c i?Bb +?QB+2 Bb KQiBp�i2/ #v �M�HQ;v iQ i?2 bvKK2i`B+ b?2�` T`Q#H2K-

BM r?B+? i?2 ;`Qri? `�i2 Bb K�tBKBx2/ r?2M i?2 r�p2 T`QT�;�i2b T2`T2M/B+mH�` iQ i?2 K�;M2iB+

}2H/ U*?�M/`�b2F?�`- RNeRc JBm`� � S`Bi+?2ii- RN3kc >�KHBM � L2rK�M- kyRjVX8 h?2 `2bmHi Q7

i?2 +�H+mH�iBQM BM r?B+? r2 �bbmK2 i?�i k ·B0− = 0 Bb b�iBb}2/ Bb b?QrM BM 6B;X 9Xkc i?2 ;`�v2/@Qmi
8*?�M/`�b2F?�` URNeRV- 7Q` 2t�KTH2- T`Qp2/ i?�i 7Q` i?2 bvKK2i`B+ b?2�` T`Q#H2K BM J>. U�M/ 7Q`

� i�M;2MiB�H /Bb+QMiBMmBivV- T2`im`#�iBQMb ;`Qr �b AK(φvA) = 1
vA

√
β2
sh
ρ − (k̂·B0)2

ρ , r?B+? Bb K�tBKBx2/ 7Q`
k̂ ·B0 = 0X
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`2;BQM BM/B+�i2b � `2;BQM Q7 i?2 T�`�K2i2` bT�+2 i?�i Bb T?vbB+�HHv BM�++2bbB#H2- �++Q`/BM; iQ i?2

/2}MBiBQMb Q7 βix �M/ σwx Ub22 a2+X 9X� 7Q` 7m`i?2` /2i�BHbVX a2iiBM; k · B0− = 0 Bb bQK2r?�i

bBKBH�` iQ >. #2+�mb2 i?2 T2`im`#�iBQM T`QT�;�i2b T2`T2M/B+mH�` iQ i?2 K�;M2iB+ }2H/- bQ Bi /Q2b

MQi 2tT2`B2M+2 i?2 `2biQ`BM; 7Q`+2 Q7 K�;M2iB+ i2MbBQM i?�i Bi rQmH/- r2`2 Bi T`QT�;�iBM; rBi? bQK2

+QKTQM2Mi T�`�HH2H iQ i?2 K�;M2iB+ }2H/X AM 7�+i- mM/2` � GQ`2Mix #QQbi #v +βsh/2 �HQM; x- i?2

T`2b2Mi +�b2 Bb bBKBH�` iQ i?2 bvKK2i`B+ b?2�` T`Q#H2K BM >. rBi? f = 0 UBX2X r�p2 T`QT�;�iBQM

T�`�HH2H iQ i?2 /B`2+iBQM Q7 b?2�` ~QrV- r?B+? +Q``2bTQM/b iQ i?2 v2HHQr +m`p2 BM 6B;X 9XRX .m2 iQ

i?2 T?vbB+�H bBKBH�`Biv iQ i?2 bvKK2i`B+ E> T`Q#H2K- r2 K�v 2tT2+i i?2 T`2b2Mi +�b2 iQ 2t?B#Bi

� bi�#BHBiv #QmM/ i?�i Bb �M�HQ;Qmb iQ i?2 +H�bbB+�H QM2- Mc >
√
2 Ub22 1[X 9X8RVX AM/22/- B7 QM2

`2+�bib i?2 D2i /BbT2`bBQM `2H�iBQM 1[bX 9X39 �M/ 9X38 BM i2`Kb Q7 vA �M/ cs-e �M/ +QMbB/2`b i?2

mMK�;M2iBx2/ +�b2 vA = 0 U�M/ �HbQ f = 0V- i?2 /BbT2`bBQM `2H�iBQM K�v #2 r`Bii2M UiQ 7Qm`i? Q`/2`

BM cs �M/ βshV �b � }7i?@/2;`22 TQHvMQKB�H BM φcs -

β4
sh − 4csβ

3
shφcs + 6c2sβ

2
shφ

2
cs − β4

shφ
2
cs − 4c3sβshφ

3
cs + 4csβ

3
shφ

3
cs − 5c2sβ

2
shφ

4
cs + 2c3sβshφ

5
cs = 0, U9XdjV

r?Qb2 T?vbB+�HHv pB�#H2 bQHmiBQMb �`2

φcs =
1

2

βsh
cs

, U9Xd9V

φcs =
βsh +

√
β2
sh ± 4cs

(
cs −

√
c2s + β2

sh

)

2cs
. U9Xd8V

h?2 bQHmiBQM rBi? i?2 KBMmb bB;M BM 1[X 9Xd8 #2+QK2b Tm`2 BK�;BM�`v B7

βsh
cs

< 2
√
2, U9XdeV

e>2`2- cs Bb /2}M2/ rBi? `2bT2+i iQ i?2 D2i@bB/2 TH�bK�X

Rey



r?B+? Bb 2[mBp�H2Mid iQ i?2 +H�bbB+�H #QmM/ 1[X 9X8R Ub22 �HbQ 62``�`B 2i �HX URN3yV- 6B;X R- T�M2H

U�VVX 1p2M 7Q` i?2 H�`;2 ;mB/2@}2H/ +�b2 T`2b2Mi2/ BM 6B;X 9Xk- i?2 #QmM/ 1[X 9Xde K�v Qz2` bQK2

T?vbB+�H BMbB;?i �b iQ i?2 K2�MBM; Q7 i?2 bi�#H2 `2;BQM �i bm{+B2MiHv HQr σwxc /m2 iQ T`2bbm`2

#�H�M+2 �i i?2 BMi2`7�+2 Q7 i?2 rBM/ �M/ D2i- �M/ #2+�mb2 i?2 rBM/ bB/2 Bb BM i?2 T`2b2Mi +�b2

mMK�;M2iBx2/ U�b bw = 0V- i?2 �H7pûM p2HQ+Biv vA �M/ rBM/@bB/2 bQmM/ bT22/ cs,w �`2 `2H�i2/ #v

cs,w = vA
√
Γad,w/2 = vA

√
5/6

√
ρ0j/ρ0w- �bbmKBM; MQM`2H�iBpBbiB+ i2KT2`�im`2bX "v r`BiBM; vA BM

i2`Kb Q7 σwx �M/ bm#biBimiBM; BMiQ 1[X 9Xde- QM2 Q#i�BMb � Uβsh@/2T2M/2MiV HBKBi QM σwx- #2HQr

r?B+? i?2 bvbi2K Bb bi�#H2 iQ T2`im`#�iBQMb- BX2X

σwx ! σwx,crit =
3

20

ρ0w
ρ0j

β2
sh

1 + b2j
. U9XddV

q?BH2 i?Bb �`;mK2Mi Bb QMHv ?2m`BbiB+ BM M�im`2 UBM i?�i Bi +�Tim`2b `Qm;?Hv- mT iQ � +QMbi�Mi

MmK2`B+�H 7�+iQ`- i?2 b+�HBM; rBi? βsh Q7 i?2 HQr2` #QmM/ Q7 i?2 mMbi�#H2 `2;BQM rBi? `2bT2+i iQ

σwxc i?Bb HQr2` #QmM/ Bb +H2�` BM 6B;X 9XkV- Bi K�v Qz2` bQK2 T?vbB+�H BMimBiBQM �b iQ i?2 Q`B;BM Q7

i?2 bi�#H2 `2;BQM �i bm{+B2MiHv HQr σwx U�M/ HQr βixV i?�i Bb 2pB/2Mi BM 6B;X 9XkX

9XkX9Xk βsh- vms- σwx- �M/ βiz /2T2M/2M+2 Q7 BMbi�#BHBiv

AM 6B;X 9Xj- r2 T`2b2Mi i?2 ;`Qri? `�i2 Q7 i?2 BMbi�#BHBiv BM i?2 vmsβsh TH�M2- r?2`2 vms Bb i?2

K�;M2iQbQMB+ bT22/-

vms ≡

√
c2s + v2A
1 + v2A

. U9Xd3V

S�`�K2i2`BxBM; i?2 ;`Qri? `�i2 BM i?2 p�`B�#H2b vms �M/ βsh- �b �M �Hi2`M�iBp2 iQ σwx �M/ βix BM 6B;X

9Xk- �HHQrb 7Q` � +QMp2MB2Mi i`�MbBiBQM #2ir22M i?2 >. HBKBi �M/ i?2 K�;M2iBx2/ HBKBi i?�i Bb Qm`
dPM2 Kmbi �++QmMi 7Q` � GQ`2Mix #QQbi #v +βsh/2 �HQM; xc βsh BM i?2 D2i T`Q#H2K Bb i?2 iQi�H /Bz2`2M+2

BM p2HQ+Biv #2ir22M i?2 irQ bB/2b Q7 i?2 b?2�` ~Qr- r?2`2�b βsh BM i?2 bvKK2i`B+ T`Q#H2K `2T`2b2Mib ?�H7 Q7
i?2 iQi�H p2HQ+Biv /Bz2`2M+2X

ReR



K�BM 7Q+mb BM i?2 D2i T`Q#H2Kc MQi2 i?�i 7Q` bK�HH vA- i?2 K�;M2iQbQMB+ bT22/ vms ≈ cs- r?2`2�b

7Q` vA ≈ 1- vms ≈ vAX3 h?2 ;`Qri? `�i2 Bb +QKTmi2/ 7Q` βiz ∈ {0.01, 1, 100} Uβiz Bb i?2 `�iBQ

Q7 BQM i?2`K�H T`2bbm`2 iQ K�;M2iB+ T`2bbm`2- +QKTmi2/ rBi? QMHv i?2 Qmi@Q7@TH�M2 +QKTQM2Mi Q7

K�;M2iB+ }2H/V �M/ σwx ∈ {0, 0.1, 1}X h?2 ;mB/2 }2H/ BM i?2 rBM/ Bb bw = 0c BM@TH�M2 T2`im`#�iBQMb

Uf = 0V �`2 +QMbB/2`2/c �M/ i?2 `�iBQ Q7 rBM/@bB/2 /2MbBiv iQ D2i@bB/2 /2MbBiv Bb RyyX LQi2 i?�i #v

}tBM; βiz- σwx- �M/ vms- #Qi? i?2 UBM@TH�M2V BQM TH�bK�@#2i� βix �M/ ;mB/2@}2H/ T�`�K2i2` bj �`2

/2i2`KBM2/X �b BM 6B;X 9Xk- i?2 T?vbB+�HHv BM�++2bbB#H2 `2;BQMb �`2 b?�/2/ ;`�vX

� H�`;2` p�Hm2 Q7 σwx +Q``2bTQM/b iQ bi`QM;2` BM@TH�M2 K�;M2iB+ }2H/ Bx0 UQM i?2 D2i bB/2c i?2 BM@

TH�M2 K�;M2iB+ }2H/ Bb x2`Q QM i?2 rBM/ bB/2V- r?2`2�b bK�HH2` p�Hm2b Q7 σwx +Q``2bTQM/ iQ r2�F2`

BM@TH�M2 K�;M2iB+ }2H/c βiz Bb �M BM/B+�iQ` Q7 #Qi? i?2 bi`2M;i? Q7 i?2 Qmi@Q7@TH�M2 K�;M2iB+ }2H/-

�b r2HH �b i?2 i2KT2`�im`2 QM i?2 D2i bB/2X AM i?2 H�M;m�;2 Q7 σwx �M/ βiz- i?2 >. HBKBi +Q``2bTQM/b

iQ σwx ≪ 1 �M/ βiz ≫ 1X P7 i?2 +�b2b T`2b2Mi2/ BM 6B;X 9Xj- T�M2H * UrBi? βiz = 100 �M/ σwx = 0V

Bb +HQb2bi iQ i?2 >. HBKBiX 6Q` i?Bb +�b2- i?2 K�;M2iQbQMB+ bT22/ Bb �TT`QtBK�i2Hv 2[m�H iQ i?2

bQmM/ bT22/- r?B+? ?�b � H�`;2bi TQbbB#H2 p�Hm2 Q7 1/
√
3c i?Bb Bb `Qm;?Hv r?2`2 i?2 ;`�v@b?�/2/

`2;BQM Q7 MQMT?vbB+�H T�`�K2i2` bT�+2 #2;BMbX

�b b?QrM BM T�M2H *- i?2 D2i bvbi2K Bb mMbi�#H2 r?2M βsh ! vms- 2p2M �b βsh �TT`Q�+?2b x2`Qc

r?B+? T�`�HH2Hb i?2 Tm`2 >. +�b2 Ub22- 2X;X- i?2 v2HHQr +m`p2 BM 6B;X 9XRVX �b i?2 bi`2M;i? Q7

i?2 BM@TH�M2 K�;M2iB+ }2H/ BM+`2�b2b- i?2 K�;M2iB+ i2MbBQM BM+`2�b2b- �M/ `2[mB`2b T`Q;`2bbBp2Hv

H�`;2` b?2�` p2HQ+BiB2b iQ �+iBp�i2 i?2 BMbi�#BHBiv Ui?Bb +�M #2 b22M #v i`�+FBM;- BM i?2 b2[m2M+2 Q7

T�M2Hb *@6@A- i?2 HQ+�iBQM Q7 i?2 HQr2` BMbi�#BHBiv #QmM/- BX2X i?2 #QmM/�`v 7m`i?2bi iQ i?2 H27i

/2HBKBiBM; i?2 mMbi�#H2 `2;BQM BM βshVX AM/22/- 7Q` i?Bb ?B;?@βiz +�b2- i?2 �H7pûM bT22/ Bb �#Qmi

2[m�H iQ
√

σwx/(1 + σwx)c 7Q` T�M2Hb *- 6- �M/ A- i?2 �H7pûM bT22/b �`2 0,∼0.3- �M/ ∼0.7- r?B+?

�`2 �TT`QtBK�i2Hv 2[m�H iQ i?2 HQr2bi TQbbB#H2 p�Hm2b Q7 βsh `2[mB`2/ iQ �+iBp�i2 i?2 BMbi�#BHBiv U7Q`
31p2M r?2M cs 2[m�Hb Bib K�tBKmK p�Hm2 1/

√
3- vms ≈ 0.82- r?B+? Bb MQi iQQ /Bz2`2Mi 7`QK vA ≈ 1X

Rek



σwx = 0, 0.1, �M/ 1- `2bT2+iBp2HvVX h?Bb bi�#BHBiv #QmM/ �i βsh ≈ vA Bb �M�HQ;Qmb iQ i?2 bi�#BHBiv

#QmM/ �i bm{+B2MiHv HQr U`2H�iBpBbiB+V J�+? MmK#2` Mr b?QrM BM 6B;X 9XRX LQi2 i?�i BM 6B;X 9XR-

i?2`2 Bb � ζ@/2T2M/2Mi Uζ ≡ vA/cs Bb i?2 �H7pûMB+ J�+? MmK#2`V bi�#H2 `2;BQM- HQ+�i2/ `Qm;?Hv �i

ζ ≈ Mrc +QMbB/2`BM; i?2 MQM`2H�iBpBbiB+ HBKBi 7Q` bBKTHB+Biv- i?Bb +Q``2bTQM/b iQ � bi�#BHBiv #QmM/ �i

βsh ≈ vAX S?vbB+�HHv- i?2 +QM/BiBQM i?�i i?2 BMbi�#BHBiv Bb bmTT`2bb2/ 7Q` βsh ! vA +Q``2bTQM/b iQ

K�;M2iB+ i2MbBQM bmTT`2bbBM; ;`Qri? Q7 i?2 T2`im`#�iBQM- B7 i?2 T2`im`#�iBQM /Q2b MQi ?�p2 2MQm;?

2M2`;v iQ T`QT�;�i2 �HQM; i?2 K�;M2iB+ }2H/X �b i?2 K�;M2iB+ i2MbBQM BM+`2�b2b U�HQM; i?2 /B`2+iBQM

Q7 r�p2 T`QT�;�iBQMV- i?2 KBMBKmK 2M2`;v `2[mB`2/ iQ �+iBp�i2 i?2 BMbi�#BHBiv- �M/ +Q``2bTQM/BM;Hv

i?2 KBMBKmK b?2�` βsh Ur?B+? Bb i?2 bQm`+2 Q7 7`22 2M2`;v bmTTHvBM; ;`Qri? Q7 i?2 T2`im`#�iBQMV-

BM+`2�b2bX

S�M2Hb �- "- .- 1- �M/ 6 UBM 6B;X 9XjV �`2 �HbQ b?QrM iQ b�iBb7v U`Qm;?HvV i?2 +`Bi2`BQM 7Q`

BMbi�#BHBiv Uβsh >
√
σwx/(1 + σwx)Vc 7Q` bK�HH2` p�Hm2b Q7 βizU= 1, 0.01V- i?Bb #QmM/ �TT2�`b iQ ?QH/

r?2M vms ≈ vA- r?B+? Bb i`m2 �b vms /2+`2�b2b iQr�`/ i?2 MQMT?vbB+�H ;`�v `2;BQM Ui?Bb BKTHB2b cs

Bb KBMBKBx2/VX AM �//BiBQM iQ /2+`2�bBM; i?2 �`2� Q7 i?2 vmsβsh TH�M2 Qp2` r?B+? i?2 BMbi�#BHBiv Bb

�+iBp2- BM+`2�bBM; i?2 BM@TH�M2 K�;M2iB+ i2MbBQM /2+`2�b2b i?2 K�;MBim/2 Q7 i?2 ;`Qri? `�i2X 1p2M

�i σwx = 1- �M mTT2` #QmM/ 7Q` BMbi�#BHBiv 2tBbib- 2pB/2MiHv �b � /27Q`K�iBQM Q7 i?2 HBM2 vms ∝ βsh

BM i?2 >. HBKBi UT�M2H *VX

6Q` i?2 b2[m2M+2 Q7 T�M2Hb *@"@� Uσwx = 0- �M/ βiz = 100, 1- �M/ 0.01V- i?2 b?�T2 Q7 i?2

mMbi�#H2 `2;BQM Bb H�`;2Hv mM+?�M;2/ U�T�`i 7`QK i?2 T?vbB+�HHv �++2bbB#H2 `2;BQM- r?Qb2 mTT2`

HBKBi �TT`Q�+?2b i?2 K�tBKmK TQbbB#H2 p�Hm2 Q7 i?2 K�;M2iQbQMB+ bT22/- vms,max =
√(

3 +
√
3
)
/6V-

#2+�mb2 /2+`2�bBM; βiz �HHQrb 7Q` H�`;2` K�;M2iB+ }2H/b- �M/ BM im`M H�`;2` �H7pûMB+ p2HQ+BiB2bVX h?2

K�;MBim/2 Q7 i?2 ;`Qri? `�i2 AK(φvA) /2+`2�b2b- #mi i?Bb Bb H�`;2Hv /m2 iQ i?2 +?Qb2M MQ`K�HBx�iBQM

φvA ≡ ω/(kvA)- �M/ b?QmH/ MQi #2 BMi2`T`2i2/ �b � bi�i2K2Mi i?�i i?2 ;`Qri? `�i2 Q7 i?2 BMbi�#BHBiv

Bb BMi`BMbB+�HHv bK�HH2` �i HQr βizX

Rej



6B;m`2 9Xk, βix �M/ σwx /2T2M/2M+2 Q7 BMbi�#BHBiv BM i?2 D2i T`Q#H2K 7Q` βsh BM i?2 `�M;2 0Ĝ0.9c 7Q` i?Bb
+�b2- i?2 ;mB/2@}2H/ T�`�K2i2` BM i?2 D2i Bb bj = 20- �M/ i?2 T2`im`#�iBQM T`QT�;�i2b T2`T2M/B+mH�` iQ i?2
K�;M2iB+ }2H/X .�`F `2;BQMb �`2 bi�#H2- #Hm2 `2;BQMb �`2 mMbi�#H2- �M/ ?�i+?2/ ;`�v `2;BQMb �`2 T?vbB+�HHv
BM�++2bbB#H2 `2;BQMb Q7 i?2 βixσwx TH�M2 Ub22 a2+X 9X�VX

9XkX9Xj βix- σwx- βsh- �M/ bj /2T2M/2M+2 Q7 BMbi�#BHBiv

AM 6B;bX 9X9- 9X8- 9Xe- �M/ 9Xd- r2 T`2b2Mi � b2`B2b Q7 +�H+mH�iBQMb Q7 i?2 ;`Qri? `�i2 AK(φvA) 7Q` D2i

;mB/2 }2H/b bj = 0, 0.3, 1- �M/ 3- `2bT2+iBp2Hvc ;`Qri? `�i2b �`2 +QKTmi2/ BM i?2 βixσwx TH�M2 U�b BM

6B;X 9XkV- 7Q` βsh BM i?2 `�M;2 yXRĜyXN Ui?2 H�vQmi Bb bBKBH�` iQ i?�i Q7 9XkVX �b #27Q`2- i?2 /2MbBiv

`�iBQ Bb }t2/ iQ ρ0w/ρ0j = 100- #mi ?2`2 r2 +QMbB/2` T2`im`#�iBQMb rBi? f = 0X

q2 7Q+mb }`bi QM 6B;X 9X9- rBi? bj = 0c i?Bb +Q``2bTQM/b iQ Tm`2Hv BM@TH�M2 K�;M2iB+ }2H/X

h?2 b2[m2M+2 Q7 T�M2Hb �ĜA /2KQMbi`�i2b i?�i �b βsh BM+`2�b2b- i?2 BMbi�#BHBiv Bb bmTT`2bb2/c #v

βsh = 0.9- i?2 K�;MBim/2 Q7 BMbi�#BHBiv ?�b /2+`2�b2/- �M/ i?2 `2;BQM Q7 BMbi�#BHBiv b?`BMFbX

*QKT�`BM; i?2 irQ +�b2b bj = 0 U6B;X 9X9V �M/ k · B = 0- bj = 20 U6B;X 9XkV- QM2 MQiB+2b �

bm#bi�MiB�H /Bz2`2M+2 BM i?2 mMbi�#H2 `2;BQM- 2bT2+B�HHv �i HQr βixX AM 6B;X 9X9- i?2 mMbi�#H2 `2;BQM

�i HQr βix +Qp2`b QMHv � bHBp2` Q7 i?2 `�M;2 Q7 σwx- r?2`2�b BM 6B;X 9Xk- i?2`2 Bb 2pB/2MiHv MQ mTT2`

Re9



6B;m`2 9Xj, βsh �M/ vms /2T2M/2M+2 Q7 BMbi�#BHBiv BM i?2 D2i T`Q#H2K 7Q` βiz BM i?2 `�M;2 0.01Ĝ100 �M/
σwx BM i?2 `�M;2 0Ĝ1X

bi�#BHBiv #QmM/ BM σw Ui?2 mMbi�#H2 `2;BQM 2ti2M/b iQ �i H2�bi σwx = 1 BM �HH T�M2Hb Q7 6B;X 9XkVX

� T?vbB+�H `2�bQM 7Q` i?Bb `2K�`F�#H2 /Bz2`2M+2 BM mTT2` bi�#BHBiv #QmM/b r?2M +QKT�`BM; i?2

bj = 0 �M/ k ·B = 0 +�b2b Bb i?�i 7Q` i?2 7Q`K2`- i?2 r�p2 T`QT�;�i2b �HQM; i?2 K�;M2iB+ }2H/- �M/

i?mb i?2 BMbi�#BHBiv /2T2M/b QM i?2 K�;M2iB+ i2MbBQMc BM T�`iB+mH�`- 7Q` σwx bm{+B2MiHv H�`;2- i?2

`2biQ`BM; 7Q`+2 Q7 i?2 K�;M2iB+ }2H/ BM?B#Bib i?2 BMbi�#BHBiv U7Q` }t2/ βsh- �M/ BM/2T2M/2MiHv Q7 βix

r?2M βix Bb bK�HHVX PM i?2 Qi?2` ?�M/- 7Q` i?2 +�b2 rBi? bj = 20 �M/ k ·B = 0- i?2 r�p2 T`QT�;�i2b

T2`T2M/B+mH�` iQ i?2 K�;M2iB+ }2H/- �M/ Bb i?2`27Q`2 BMb2MbBiBp2 iQ i?2 2z2+i Q7 BM+`2�bBM; σwx

U`2;�`/H2bb Q7 σwx- i?2 T2`im`#�iBQM T`QT�;�i2b T2`T2M/B+mH�` iQ i?2 K�;M2iB+ }2H/- 7Q` �HH TQBMib

+QKTmi2/ BM 6B;X 9XkVX

6B;bX 9X8Ĝ9Xd b?Qr i?2 βix- σwx- �M/ βsh /2T2M/2M+2 Q7 i?2 BMbi�#BHBiv- 7Q` D2i ;mB/2 }2H/b

bj = 0.3, 1, �M/ 3- r?B+? ?2HTb iQ +H�`B7v i?2 i`�MbBiBQM 7`QK i?2 2ti`2K2 +�b2 Q7 BM@TH�M2 T`QT�;�iBQM

T�`�HH2H iQ i?2 K�;M2iB+ }2H/ U6B;X 9X9V- iQ BM@TH�M2 T`QT�;�iBQM T2`T2M/B+mH�` iQ i?2 K�;M2iB+
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}2H/ U6B;X 9XkVX *QKT�`BM; i?2 b2[m2M+2 Q7 };m`2b U6B;X 9X8VĜU6B;X 9XeVĜU6B;X 9XdV b?Qrb i?�i 7Q`

BM+`2�bBM; ;mB/2 }2H/- i?2 HQr2` bi�#BHBiv #QmM/ /2+`2�b2b- �M/ i?2 mTT2` bi�#BHBiv #QmM/ BM+`2�b2b-

bQ i?�i i?2 mMbi�#H2 `2;BQM 2ti2M/b iQ +Qp2` � H�`;2` `�M;2 BM σwxX "v bj = 3- T�M2Hb .ĜA U6B;X 9XdV

BM/B+�i2 BMbi�#BHBiv 7Q` σwx �b H�`;2 �b 102- bBKBH�` iQ i?2 2ti`2K2 +�b2 T`2b2Mi2/ BM 6B;X 9Xk- 7Q`

r?B+? i?2 T2`im`#�iBQM T`QT�;�i2b T2`T2M/B+mH�` iQ i?2 K�;M2iB+ }2H/X

6B;m`2 9X9, βix �M/ σwx /2T2M/2M+2 Q7 BMbi�#BHBiv BM i?2 D2i T`Q#H2K 7Q` βsh BM i?2 `�M;2 0Ĝ0.9c i?2 ;mB/2@
}2H/ T�`�K2i2` BM i?2 D2i Bb bj = 0X

Ree



6B;m`2 9X8, h?2 H�vQmi Bb bBKBH�` iQ i?�i Q7 6B;X 9X9c βix �M/ σwx /2T2M/2M+2 Q7 BMbi�#BHBiv BM i?2 D2i
T`Q#H2K 7Q` βsh BM i?2 `�M;2 0Ĝ0.9c i?2 ;mB/2@}2H/ T�`�K2i2` BM i?2 D2i Bb bj = 0.3X

6B;m`2 9Xe, h?2 H�vQmi Bb bBKBH�` iQ i?�i Q7 6B;X 9X9c βix �M/ σwx /2T2M/2M+2 Q7 BMbi�#BHBiv BM i?2 D2i
T`Q#H2K 7Q` βsh BM i?2 `�M;2 0Ĝ0.9c i?2 ;mB/2@}2H/ T�`�K2i2` BM i?2 D2i Bb bj = 1X

Red



6B;m`2 9Xd, h?2 H�vQmi Bb bBKBH�` iQ i?�i Q7 6B;X 9X9c βix �M/ σwx /2T2M/2M+2 Q7 BMbi�#BHBiv BM i?2 D2i
T`Q#H2K 7Q` βsh BM i?2 `�M;2 0Ĝ0.9c i?2 ;mB/2@}2H/ T�`�K2i2` BM i?2 D2i Bb bj = 3X

9XkX9X9 ρ0w/ρ0j /2T2M/2M+2 Q7 BMbi�#BHBiv

AM 6B;X 9X3- r2 b?Qr i?2 /2T2M/2M+2 Q7 i?2 ;`Qri? `�i2 QM i?2 `�iBQ Q7 rBM/@bB/2 /2MbBiv iQ

D2i@bB/2 /2MbBiv- +QKTmi2/ pB� MmK2`B+�H bQHmiBQM Q7 1[bX 9X39 �M/ 9X38X 6Q` i?Bb +�H+mH�iBQM-

βsh = 0.8,βix = 10−4,σwx = 1, bj = 3- �M/ bw = 0.3c i?2 T�`�K2i2`b Q7 i?2 +�H+mH�iBQM �`2 HBbi2/ BM

i?2 mTT2` `B;?i Q7 i?2 };m`2X

h?2 b?�T2 Q7 i?2 +m`p2 `2b2K#H2b QM2 i?�i 7QHHQrb 7`QK i?2 +H�bbB+�HHv FMQrM `2bmHi 7Q` i?2 E>

;`Qri? `�i2- �HHQrBM; 7Q` /Bz2`2Mi /2MbBiB2b QM 2Bi?2` bB/2 Q7 i?2 BMi2`7�+2 Ub22 2X;X- *?�M/`�b2F?�`

URNeRVV,

AK(φ) ∝
√

ρ1ρ2
(ρ1 + ρ2)2

, U9XdNV

Re3



r?2`2 AK(φ) Bb � /BK2MbBQMH2bb ;`Qri? `�i2- �M/ ρ1 �M/ ρ2 �`2 i?2 /2MbBiB2b Q7 i?2 irQ ~mB/bXN

�++Q`/BM; iQ 6B;X 9X3- i?2 K�;MBim/2 Q7 i?2 BMbi�#BHBiv /2+`2�b2b �b i?2 `�iBQ ρ0w/ρ0j BM+`2�b2b- #mi

2p2M �i ρ0w/ρ0j = 1000- i?2 ;`Qri? `�i2 /2+`2�b2b #v QMHv � 7�+iQ` Q7 ∼3 `2H�iBp2 iQ i?2 ;`Qri?

`�i2 �i ρ0w/ρ0j = 1X h?Bb Q#b2`p�iBQM ?�b BKTQ`i�Mi �bi`QT?vbB+�H BKTHB+�iBQMb- �b `2�HBbiB+ /2MbBiv

`�iBQb ρ0w/ρ0j K�v HBKBi i?2 `2;BQMb Q7 i?2 D2i r?B+? �`2 bi`QM;Hv E> mMbi�#H2X

6B;m`2 9X3, .2T2M/2M+2 Q7 BMbi�#BHBiv ;`Qri? `�i2- BM i?2 D2i T`Q#H2K- QM i?2 `�iBQ Q7 /2MbBiB2b #2ir22M
rBM/ �M/ D2iX

9Xj _2H�iBpBbiB+ J>. bBKmH�iBQM

�HH i?2 /Bb+mbbBQM bQ 7�` r�b #�b2/ QM �M�HviB+ K2i?Q/b �M/ HBM2�` bi�#BHBiv �M�HvbBbX �b � `2�HBiv

+?2+F- r2 mb2 MmK2`B+�H bBKmH�iBQMb Q7 i?2 bvKK2i`B+ E> b2imT- �b r2HH �b i?2 �bi`QT?vbB+�H D2i

T`Q#H2K U/2b+`B#2/ BM a2+bX 9XkXRXR �M/ 9XkXRXk- `2bT2+iBp2HvV- iQ K2�bm`2 BMbi�#BHBiv ;`Qri? `�i2b

�M/ +QKT�`2 rBi? T`2/B+iBQMb Q7 i?2 /BbT2`bBQM `2H�iBQMb- 1[bX 9Xj9- 9X9R �M/ 1[bX 9X39- 9X38X hQ

bBKmH�i2 i?2 E> BMbi�#BHBiv BM `2H�iBpBbiB+ J>.- r2 mb2 i?2 Tm#HB+Hv �p�BH�#H2 +Q/2 PLUTO UJB;MQM2

2i �HX- kyRRVX q2 T2`7Q`K #Qi? irQ@/BK2MbBQM�H �M/ i?`22@/BK2MbBQM�H bBKmH�iBQMbc i?2 H�ii2` Q7
Nq2 MQi2 i?�i- �++Q`/BM; iQ 1[X 9XdN- i?2 ;`Qri? `�i2 BM i?2 bvKK2i`B+ E> T`Q#H2K /2+`2�b2b #v �

7�+iQ` Q7 ∼16 �b i?2 /2MbBiv `�iBQ BM+`2�b2b 7`QK ρ1/ρ2 = 1 iQ ρ1/ρ2 = 1000c i?Bb /Bz2`b 7`QK i?2 `2bmHi
+QKTmi2/ 7Q` i?2 D2i b2imT BM 6B;X 9X3- r?2`2 i?2 ;`Qri? `�i2 /2+`2�b2b #v � 7�+iQ` Q7 ∼4 �b i?2 /2MbBiv `�iBQ
BM+`2�b2b 7`QK ρ0w/ρ0j = 1 iQ ρ0w/ρ0j = 1000X hQ �++QmMi 7Q` i?Bb /Bz2`2M+2- r2 `2K�`F i?�i 1[X 9XdN /Q2b
MQi �++QmMi 7Q` i?2 2z2+i Q7 K�;M2iB+ }2H/bc �b b?QrM BM a2+X 9XkX9Xj- K�;M2iB+ }2H/b KQ/B7v i?2 T�`�K2i2`
/2T2M/2M+2 Q7 i?2 BMbi�#BHBiv `2H�iBp2 iQ i?2 mMK�;M2iBx2/ +�b2X

ReN



i?2b2 �HHQrb 7Q` i2biBM; Q7 i?2 f /2T2M/2M+2 Q7 i?2 /BbT2`bBQM `2H�iBQMbX

9XjXR aBKmH�iBQM b2imT

>2`2- r2 /2b+`B#2 i?2 bBKmH�iBQM b2imT 7Q` i?2 D2i T`Q#H2K Ui?2 b2imT 7Q` i?2 bvKK2i`B+ b?2�`

T`Q#H2K Bb bBKBH�`VX h?2 b2imT /2b+`B#2/ ?2`2 Bb #�b2/ QM i?2 QM2 T`2b2Mi2/ BM a2+X eXe Q7 JB;MQM2

2i �HX UkyRRVX

aBKmH�iBQM +QQ`/BM�i2b �`2 �b 7QHHQrb, xy Bb i?2 k. bBKmH�iBQM TH�M2- rBi? x ∈ [0, 1] �M/ y ∈

[−1, 1]X h?2 x /BK2MbBQM Bb ivTB+�HHv `2bQHp2/ rBi? 1280 +2HHb- r?2`2�b i?2 y /BK2MbBQM Bb `2bQHp2/

rBi? 2560 +2HHb U7Q` k. bBKmH�iBQMbVX h?2 /QK�BM Bb T2`BQ/B+ �HQM; x- �M/ Qmi~QrBM; �HQM; y U7Q`

j. bBKmH�iBQMb- i?2 /QK�BM Bb �HbQ T2`BQ/B+ �HQM; zVX

q2 BMBiB�HBx2 � bKQQi?Hv p�`vBM; b?2�` T`Q}H2 BM r?B+? i?2 ~Qr Bb �HQM; x �M/ i?2 ~Qr p2HQ+Biv

p�`B2b rBi? y- �b r2HH �b � bK�HH T2`im`#�iBQM iQ i?2 y p2HQ+Biv,

v(x, y) =

{
βsh
2

(
1 + tanh

( y

α

))
, ϵ sin(kx0x) exp

(
−y2

β2

)
, 0

}
. U9X3yV

>2`2- βsh Bb i?2 p2HQ+Biv /Bz2`2M+2 #2ir22M D2i �M/ rBM/- ϵ = 10−5 Bb i?2 �KTHBim/2 Q7 i?2 T2`im`@

#�iBQM- �M/ r2 i�F2 α = 0.005- �M/ β = 0.1 �b }/m+B�H MmK2`B+�H +?QB+2bc BM ;2M2`�H- r2 +?QQb2 α

iQ 2Mbm`2 i?�i i?2 i`�MbBiBQM Q7 vx �+`Qbb y Bb `2bQHp2/ rBi? �i H2�bi Rj +2HHb �HQM; i?2 y /B`2+iBQMX

h?2 +?QB+2 Q7 α Bb 7m`i?2` /Bb+mbb2/ BM a2+X 9X"X

h?2 K�;M2iB+ }2H/ T`Q}H2 Bb �HbQ bKQQi?Hv p�`vBM;- �M/ +QMi�BMb �M BM@TH�M2 +QKTQM2Mi QM i?2

D2i bB/2- �b r2HH �b Qmi@Q7@TH�M2 +QKTQM2Mib QM #Qi? i?2 D2i �M/ rBM/ bB/2b,

B(x, y) =

{
B0

(
1− 1

2

(
1 + tanh

( y

α

)))
, 0, B0

(
bw +

1

2
(bj − bw)

(
1− tanh

( y

α

)))}
. U9X3RV

bj �M/ bw �`2 i?2 ;mB/2@}2H/ T�`�K2i2`b +QMi`QHHBM; i?2 bi`2M;i? Q7 i?2 z +QKTQM2Mi Q7 K�;M2iB+

Rdy



}2H/X h?2 T`Q}H2 Q7 i?2`K�H T`2bbm`2 Bb +?Qb2M iQ 2Mbm`2 i?�i iQi�H T`2bbm`2 Bb +QMbi�Mi �HQM; y-

p(x, y) = pj +
1

2
(B2

0 + b2jB
2
0)−

1

2
(Bx(x, y)

2 +By(x, y)
2 +Bz(x, y)

2), U9X3kV

r?2`2 pj Bb i?2 +?Qb2M D2i i?2`K�H T`2bbm`2- r?B+? Bb +QMi`QHH2/ #v i?2 BMBiB�H +?QB+2 Q7 D2i@bB/2 BQM

TH�bK�@#2i� �M/ K�;M2iBx�iBQMX h?Bb +?QB+2 Q7 i?2`K�H T`2bbm`2 T`Q}H2 b2ib p(x, y) = pj QM i?2 D2i

bB/2 Ubm{+B2MiHv 7�` 7`QK i?2 i`�MbBiBQM- y ! 0V- �M/ QM i?2 rBM/ bB/2 p(x, y) = pj +
1
2(B

2
0 + b2jB

2
0 −

b2wB
2
0) U7Q` y " 0VX h?2 T`Q}H2 Q7 BMBiB�H K�bb /2MbBiv Bb

ρ(x, y) = ρ0w +
1

2
(ρ0j − ρ0w)

(
1− tanh

( y

α

))
. U9X3jV

9XjXk aBKmH�iBQM `2bmHib, �bi`QT?vbB+�H D2i

>2`2- r2 +QKT�`2 i?2 ;`Qri? `�i2 Q7 i?2 E> BMbi�#BHBiv- +QKTmi2/ pB� i?2 /BbT2`bBQM `2H�iBQM 1[X

9Xdk Ur`Bii2M BM 7mHH BM 1[bX 9X39 �M/ 9X38V- rBi? K2�bm`2K2Mib Q7 i?2 ;`Qri? `�i2 BM `2H�iBpBbiB+

J>. bBKmH�iBQMbX hQ bi�`i- r2 #`B2~v QmiHBM2 i?2 K2i?Q/ 7Q` 2ti`�+iBM; ;`Qri? `�i2b Q7 i?2 E>

BMbi�#BHBiv 7`QK bBKmH�iBQMbX

q2 K2�bm`2 i?2 ;`Qri? `�i2 Q7 i?2 BMbi�#BHBiv pB� ;`Qri? Q7 i?2 [m�MiBiv |ṽy(kx0)|2 BM iBK2- r?B+?

Bb i?2 �KTHBim/2 b[m�`2/ Q7 i?2 6Qm`B2` i`�Mb7Q`K2/ p2HQ+Biv }2H/ vy U7Q` bBKTHB+Biv Q7 /Bb+mbbBQM-

r2 +QMbB/2` vy iQ #2 � irQ@/BK2MbBQM�H }2H/VX "v K2�Mb Q7 � 6�bi 6Qm`B2` h`�Mb7Q`K U66hV- r2

+QKTmi2 |ṽy(kx, ky)|2 �i 2�+? QmiTmi bi2T Q7 i?2 bBKmH�iBQMc i?2 �`;mK2Mib kx �M/ ky +�M #2 �Mv Q7

i?2 �HHQr2/ r�p2 p2+iQ`b QM i?2 U/Bb+`2iBx2/V /QK�BM, kx = (2π/Lx), 2 · (2π/Lx), · · · , nx · (2π/Lx)

Unx Bb i?2 MmK#2` Q7 ;`B/ TQBMib BM xV- �M/ bBKBH�`Hv 7Q` kyX �i 2�+? QmiTmi bi2T- r2 K2�bm`2 i?2

�KTHBim/2 b[m�`2/ �i i?2 r�p2p2+iQ` k = (kx0, ky1)- r?2`2 kx0 Bb i?2 r�p2p2+iQ` Q7 i?2 BMBiB�HBx2/

T2`im`#�iBQM �M/ ky1 Bb i?2 r�p2p2+iQ` Q7 i?2 HQM;2bi r�p2H2M;i? T2`im`#�iBQM BM y Ui?Bb +?QB+2

ivTB+�HHv +�Tim`2b i?2 T2�F BM k@bT�+2 Q7 i?2 BMBiB�HBx2/ T2`im`#�iBQMVX S`BQ` iQ +QKTmiBM; i?2

RdR



66h- r2 �TTHv � :�mbbB�M 6BHi2` iQ i?2 }2H/ vy(x, y) c i?2 }Hi2` Bb +2Mi2`2/ �i i?2 BMi2`7�+2 Q7 i?2

b?2�`- rBi? � rB/i? i?�i Bb kyW Q7 i?2 /QK�BM BM y Ui?Bb T`Q+2/m`2 ?2HTb iQ `2/m+2 MQBb2VX

6B;m`2 9XN, 6Q` � D2i bBKmH�iBQM rBi? βix = 0.078- σwx = 1- βsh = 0.8- bj = 3- bw = 0.3- f = 0-
�M/ ρ0w/ρ0j = 4- U�V hBK2 2pQHmiBQM Q7 6Qm`B2` �KTHBim/2- U"VĜU.V k. bM�Tb?Qib Q7 i?2 /2MbBiv �i iBK2b
BM/B+�i2/ BM i?2 mTT2` `B;?i Q7 2�+? bM�Tb?Qic i?2b2 �`2 BM/B+�i2/ �HbQ #v +QHQ` +Q/2/ p2`iB+�H HBM2b BM T�M2H
�X

Rdk



9XjXkXR 1t�KTH2 bBKmH�iBQM rBi? PLUTO

�b �M 2t�KTH2- r2 b?Qr BM 6B;X 9XN i?2 ;`Qri? Q7 |ṽy(kx0)|2 BM � bBKmH�iBQM Q7 i?2 E> BMbi�#BHBiv

pB� i?2 D2i b2imT Ui?2 bBKmH�iBQM T�`�K2i2`b �`2 βix = 0.078- σwx = 1- βsh = 0.8- bj = 3-bw = 0.3-

f = 0- �M/ ρ0w/ρ0j = 4XVX h?2 `2/ +m`p2 Ub22 T�M2H �V b?Qrb i?2 iBK2 2pQHmiBQM Q7 i?2 �KTHBim/2

b[m�`2/ |ṽy(kx0)|2X h?2`2 Bb �M BMBiB�H ǵ/BTǶ 7`QK �`QmM/ t = 0 (vAkx0)−1 iQ t = 2.5 (vAkx0)−1X

h?Bb Bb +QKKQM iQ K�Mv Q7 Qm` bBKmH�iBQMb- �M/ r2 #2HB2p2 i?2 `2�bQM 7Q` i?Bb 72�im`2 Bb i?�i Qm`

BMBiB�HBx2/ T2`im`#�iBQMb /Q MQi +Q``2bTQM/ iQ �M 2t�+i 2B;2MKQ/2 Q7 i?2 bvbi2KX 6`QK �`QmM/

t = 5 (vAkx0)−1 iQ t = 10 (vAkx0)−1- i?2 [m�MiBiv |ṽy(kx0)|2 b?Qrb � HBM2�` ;`Qri? T?�b2- #27Q`2

2Mi2`BM; � MQMHBM2�` T?�b2 �`QmM/ t = 11 (vAkx0)−1X hQ K2�bm`2 i?2 i?2 ;`Qri? `�i2- r2 }i � HBM2

iQ i?2 K2�bm`2/ +m`p2 /m`BM; i?2 HBM2�` ;`Qri? T?�b2c i?2 bHQT2 vB2H/b irB+2 i?2 ;`Qri? `�i2X h?2

#Hm2 /�b?2/ HBM2 BM T�M2H � Q7 6B;X 9XN b?Qrb i?2 T`2/B+i2/ ;`Qri? `�i2- �b +QKTmi2/ mbBM; 1[bX

9X39 �M/ 9X38X

S�M2Hb "Ĝ. Q7 6B;X 9XN b?Qr i?2 iBK2 2pQHmiBQM Q7 K�bb /2MbBiv /m`BM; i?2 MQMHBM2�` T?�b2

Ui?2 iBK2b Q7 i?2b2 bM�Tb?Qib- BM/B+�i2/ BM i?2 mTT2` `B;?i Q7 2�+? T�M2H- Bb +QHQ` +Q/2/ iQ K�i+?

p2`iB+�H /�b?2/ HBM2b BM T�M2H �VX 1�`HB2` QM UT�M2Hb " �M/ *c iBK2b t = 11.7 (vAkx0)−1 �M/ t =

13.6 (vAkx0)−1V- bK�HH2` r�p2H2M;i? T2`im`#�iBQMb ?�p2 ;`QrM iQ K�+`Qb+QTB+ b+�H2bc MQi2 i?�i

`QQib Q7 i?2 D2i /BbT2`bBQM `2H�iBQM �`2 +QMbi�Mi- φvA ≡ ω/(vA
√
k2 +m2) = +QMbiXc i?mb- KQ/2b

rBi? H�`;2` r�p2p2+iQ`b ;`Qr �M/ b�im`�i2 T`BQ` iQ i?Qb2 rBi? HQr2` r�p2p2+iQ`bX "v +QKT�`BM;

T�M2Hb * �M/ .- i?Bb Bb 2pB/2Mic �i t = 13.6 (vAkx0)−1 �`QmM/ }7i22M bK�HH r�p2H2M;i?b }i BM i?2 #Qt

�HQM; x- #mi MQi mMiBH t = 17.5 (vAkx0)−1 ?�b i?2 r�p2 rBi? kx ≈ 3 · (2π/L) ;`QrM iQ � K�+`Qb+QTB+

b+�H2X

9XjXkXk *QKT�`BbQM Q7 bBKmH�iBQM ;`Qri? `�i2b rBi? �M�HviB+�H T`2/B+iBQMb

h?2 βix /2T2M/2M+2 Q7 i?2 ;`Qri? `�i2 AK(φcs)- 7Q` i?2 D2i T`Q#H2K- Bb b?QrM BM 6B;X 9XRyc βsh =

0.165 �M/ σwx = 0.01 �`2 }t2/c BM i?Bb bBKTHB}2/ +�b2- i?2 Qi?2` T�`�K2i2`b �`2 b2i iQ bj = 0, bw =

Rdj



0, f = 0- �M/ ρ0w/ρ0j = 1- r?B+? �HHQrb mb iQ BbQH�i2 i?2 `QH2 Q7 βix 7Q` � +�b2 rBi? MQM`2H�iBpBbiB+

b?2�` �M/ MQ ;mB/2 }2H/X h?2 #Hm2 HBM2 b?Qrb i?2 ;`Qri? `�i2 �b T`2/B+i2/ 7`QK i?2 /BbT2`bBQM

`2H�iBQM U1[bX 9X39 �M/ 9X38V- �M/ i?2 `2/ +B`+H2b b?Qr ;`Qri? `�i2b K2�bm`2/ BM bBKmH�iBQMbX

6B;m`2 9XRy, βix /2T2M/2M+2 Q7 ;`Qri? `�i2- 7Q` i?2 D2i T`Q#H2Kc +QKT�`BbQM #2ir22M bBKmH�iBQMb �M/
MmK2`B+�HHv +QKTmi2/ bQHmiBQMb iQ i?2 /BbT2`bBQM `2H�iBQMX 6Q` i?2 bBKmH�iBQMb b?QrM ?2`2- βsh = 0.165-
σwx = 0.01- bj = 0- bw = 0- ρ0w/ρ0j = 1- �M/ f = 0X

.2+`2�bBM; 7`QK ?B;? βix /QrM iQ βix → 0 Ur?B+? +Q``2bTQM/b iQ BM+`2�bBM; i?2 BM@TH�M2 K�;M2iB+

}2H/V- i?2 BMbi�#BHBiv Bb BM?B#Bi2/ �i �`QmM/ βix = 7X qBi? `2;�`/ iQ i?2 b?�T2 Q7 i?2 T`2/B+i2/

+m`p2- i?2 HBM2�` i?2Q`v �M/ MmK2`B+�H bBKmH�iBQMb b?Qr �/2[m�i2 �;`22K2MiX

PM i?2 Qi?2` ?�M/- i?2 bBKmH�iBQMb i2M/ iQ mM/2`2biBK�i2 i?2 ;`Qri? `�i2- ?Qr2p2` i?Bb Bb

2tT2+i2/ #2+�mb2 i?2 �M�HviB+�H T`2/B+iBQM �bbmK2b � b?�`T p2HQ+Biv /Bb+QMiBMmBiv- r?2`2�b i?2

bBKmH�iBQMb 2KTHQv � i�M;2MiB�H b?2�` T`Q}H2c BM i?Bb +�b2- i?2 T`2/B+iBQM b?QmH/ #2 BMi2`T`2i2/ �b

�M mTT2` HBKBi iQ i?2 ;`Qri? `�i2 K2�bm`2/ BM bBKmH�iBQMbX *QMp2`;2M+2 Q7 K2�bm`2/ ;`Qri? `�i2b

iQ T`2/B+i2/ ;`Qri? `�i2b- rBi? `2bT2+i iQ i?2 MmK2`B+�H T�`�K2i2` α Ub22 a2+X 9XjXRV Bb /Bb+mbb2/

BM a2+X 9X"X

Rd9



6B;m`2 9XRR, σwx /2T2M/2M+2 Q7 ;`Qri? `�i2- 7Q` i?2 D2i T`Q#H2Kc +QKT�`BbQM #2ir22M bBKmH�iBQMb �M/
MmK2`B+�HHv +QKTmi2/ bQHmiBQMb iQ i?2 /BbT2`bBQM `2H�iBQMX 6Q` i?2 bBKmH�iBQMb b?QrM ?2`2- βix = 5× 10−5-
βsh = 0.2- bj = 0- bw = 0- ρ0w/ρ0j = 1- �M/ f = 0X

AM i?2 M2ti i2bi- b?QrM BM 6B;X 9XRR- r2 2tTHQ`2 U7Q` i?2 D2i b2imTV i?2 σw /2T2M/2M+2 Q7 i?2

;`Qri? `�i2 AK(φcs) 7Q` }t2/ βix = 5 × 10−5 �M/ βsh = 0.2X h?Bb Bb � bBKTH2 +�b2 bBKBH�` iQ i?2

T`2pBQmb- rBi? bj = 0, bw = 0, f = 0- �M/ ρ0w/ρ0j = 1X h?Bb +�b2- mMHBF2 i?2 T`2pBQmb- ?�b #Qi?

bK�HH βix �M/ bK�HH σwx- bQ i?�i i2KT2`�im`2 �M/ K�;M2iBx�iBQM �`2 MQM`2H�iBpBbiB+X h?2 +m`p2

b?QrM BM 6B;X 9XRR +Q``2bTQM/b iQ � p2`iB+�H +mi �HQM; σwx BM T�M2H " Q7 6B;X 9X9 Ui?2 THQib BM 6B;X

9X9 QMHv 2ti2M/ /QrM iQ βix = 10−3- #mi ;Bp2 �M BKT`2bbBQM Q7 i?2 T�`i Q7 T�`�K2i2` bT�+2 i?�i Bb

T`Q#2/ BM 6B;X 9XRRVX h?2 K2�bm`2/ ;`Qri? `�i2 �i σwx ≈ 8× 10−3 Bb H�`;2` i?�M i?2 T`2/B+iBQM #v

� KQ/2bi �KQmMi- �M/ i?2 Qi?2` K2�bm`2K2Mib rBi?BM i?2 mMbi�#H2 `2;BQM b?Qr ;QQ/ �;`22K2Mi

rBi? i?2 T`2/B+iBQMX h?2 T`2/B+i2/ bi�#H2 `2;BQM b?Qrb `Q#mbi �;`22K2Mi rBi? i?2 bBKmH�iBQMbX

Rd8



6B;m`2 9XRk, bj /2T2M/2M+2 Q7 ;`Qri? `�i2- 7Q` i?2 D2i T`Q#H2Kc +QKT�`BbQM #2ir22M bBKmH�iBQMb �M/
MmK2`B+�HHv +QKTmi2/ bQHmiBQMb iQ i?2 /BbT2`bBQM `2H�iBQMX 6Q` i?2 bBKmH�iBQMb b?QrM ?2`2- βsh = 0.14-
βix/(1 + b2j ) = 5× 10−5- σwx = 0.01(1 + b2j ) = 5× 105- bw = 0- ρ0w/ρ0j = 1- �M/ f = 0c βix �M/ σwx �`2 b2i
bQ i?�i i?2 K�;MBim/2 Q7 i?2 K�;M2iB+ }2H/ Bb +QMbi�Mi �b bj p�`B2bX

L2ti BM i?2 b2[m2M+2- 6B;X 9XRk b?Qrb i?2 bj /2T2M/2M+2 Q7 i?2 ;`Qri? `�i2X 6Q` i?Bb i2bi- i?2

iQi�H BQM TH�bK�@#2i� βi,tot ≡ 2pi/B2
0 = 5× 10−5 �M/ iQi�H K�;M2iBx�iBQM σw,tot ≡ B2

0/w0 = 10 �`2

}t2/ UbiBHH- bw = 0- f = 0- �M/ ρ0w/ρ0j = 1VX �i HQr bj- i?2 K�;M2iB+ }2H/ Bb �HB;M2/ �TT`QtBK�i2Hv

�HQM; x- �M/ �b bj BM+`2�b2b- i?2 }2H/ Bb `Qi�i2/ iQ i?2 Qmi@Q7@TH�M2 /B`2+iBQM Ui?�i Bb- zV- �M/ /m`BM;

i?Bb `Qi�iBQM- i?2 K�;MBim/2 Q7 i?2 K�;M2iB+ }2H/ Bb ?2H/ }t2/X 6B;X 9XRk `2Bi2`�i2b T?vbB+b i?�i Bb

7�KBHB�` 7`QK /Bb+mbbBQMb BM a2+X 9XkX9, r?2M i?2 T2`im`#�iBQM T`QT�;�i2b �HQM; i?2 /B`2+iBQM Q7 i?2

K�;M2iB+ }2H/ U�b Bb i?2 +�b2 7Q` HQr bjV- Bi Bb bm#D2+i iQ i?2 bi�#BHBxBM; 2z2+i Q7 K�;M2iB+ i2MbBQMc

�b bj BM+`2�b2b BM 6B;X 9XRk- i?2 }2H/ bBKTHv `Qi�i2b 7`QK i?2 BM@TH�M2 /B`2+iBQM iQ i?2 Qmi@Q7@TH�M2

/B`2+iBQM Ui?2 K�;MBim/2 Q7 i?2 K�;M2iB+ }2H/ Bb }t2/ #2+�mb2 βi,tot �M/ σw,tot �`2 ?2H/ +QMbi�MiV-

�M/ i?2 ;`Qri? `�i2 BM+`2�b2bX AM/22/- KQ`2 p�`B�iBQM BM i?2 ;`Qri? `�i2 AK(φcs) ?�TT2Mb �`QmM/

bj∼1 i?�M �`QmM/- 2X;X- bj∼10 #2+�mb2 KQ`2 `Qi�iBQM Q7 i?2 K�;M2iB+ }2H/ Bb ?�TT2MBM; �`QmM/ bj∼1

i?�M bj∼10X

h?2 bBKmH�iBQMb �;`22 r2HH rBi? i?2 T`2/B+i2/ ;`Qri? `�i2bX

Rde



6B;m`2 9XRj, f /2T2M/2M+2 Q7 ;`Qri? `�i2- 7Q` i?2 D2i T`Q#H2Kc +QKT�`BbQM #2ir22M j. bBKmH�iBQMb �M/
MmK2`B+�HHv +QKTmi2/ bQHmiBQMb iQ i?2 /BbT2`bBQM `2H�iBQMX 6Q` i?2 bBKmH�iBQMb b?QrM ?2`2- βsh = 0.4-
βix = 5× 102- σwx = 10−4- bj = 10- bw = 0- �M/ ρ0w/ρ0j = 1X

AM 6B;X 9XRj- r2 mb2 i?`22@/BK2MbBQM�H bBKmH�iBQMb iQ i2bi i?2 f /2T2M/2M+2 Q7 i?2 /BbT2`bBQM

`2H�iBQM- 7Q` βsh = 0.4- βix = 5 × 102- σw = 10−4- �M/ bj = 10X "2+�mb2 βix Bb H�`;2 �M/ σwx Bb

bK�HH- i?Bb +�b2 �TT`Q�+?2b i?2 ?v/`Q/vM�KB+ HBKBiX h?2 ;`Qri? `�i2 Bb bvKK2i`B+ rBi? `2bT2+i iQ

f - r?B+? r2 2tT2+i BM i?2 >. HBKBic B7 BM i?2 T`2b2Mi +�b2- i?2 K�;M2iB+ }2H/ r2`2 bi`QM; BMbi2�/

Q7 r2�F- p�`vBM; f rQmH/ BM im`M +?�M;2 i?2 �HB;MK2Mi Q7 i?2 T`QT�;�iBM; r�p2 `2H�iBp2 iQ i?2

K�;M2iB+ }2H/c BM i?Bb b+2M�`BQ- r2 2tT2+i i?2 K�tBKmK Q7 i?2 ;`Qri? `�i2 iQ #2 +2Mi2`2/ �`QmM/

� p�Hm2 Q7 f +Q``2bTQM/BM; iQ T`QT�;�iBQM T2`T2M/B+mH�` iQ i?2 K�;M2iB+ }2H/ UBX2X- i?2 K�tBKmK

Q7 i?2 ;`Qri? `�i2 b?QmH/ #2 �+?B2p2/ r?2M k · B0− ≈ 0VXRy 6B;X 9XRj �HbQ bm;;2bib i?�i- BM i?2

�#b2M+2 Q7 � bi`QM; K�;M2iB+ }2H/- i?2 ;`Qri? `�i2 bi`B+iHv /2+`2�b2b �b f → ±∞- Q` �b i?2 r�p2

+QK2b iQ T`QT�;�i2- BM i?2 TH�M2 Q7 i?2 BMi2`7�+2- T2`T2M/B+mH�` iQ i?2 /B`2+iBQM Q7 i?2 b?2�` ~QrX

h?Bb Bb T?vbB+�HHv BMimBiBp2- #�b2/ QM bvKK2i`vX

aBKmH�iBQM `2bmHib �;`22 rBi? i?2 HBM2�` i?2Q`vX
RyAM/22/- i?Bb 2tT2+i�iBQM Bb +QM}`K2/ BM 6B;X 8Xd- r?2`2 r2 b?Qr i?2 f /2T2M/2M+2 Q7 i?2 ;`Qri? `�i2

7Q` � +�b2 rBi? σwx4R �M/ bj = 3X

Rdd



6B;m`2 9XR9, βsh /2T2M/2M+2 Q7 ;`Qri? `�i2- 7Q` i?2 D2i T`Q#H2Kc +QKT�`BbQM #2ir22M bBKmH�iBQMb �M/
MmK2`B+�HHv +QKTmi2/ bQHmiBQMb iQ i?2 /BbT2`bBQM `2H�iBQMX 6Q` i?2 bBKmH�iBQMb b?QrM ?2`2- βix = 0.078-
σwx = 1- bj = 3- bw = 0.3- ρ0w/ρ0j = 4- �M/ f = 0X

G�biHv- r2 2tTHQ`2 � D2i +�b2 i?�i Bb KQ`2 T?vbB+�HHv KQiBp�i2/ i?�M i?2 T`2pBQmb b2p2`�HX 6B;X

9XR9 b?Qrb i?2 βsh /2T2M/2M+2 Q7 i?2 ;`Qri? `�i2 AK(φvA)- 7Q` βix = 0.078- σwx = 1- bj = 3- �M/

�HbQ � ;mB/2@}2H/ +QKTQM2Mi BM i?2 rBM/- bw = 0.3X �b βi BM+`2�b2b 7`QK x2`Q iQ QM2- i?2 bvbi2K

#2+QK2b mMbi�#H2 iQ T2`im`#�iBQMb �`QmM/ βsh = 0.35X �b r2 �`;m2/ BM 9XkX9- i?Bb bi�#BHBiv #QmM/

Bb `2H�i2/ iQ i?2 bi�#BHBxBM; 2z2+i Q7 K�;M2iB+ i2MbBQMc i?2`2 Bb � +2`i�BM i?`2b?QH/ BM βsh i?�i Bb

`2[mB`2/ iQ �+iBp�i2 i?2 BMbi�#BHBivX AM/22/- BM i?2 �#b2M+2 Q7 �M BM@TH�M2 K�;M2iB+ }2H/- r2 KB;?i

2tT2+i i?Bb +�b2 iQ #2 mMbi�#H2 �HH i?2 r�v /QrM iQ βsh = 0X 6B;X 9XR9 �HbQ /2KQMbi`�i2b i?�i i?2

;`Qri? `�i2 Bb `�TB/Hv bmTT`2bb2/ BM i?2 `2H�iBpBbiB+ HBKBi- BX2X βsh → 1X

h?2 T`2/B+i2/ +m`p2 �;`22b rBi? i?2 bBKmH�iBQMbX

9XjXj aBKmH�iBQM `2bmHib, bvKK2i`B+ b?2�` ~Qr

AM i?Bb b2+iBQM- r2 T`2b2Mi � 72r +QKT�`BbQMb #2ir22M ;`Qri? `�i2b +QKTmi2/ pB� i?2 bvKK2i`B+

E> /BbT2`bBQM `2H�iBQM- 1[bX 9Xj9 �M/ 9X9R- �M/ ;`Qri? `�i2b Q#i�BM2/ pB� MmK2`B+�H bBKmH�iBQMX

Rd3



6B;m`2 9XR8, βix /2T2M/2M+2 Q7 ;`Qri? `�i2- 7Q` i?2 bvKK2i`B+ b?2�` T`Q#H2Kc +QKT�`BbQM #2ir22M bBK@
mH�iBQMb �M/ MmK2`B+�HHv +QKTmi2/ bQHmiBQMb iQ i?2 /BbT2`bBQM `2H�iBQMX 6Q` i?2 bBKmH�iBQMb b?QrM ?2`2-
βsh = 0.165- σwx = 0.01- �M/ f = 0X

6B;X 9XR8 b?Qrb i?2 /2T2M/2M+2 Q7 i?2 ;`Qri? `�i2 QM βix- 7Q` σwx = 0.01- �M/ irQ p�Hm2b Q7 b?2�`

bT22/- βsh = 0.165 UT�M2H �V �M/ βsh = 0.33 UT�M2H "VX q2 +QMbB/2` BM@TH�M2 T2`im`#�iBQMb Uf = 0VX

AM T�M2Hb � �M/ "- r2 b22 i?�i 7Q` #Qi? +�b2b Uβsh = 0.165 �M/ βsh = 0.33V- i?2 bvbi2K Bb bi�#H2

7Q` bm{+B2MiHv HQr βixc 7Q` βsh = 0.165- βix ! 1 +Q``2bTQM/b iQ bi�#BHBiv- �M/ 7Q` βsh = 0.33- βix ! 4

+Q``2bTQM/b iQ bi�#BHBivX q2 MQi2 i?�i 7Q` i?2 +�b2b T`2b2Mi2/ BM T�M2Hb � �M/ "- σw = 0.01- �M/

βi " 1- bQ i?Bb `2;BK2 Bb bBKBH�` iQ i?2 +H�bbB+�H >. HBKBiX 6m`i?2`KQ`2- BM+`2�bBM; βix BM i?2b2 +�b2b

b2`p2b �b � i2KT2`�im`2 +QMi`QH U#2+�mb2 σwx Bb }t2/V- �M/ i?Bb +Q``2bTQM/b iQ `�BbBM; i?2 bQmM/

bT22/ BM i?2 ~mB/X AM i?2 Tm`2 >. HBKBi- r2 `2+�HH i?2 +`Bi2`BQM 7Q` BMbi�#BHBiv- βsh < cs UB;MQ`BM;

7�+iQ`b Q7 Q`/2` mMBivVX h�F2M iQ;2i?2`- T�M2Hb � �M/ " b?Qr [m�HBi�iBp2 �;`22K2Mi rBi? i?Bb

RdN



+`Bi2`BQMc βsh = 0.33 Bb ;`2�i2` i?�M βsh = 0.165- bQ i?2 7Q`K2` +�b2 /2K�M/b � ?B;?2` bQmM/ bT22/

U2[mBp�H2MiHv- ?B;?2` i2KT2`�im`2- r?B+? Bb +QMi`QHH2/ #v βixV- bQ r2 2tT2+i i?�i 7Q` βsh = 0.33-

i?2 p�Hm2 Q7 βix `2[mB`2/ 7Q` i?2 bvbi2K iQ #2 mMbi�#H2 Bb H�`;2` i?�M i?2 p�Hmp2 Q7 βix `2[mB`2/ 7Q`

BMbi�#BHBiv r?2M βsh = 0.165X

AM 6B;X 9XRe- r2 T`2b2Mi � i?`22@/BK2MbBQM�H i2bi Q7 i?2 bvKK2i`B+ b?2�` b2imT- �M/ +QKT�`2

rBi? i?2 T`2/B+iBQMb Q7 i?2 /BbT2`bBQM `2H�iBQMX 6B;X 9XRe b?Qrb i?2 f /2T2M/2M+2 Q7 i?2 BMbi�#BHBiv

;`Qri? `�i2 7Q` βsh = 0.165,βix = 5- �M/ σwx = 0.01X h?2 b2`B2b Q7 bBKmH�iBQMb b?QrM BM 6B;X

9XRe T�`�HH2Hb i?2 irQ@/BK2MbBQM�H bBKmH�iBQM BM/B+�i2/ #v i?2 TQBMi �i βix = 5 BM T�M2H � Q7 6B;X

9XR8X h?2 irQ@/BK2MbBQM�H �M/ i?`22@/BK2MbBQM�H bBKmH�iBQMb �`2 `2�bQM�#Hv +QMp2`;2/, 7Q` i?2

TQBMi �i f = 0 BM 9XRe- AK(φcs) ≈ 0.31- �M/ 7Q` i?2 TQBMi �i βix = 5 BM 6B;X 9XR8- AK(φcs) ≈ 0.32X

h?2 T�`�K2i2`b 7Q` i?2b2 bBKmH�iBQMb �;�BM +Q``2bTQM/ �TT`QtBK�i2Hv iQ >.- �M/ bQ b2p2`�H Q7 i?2

72�im`2b MQi2/ /m`BM; i?2 /Bb+mbbBQM Q7 6B;X 9XRj `2�TT2�` BM 6B;X 9XRec BM T�`iB+mH�`- i?2 +m`p2

�TT2�`b iQ ?�p2 � K�tBKmK �i f = 0- �b 2tT2+i2/ BM Tm`2 >.X

6B;m`2 9XRe, f /2T2M/2M+2 Q7 ;`Qri? `�i2- 7Q` i?2 bvKK2i`B+ b?2�` T`Q#H2Kc +QKT�`BbQM #2ir22M j.
bBKmH�iBQMb �M/ MmK2`B+�HHv +QKTmi2/ bQHmiBQMb iQ i?2 /BbT2`bBQM `2H�iBQMX 6Q` i?2 bBKmH�iBQMb b?QrM ?2`2-
βsh = 0.165- σwx = 0.01- �M/ βix = 5

R3y



9X9 amKK�`v

AM i?Bb +?�Ti2`- r2 ?�p2 2tTHQ`2/ #v K2�Mb Q7 HBM2�` �M�HvbBb �M/ `2H�iBpBbiB+ J>. bBKmH�iBQMb

i?2 E2HpBM@>2HK?QHix BMbi�#BHBiv BM � bvKK2i`B+ b?2�`BM; ~Qr b2imT- �HQM; rBi? �M �bi`QT?vbB+�HHv

KQiBp�i2/ T`Q#H2K +Q``2bTQM/BM; iQ b?2�` ~Qr �i i?2 D2i@rBM/ BMi2`7�+2X q2 /2`Bp2/ � /BbT2`bBQM

`2H�iBQM ;Qp2`MBM; i?2 T`QT�;�iBQM Q7 r�p2b �i i?2 BMi2`7�+2 Q7 i?2 D2i �M/ rBM/- �M/ +QKTmi2/ i?2

;`Qri?@`�i2 /2T2M/2M+2 QM T�`�K2i2`b Q7 i?2 D2i@rBM/ bvbi2KX q2 +QM}`K2/ i?�i i?2 D2i /BbT2`bBQM

`2H�iBQM 1[bX 9X39 �M/ 9X38 `2bT2+ib i?2 +H�bbB+�H #QmM/ Q7 bi�#BHBiv 7Q` i?2 ?v/`Q/vM�KB+ E2HpBM@

>2HK?QHix T`Q#H2K- βsh/cs >
√
2X

q2 ?�p2 T2`7Q`K2/ irQ@/BK2MbBQM�H �M/ i?`22@/BK2MbBQM�H `2H�iBpBbiB+ J>. bBKmH�iBQMb iQ i2bi

i?2 D2i /BbT2`bBQM `2H�iBQM- �M/ �HbQ i?2 KQ`2 r2HH@bim/B2/ /BbT2`bBQM `2H�iBQM 7Q` bvKK2i`B+ b?2�`X

AM KQbi +�b2b- r2 }M/ �/2[m�i2 �;`22K2Mi #2ir22M HBM2�` i?2Q`v �M/ i?2 /BbT2`bBQM `2H�iBQM- i?mb

+QM}`KBM; i?2 p�HB/Biv Q7 i?2 �M�HviB+�H +�H+mH�iBQMbX

AM i?2 +QKBM; +?�Ti2`- r2 2ti2M/ i?Bb 2tTHQ`�iBQM Q7 i?2 E> BMbi�#BHBiv rBi? 7mHHv@FBM2iB+ T�`iB+H2@

BM@+2HH bBKmH�iBQMb- r?B+? �`2 +�T�#H2 Q7 +�Tim`BM; 7`QK }`bi T`BM+BTH2b i?2 BMi2`TH�v #2ir22M K�;@

M2iB+ }2H/b �M/ +?�`;2/ T�`iB+H2b- �M/ BM 2z2+i i?2 /BbbBT�iBQM Q7 K�;M2iB+ 2M2`;v BM +QHHBbBQMH2bb

TH�bK�X h?2 [m2biBQM Q7 K�;M2iB+ /BbbBT�iBQM pB� i?2 E> BMbi�#BHBiv BM �bi`QT?vbB+�H D2ib `2K�BMb

H�`;2Hv mM/2`2tTHQ`2/- 2bT2+B�HHv rBi? `2bT2+i iQ T�`iB+H2@BM@+2HH bBKmH�iBQMbc bm+? �M BMp2biB;�iBQM

Bb i?mb BKTQ`i�Mi BM +H�`B7vBM; i?2 +QMM2+iBQM #2ir22M i?2 E> BMbi�#BHBiv �M/ K�;M2iB+ /BbbBT�iBQM

BM +QHHBbBQMH2bb TH�bK� UpB�- 2X;X- K�;M2iB+ `2+QMM2+iBQMVX

9X� �bi`QT?vbB+�H D2i, /BbT2`bBQM `2H�iBQM 2[m�iBQMb

>2`2- r2 bi�i2 2tTHB+BiHv i?2 7Q`K Q7 i?2 7mM+iBQMb F1 �M/ F2 BM 1[bX 9X89 �M/ 9Xdy- `2bT2+iBp2Hv-

�M/ 2H�#Q`�i2 QM b2p2`�H T`�+iB+�H /2i�BHb `2H�i2/ iQ i?2 +�H+mH�iBQM Q7 bQHmiBQMb iQ i?2 D2i /BbT2`bBQM

`2H�iBQMX q?BH2 BM 1[bX 9X89 �M/ 9Xdy r2 bmTT`2bb i?2 /2T2M/2M+2 QM mi/me UBX2X- r2 �bbmK2

mi/me = 1V- r2 ?�p2 �bbmK2/ BM i?2 /2`Bp�iBQM Q7 1[bX 9X39 �M/ 9X38 i?�i i?2 TH�bK� K�v +QMbBbi

R3R



Q7 BQMb �M/ 2H2+i`QMb rBi? /Bz2`2Mi K�bb2bX LQi2 i?�i- �++Q`/BM; iQ i?2 �`;mK2Mib Q7 F1 �M/ F2-

2�+? /2T2M/b QM #Qi? ρ0j �M/ ρ0wc i?Bb /2T2M/2M+2 Bb ?B//2M BM i?2 TH�+2?QH/2` 7mM+iBQM rw Ur?Qb2

�`;mK2Mib �`2 bmTT`2bb2/ BM 1[bX 9X39 �M/ 9X38V- r?B+? Bb T`QpB/2/ 7m`i?2` #2HQr Ub22 1[X 9X3dVX

AM 2tTHB+Bi 7Q`K- 1[X 9X89 K�v #2 2tT`2bb2/ �b

F1(φvA ,k,βix,σwx, ρ0j, ρ0w,βsh, bj, bw, f,mi/me) =

− (((1 + f2)k2(1− β2
sh)σwx(−(k + bjfk)

2βixΓad,j(1 + σwx + b2j σwx)

+ (1 + b2j )k
2(1 + βixΓad,j + f2(1 + βixΓad,j) + βixΓad,jσwx + 2bjfβixΓad,jσwx

+ b2j (1 + f2(1 + βixΓad,jσwx)))φ
2
vA − (1 + b2j )

2(1 + f2)k2φ4
vA)

· (b2wf2r2csrwk
2βix(1− β2

sh)
2Γad,jσ

2
wx(1 + σwx + b2j σwx)− (b2wrw(1− β2

sh)σwx

+ r2csβixΓad,jσwx)(kβsh
√
1 + σwx + b2j σwx −

√
(1 + f2)k2

·
√

(1 + b2j )σwxφvA)
2))/((1 + σwx + b2j σwx)

2(1 + b2wrw(1− β2
sh)σwx)

· ((k + bjfk)
2βixΓad,jσwx − ((1 + b2j )(1 + f2)k2(1 + b2j + βixΓad,j)σwxφ

2
vA)

/(1 + σwx + b2j σwx))((kβsh −
√
(1 + f2)k2

√
((1 + b2j )σwx)/(1 + σwx + b2j σwx)φvA)

4

+ (b2wf
2r2csrwk

2βix(1− β2
sh)

2Γad,jσ
2
wx(f

2k2(1− β2
sh) + (k −

√
(1 + f2)k2βsh

·
√

((1 + b2j )σwx)/(1 + σwx + b2j σwx)φvA)
2))/(1 + b2wrw(1− β2

sh)σwx)

− (kβsh −
√
(1 + f2)k2

√
((1 + b2j )σwx)/(1 + σwx + b2j σwx)φvA)

2

· (r2csβixΓad,jσwx(f
2k2(1− β2

sh) + (k −
√

(1 + f2)k2βsh

·
√

((1 + b2j )σwx)/(1 + σwx + b2j σwx)φvA)
2) + (b2wrw(1− β2

sh)σwx(f
2k2(1− β2

sh)

+ (1− r2csβixΓad,jσwx)(k −
√

(1 + f2)k2βsh
√
((1 + b2j )σwx)/(1 + σwx + b2j σwx)φvA)

2))

/(1 + b2wrw(1− β2
sh)σwx))))),

U9X39V

R3k



�M/ 1[X 9Xdy K�v #2 r`Bii2M �b

F2(φvA ,k,βix,σwx, ρ0j, ρ0w,βsh, bj, bw, f,mi/me) =

((1 + b2j )rw(1− β2
sh)σwx((k + bjfk)

2 − (1 + b2j )(1 + f2)k2φ2
vA))

/ (k(−((2
√
(1 + f2)k2βsh((1 + b2j )σwx)

3/2(−1− b2wrw(1− β2
sh)σwx)φvA)

/ (σwx

√
1 + σwx + b2j σwx)) + (1/(1 + σwx + b2j σwx))(1 + b2j )k((1 + σwx + b2j σwx)

· (b2wrwσwx(1− β2
sh)(f

2(1− β2
sh)− β2

sh)− β2
sh)

− σwx(1 + b2j )(1 + f2)(1 + b2wrw(1− β2
sh)σwx)φ

2
vA))).

U9X38V

h?2 2tT`2bbBQMb rcs �M/ rw �TT2�`BM; BM 1[bX 9X39 �M/ 9X38 �`2 TH�+2?QH/2`b 7Q` �mtBHB�`v 7mM+iBQMb

`2T`2b2MiBM; i?2 `�iBQb Q7 bQmM/ bT22/b csj/csw �M/ 2Mi?�HTB2b w0j/w0w- `2bT2+iBp2Hv,

rcs ≡

√
Γad(θ0w)θ0wh0j(θ0j)

Γad(θ0j)θ0jh0w(θ0w)
, U9X3eV

rw ≡ n0jh0j(θ0j)

ñ0wh0w(θ0w)
, U9X3dV

r?2`2

h0j(θ0j) =
1

2

((
1 + θ0j

Γad(θ0j)

Γad(θ0j)− 1

)
+

me

mi

(
1 + θ0j

mi

me

Γad(θ0j)

Γad(θ0j)− 1

))
, U9X33V

h0w(θ0w) =
1

2

((
1 + θ0w

Γad(θ0w)

Γad(θ0w)− 1

)
+

me

mi

(
1 + θ0w

mi

me

Γad(θ0w)

Γad(θ0w)− 1

))
, U9X3NV

�M/ i?2 �/B�#�iB+ BM/2t Bb 2p�Hm�i2/ mbBM; � }iiBM; 7Q`KmH� UavM;2- RN8dc a2`pB+2- RN3eV,

Γad(θ) =
1

3
(5− 1.21937(θ/(0.24 + θ)) + 0.18203(θ/(0.24 + θ))2 − 0.96583(θ/(0.24 + θ))3

+ 2.32513(θ/(0.24 + θ))4 − 2.39332(θ/(0.24 + θ))5 + 1.07136(θ/(0.24 + θ))6)).

U9XNyV

R3j



q?BH2 r2 bmTT`2bb i?2 �`;mK2Mib Q7 θ0j �M/ θ0w BM 1[bX 9X33 �M/ 9X3N 7Q` `2�/�#BHBiv- Bi b?QmH/ #2

MQi2/ i?�i i?2b2 �`2 BM 7�+i 7mM+iBQMb Q7 Qm` +�MQMB+�H T�`�K2i2`bX AM T`�+iB+2- i?2 }`bi Q7 i?2b2

Kmbi #2 2p�Hm�i2/ #v K2�Mb Q7 � `QQi@}M/BM; �H;Q`Bi?KbX AM T�`iB+mH�`- r2 b22F MmK2`B+�HHv �

bQHmiBQM iQ i?2 2[m�iBQM

θ0j(βix,σwx,mi/me) = βixσwxh0j(θ0j(βix,σwx,mi/me)), U9XNRV

r?B+? K�v MQi 2tBbiX AM/22/- Bi K�v #2 b?QrM i?�i bQHmiBQMb 2tBbi QMHv 7Q` βix < βix,max ≡ 1/(4σwx)-

r?B+? /B+i�i2b i?2 K�tBKmK TQbbB#H2 βix- ;Bp2M σwxX hQ +QKTmi2 i?2 rBM/@bB/2 /BK2MbBQMH2bb

i2KT2`�im`2- r2 mb2 i?2 2[m�iBQM

θ0w(βix,σwx, ρ0j, ρ0w,βsh, bj, bw, f,mi/me) =

(
4(mi/me)ρ0jθ0j(βix,σwx,mi/me) + (1 +mi/me)ρ0j

·
(
1 + b2j − b2w(1− β2

sh)
) 2h0j(θ0j(βix,σwx,mi/me))σwx

(1 +me/mi)

)
/

(
4ρ0w(mi/me)

√
1− β2

sh

)
;

U9XNkV

i?Bb Bb /2`Bp2/ 7`QK iQi�H T`2bbm`2 #�H�M+2 UBM+Hm/BM; #Qi? i?2`K�H �M/ K�;M2iB+ T`2bbm`2V �i i?2

BMi2`7�+2 Q7 i?2 b?2�`X

9X" *QMp2`;2M+2 Q7 K2�bm`2/ ;`Qri? `�i2 rBi? `2bT2+i iQ α

AM Qm` bBKmH�iBQMb- r2 ?�p2 2tTHQ`2/ i?2 2z2+i Q7 p�`vBM; i?2 `�iBQ Q7 i?2 H2M;i? Q7 i?2 i`�MbBiBQM

rB/i? iQ /QK�BM bBx2 BM x- rBi? `2;�`/ iQ i?2 K2�bm`2/ ;`Qri? `�i2b r2 2ti`�+iX AM T�`iB+mH�`- r2

bim/B2/ i?2 2z2+i Q7 p�`vBM; i?2 T�`�K2i2` α Ub22 a2+X 9XjXRV- r?BH2 }tBM; i?2 MmK#2` Q7 +2HHb rBi?

r?B+? i?2 i`�MbBiBQM Bb `2bQHp2/X q2 /2}M2 i?2 i`�MbBiBQM rB/i? �b ∆t = 2Lxα- r?2`2 Lx Bb i?2

H2M;i? Q7 i?2 #Qt BM +2HHbX q2 }M/ i?�i ∼13 +2HHb �`2 `2[mB`2/ iQ �/2[m�i2Hv `2bQHp2 i?2 i`�MbBiBQM

rB/i? ∆tc #2HQr i?Bb i?`2b?QH/ p�Hm2- r2 }M/ i?�i i?2 QMb2i Q7 MQMHBM2�` 2z2+ib Bb ?�bi2M2/- �M/

Q#7mb+�i2b i?2 HBM2�` ;`Qri? T?�b2 i?�i Bb i?2 7Q+mb Q7 Qm` bBKmH�iBQMbX

R39



AM 6B;X 9XRd- r2 b?Qr 7Qm` b2`B2b Q7 bBKmH�iBQMb UBM/B+�i2/ #v b[m�`2- i`B�M;H2- +B`+H2- �M/ +`Qbb

K�`F2`bV rBi? bm++2bbBp2Hv bK�HH2` p�Hm2b Q7 α- v2i BM 2�+? Q7 i?2 7Qm` b2`B2b- i?2 i`�MbBiBQM rB/i? Bb

`2bQHp2/ rBi? ∼13 +2HHbc i?Bb Bb �+?B2p2/ #v BM+`2�bBM; i?2 /BK2MbBQMb Q7 i?2 #Qt �b α /2+`2�b2bX AM

i?2 HBKBi i?�i α → 0- i?2 i`�MbBiBQM T`Q}H2 �TT`Q�+?2b � bi2T 7mM+iBQM- r?B+? Bb i?2 T`Q}H2 �bbmK2/

BM i?2 /2`Bp�iBQMb Q7 i?2 /BbT2`bBQM `2H�iBQMb 1[bX 9Xj9- 9X9R �M/ 1[bX 9X39- 9X38c 7Q` i?Bb `2�bQM- r2

bmbT2+i i?�i �b α /2+`2�b2b �M/ ∆t Bb ?2H/ }t2/- i?2 ;`Qri? `�i2b K2�bm`2/ BM i?2 bBKmH�iBQMb rBHH

�TT`Q�+? i?2 T`2/B+iBQM Q7 HBM2�` i?2Q`vc i?2 i`2M/ BM 6B;X 9XRd Bb bm;;2biBp2 Q7 i?Bb +QMp2`;2M+2X

6B;m`2 9XRd, 6Qm` b2`B2b U2�+? BM/B+�i2/ #v � /Bz2`2Mi b?�T2V Q7 bBKmH�iBQMb rBi? T`Q;`2bbBp2Hv bK�HH2`
`�iBQb Q7 i`�MbBiBQM rB/i? iQ #Qt H2M;i? BM xc 7Q` 2�+? b2`B2b- i?2 i`�MbBiBQM rB/i? BM +2HHb Bb }t2/- ∆t∼13X

R38



8X E2HpBM@>2HK?QHix AA
8XR AMi`Q/m+iBQM

AM *?X 9- r2 mb2/ `2H�iBpBbiB+ J>. bBKmH�iBQMb iQ i2bi �M �M�HviB+�HHv /2`Bp2/ /BbT2`bBQM `2H�iBQM

U1[bX 9X39 �M/ 9X38V- �M/ 7QmM/ �;`22K2Mi #2ir22M i?2 bBKmH�iBQMb �M/ i?2Q`v- i?2`2#v +QM}`KBM;

i?2 p�HB/Biv Q7 i?2 D2i /BbT2`bBQM `2H�iBQMX AM i?Bb +?�Ti2`- � +QKT�MBQM iQ *?X 9- r2 MQr �bbmK2 i?�i

i?2 D2i /BbT2`bBQM `2H�iBQM Bb p�HB/- �M/ mb2 Bi iQ bim/v i?2 D2i b2imT BM 7mHHv@FBM2iB+ T�`iB+H2@BM@+2HH

USA*V bBKmH�iBQMbX

h?2 QmiHBM2 Q7 i?Bb +?�Ti2` Bb �b 7QHHQrb, AM a2+X 8Xk- r2 /2b+`B#2 i?2 b2imT �M/ MmK2`B+�H +?QB+2b

BM Qm` SA* bBKmH�iBQMbX L2ti- BM a2+X 8Xj- r2 bim/v i?2 ;`Qri? `�i2 Q7 i?2 E> BMbi�#BHBiv mbBM;

i?2 b2imT /2b+`B#2/ BM a2+X 8Xkc r2 /Bb+mbb �HbQ- 7Q` � b�KTH2 +�b2- K�;M2iB+ /BbbBT�iBQM BM/m+2/ #v

E> KBtBM;X q2 +QM+Hm/2 rBi? � #`B27 bmKK�`v BM a2+X 8X9X

8Xk aBKmH�iBQM b2imT

>2`2- r2 /2b+`B#2 i?2 bBKmH�iBQM b2imT r2 mb2 iQ bim/v i?2 E> BMbi�#BHBiv- �M/ bT2+B7v i?2 }/m+B�H

T�`�K2i2`b �M/ MmK2`B+�H +?QB+2b r2 mb2 BM Qm` bBKmH�iBQMbX

8XkXR .2b+`BTiBQM Q7 b2imT

aBM+2 Bi Bb /B{+mHi iQ }M/ � oH�bQp 2[mBHB#`BmK 7Q` i?2 b?2�`BM; ~Qr T`Q#H2K U>2M`B 2i �HX- kyRjV-

Qm` b2imT Bb #mBHi QM i?2 MQiBQM Q7 ~mB/ 2[mBHB#`BmKXR AM i?2 b2imT /2b+`BTiBQM #2HQr- M�im`�HBx2/

:�mbbB�M mMBib �`2 �bbmK2/- rBi? 4π = c = kB = 1X h?2 }2H/b U2H2+i`QK�;M2iB+- p2HQ+Biv- i2KT2`�@

im`2- 2i+XV- r?B+? BKTHB+BiHv /2T2M/ QM x- �`2 mMB7Q`K BM i?2 x /B`2+iBQM- �M/ bQ r2 bmTT`2bb BM Qm`

MQi�iBQM i?2 2tTHB+Bi `272`2M+2 iQ i?2 x /2T2M/2M+2 Q7 i?2 }2H/bX
R1bT2+B�HHv r?2M ;`�/B2Mib BM i?2 K�;M2iB+ }2H/ �`2 H�`;2- FBM2iB+ 2z2+ib Ubm+? �b i?2 ;`�/@"- /B�K�;M2iB+-

Q` Qi?2` T�`iB+H2 /`B7ibV K�v `2M/2` i?2 ~mB/ 2[mBHB#`BmK �M mMbmBi�#H2 BMBiB�H +QM/BiBQM BM � 7mHHv@FBM2iB+
bBKmH�iBQMc BM T`�+iB+2- r2 ?�p2 �//`2bb2/ i?2 �TT`QT`B�i2M2bb Q7 mbBM; ~mB/ 2[mBHB#`BmK �b �M BMBiB�H +QM/BiBQM
QM � +�b2@#v@+�b2 #�bBbX

R3e



h?2 K�;M2iB+ }2H/ B(y) = (Bx(y), By(y), Bz(y)) Bb +?Qb2M iQ 7QHHQr � bKQQi?Hv p�`vBM; T`Q}H2,

Bx(y) = B0

[
1− 1

2

(
1 + tanh

(
ℓy
∆t

sin

(
2π

y − ℓy/4

ℓy

)))]
, U8XRV

By(y) = 0, U8XkV

Bz(y) = B0

[
bw +

1

2
(bj − bw)

(
1− tanh

(
ℓy
∆t

sin

(
2π

y − ℓy/4

ℓy

)))]
. U8XjV

>2`2- B0 Bb i?2 K�;MBim/2 Q7 i?2 BM@TH�M2 K�;M2iB+ }2H/ UBM i?2 x /B`2+iBQMV- �M/ B0bw �M/ B0bj

�`2 i?2 ;mB/2 }2H/ bi`2M;i?b UBM i?2 z /B`2+iBQMV BM i?2 rBM/ �M/ D2i- `2bT2+iBp2HvX ∆t Bb i?2 rB/i? Q7

i?2 D2i@rBM/ i`�MbBiBQMX h?2 T`Q}H2b ?2`2 �`2 bBKBH�` iQ i?Qb2 mb2/ BM a2+X 9XjXR Ub22 1[X 9X3RV 7Q`

i?2 b2imT Q7 i?2 D2i T`Q#H2K BM PLUTO- #mi MQi2 ?2`2 i?�i i?2 �`;mK2Mi Q7 i?2 ?vT2`#QHB+ i�M;2Mi

p�`B2b bBMmbQB/�HHvc i?Bb /Bz2`2M+2 �++QmMib 7Q` i?2 T2`BQ/B+ #QmM/�`v +QM/BiBQMb r2 mb2 BM Qm` SA*

b2imT UMQi2 i?�i 7Q` i?2 J>. b2imT Q7 i?2 D2i T`Q#H2K- Qm` #QmM/�`v +QM/BiBQMb �`2 T2`BQ/B+ �HQM;

x- �M/ Qmi~QrBM; �HQM; y- r?2`2�b 7Q` i?2 T`2b2Mi SA* b2imT- #QmM/�`v +QM/BiBQMb �`2 T2`BQ/B+

�HQM; #Qi? x �M/ yVX qBi? i?2 T2`BQ/B+ #QmM/�`v +QM/BiBQM BKTHB2/ #v 1[X 8XR- i?2 T�`i Q7 i?2

/QK�BM (1/4)ℓy ≤ y ≤ (3/4)ℓy +Q``2bTQM/b iQ i?2 D2i- �M/ y ≤ (1/4)ℓy Q` y ≥ (3/4)ℓy +Q``2bTQM/b

iQ i?2 rBM/X

q2 +?QQb2 i?2 T`Q}H2 Q7 #mHF p2HQ+Biv v(y) = (vx(y), vy(y), vz(y)) �HbQ iQ 7QHHQr � bKQQi?Hv

p�`vBM; T`Q}H2,

vx(y) =
βsh
2

(
1 + tanh

(
ℓy
∆t

sin

(
2π

y − ℓy/4

ℓy

)))
, U8X9V

vy(y) = 0, U8X8V

vz(y) = 0. U8XeV

h?2 K�;M2iB+ }2H/ �M/ #mHF p2HQ+Biv T`Q}H2b- �HQM; rBi? i?2 7Q`+2 7`22 +QM/BiBQM E = −v × B-

R3d



/2i2`KBM2 i?2 2H2+i`B+ }2H/,

Ex(y) = 0,

Ey(y) = −βsh
2

(
1 + tanh

(
ℓy
∆t

sin

(
2π

y − ℓy/4

ℓy

)))

·B0

[
bw +

1

2
(bj − bw)

(
1− tanh

(
ℓy
∆t

sin

(
2π

y − ℓy/4

ℓy

)))]
,

U8XdV

Ez(y) = 0. U8X3V

h?Bb 2H2+i`B+ }2H/ Bb MQi /Bp2`;2M+2 7`22- �M/ i?2`27Q`2 `2[mB`2b MQMx2`Q +?�`;2 /2MbBiv ρq(y) =

qi(ni(y)− ne(y)) iQ bmbi�BM i?2 2H2+i`B+ }2H/ Uqi ?2`2 Bb i?2 7mM/�K2Mi�H +?�`;2- rBi? TQbBiBp2 bB;MV,

ρq(y) =∇∇∇ ·E(y),

= −B0πβsh
∆t

cos

(
2π

y − ℓy/4

ℓy

)
sech

(
ℓy
∆t

sin

(
2π

y − ℓy/4

ℓy

))2

·
[
bw − (bj − bw) tanh

(
ℓy
∆t

sin

(
2π

y − ℓy/4

ℓy

))]
.

U8XNV

*m`H Q7 i?2 K�;M2iB+ }2H/ ;2M2`�i2b U/BK2MbBQMH2bbV +m``2Mi j(y) = (jx(y), jy(y), jz(y))- pB� �K@

Tĕ`2Ƕb H�r,

jx(y) =
B0π

qi∆t
(bw − bj) cos

(
2π

y − ℓy/4

ℓy

)
sech

(
ℓy
∆t

sin

(
2π

y − ℓy/4

ℓy

))2

, U8XRyV

jy(y) = 0, U8XRRV

jz(y) = −B0π

qi∆t
cos

(
2π

y − ℓy/4

ℓy

)
sech

(
ℓy
∆t

sin

(
2π

y − ℓy/4

ℓy

))2

. U8XRkV

G�biHv- r2 +?QQb2 �M ǵmMT2`im`#2/Ƕ T`Q}H2 ñ(y) 7Q` iQi�H MmK#2` /2MbBiv- BM i?2 7`�K2 +QKQpBM;

R33



rBi? i?2 #mHF ~Qr �HQM; x UBM/B+�i2/ #v i?2 Qp2`iBH/2V,

ñ(y) = ñ0j +
1

2
(ñ0w − ñ0j)

(
1− tanh

(
ℓy
∆t

sin

(
2π

y − ℓy/4

ℓy

)))
. U8XRjV

AM i?2 HBKBi Q7 MQ +m``2Mib �M/ MQ b?2�` p2HQ+Biv- i?2 2H2+i`QM �M/ T`QiQM MmK#2` /2MbBiB2b ne(y)

�M/ ni(y) UBM i?2 H�# 7`�K2V �// iQ i?2 mMT2`im`#2/ T`Q}H2- ne(y)+ni(y) = n(y)- #mi BM ;2M2`�H i?2

iQi�H MmK#2` /2MbBiv ne(y)+ni(y) +�M #2 /Bz2`2Mi 7`QK ñ(y)- /2T2M/BM; QM i?2 HQ+�H #mHF p2HQ+Biv

�M/ `2[mB`2K2Mib Q7 :�mbbǶb H�rX �b r2 rBHH b22 BM 1[bX 8Xk8Ĝ8Xkd- i?2 H�# 7`�K2 T`Q}H2b ne(y) �M/

ni(y) �`2 BM 7�+i +?Qb2M bQ i?�i RV r?2M i?2B` +Q``2bTQM/BM; `2bi 7`�K2 T`Q}H2b ñe(y) �M/ ñi(y) �`2

KmHiBTHB2/ #v +?Qb2Mk KQ/mH�iBQM 7�+iQ`b (1 +∆ñ(y))
−1 �M/ (1−∆ñ(y))

−1- `2bT2+iBp2Hv- i?2 bmK

ñe(y)(1 + ∆ñ(y))
−1 + ñi(y)(1 − ∆ñ(y))

−1 Bb 2[m�H iQ i?2 /2bB`2/ `2bi 7`�K2 /2MbBiv T`Q}H2- ñ(y)-

�M/ kV i?2 H�# 7`�K2 T`Q}H2b b�iBb7v :�mbbǶb H�r- ∇∇∇ ·E(y) = qi(ni(y)− ne(y))X

LQi2 i?�i 1[X U8XRjV T`2b+`B#2b � /2MbBiv T`Q}H2 ñ(y) BM i?2 +QKQpBM; 7`�K2c �++Q`/BM; iQ i?Bb

/2MbBiv T`Q}H2- bQK2 MmK#2` Q7 T�`iB+H2b- 2�+? rBi? 7Qm`@KQK2MimK Q7 i?2 7Q`K (γ̃, ũ)- Bb BMBiB�HBx2/

BM i?2 +QKQpBM; 7`�K2- i?2M � GQ`2Mix i`�Mb7Q`K Bb �TTHB2/ iQ +QMp2`i i?2 T�`iB+H2Ƕb KQK2MimK iQ

i?2 H�# 7`�K2X *�`2 Kmbi #2 i�F2M BM i`�MbH�iBM; 7`QK i?2 +QKQpBM; 7`�K2 iQ i?2 H�# 7`�K2- �b i?2

pQHmK2 Q7 � ;`B/ +2HH Bb ?2H/ +QMbi�Mi r?2M �TTHvBM; i?2 #QQbi UJ2Hx�MB 2i �HX- kyR9c w2MBi�MB- kyR8VX

6QHHQrBM; i?2 BMbB;?i Q7 w2MBi�MB UkyR8V- +QMbB/2` i?2 /Bbi`B#miBQM BMBiB�HBx2/ BM i?2 +QKQpBM; 7`�K2-

f̃(x̃, ũ)c 7m`i?2` +QMbB/2` i?�i- iQ +QMp2`i iQ i?2 H�# 7`�K2- i?Bb /Bbi`B#miBQM Bb #QQbi2/ �HQM; x #v
k"Qi? KQ/mH�iBQM 7�+iQ`b �`2 /2i2`KBM2/ #v i?2 +?QB+2 Q7 ∆ñ(y)- r?B+? Bb i`2�i2/ �b � 7`22 p�`B�#H2 BM

1[bX 8XkRĜ8XkdX

R3N



(Γ,−Γβsh, 0, 0)X h?2M i?2 T�`iB+H2Ƕb 7Qm`@KQK2MimK i`�Mb7Q`Kb �b

γ = Γ(γ̃ + ũxβsh), U8XR9V

ux = Γ(βshγ̃ + ũx), U8XR8V

uy = ũy, U8XReV

uz = ũz, U8XRdV

�M/ i?2 /Bbi`B#miBQM �b b22M BM i?2 H�# 7`�K2 Bb f(x,u)X S�`iB+H2 MmK#2` Bb BMp�`B�Mi mM/2` � GQ`2Mix

i`�Mb7Q`K�iBQM-

f(x,u) d3x d3u = f̃(x̃, ũ) d3x̃ d3ũ, U8XR3V

i?2`27Q`2 i?2 MmK#2` /2MbBiv- 2tT`2bb2/ BM i2`Kb Q7 H�# 7`�K2 [m�MiBiB2b- Bb

f(x,u) d3u = f̃(x̃, ũ)
d3x̃

d3x
d3ũ,

= f̃(x̃, ũ)
γ

γ̃
d3ũ,

U8XRNV

r?B+? 7QHHQrb 7`QK +QMb2`p�iBQM Q7 7Qm`@pQHmK2- γ̃ d3x̃ = γ d3xX �p2`�;BM; Qp2` T�`iB+H2b- i?2 b2+QM/

i2`K QM i?2 `B;?i Bb Uw2MBi�MB- kyR8V

〈
γ

γ̃

〉
= ⟨Γ(1 + βshũx/γ̃)⟩ = Γ, U8XkyV

r?B+? 7QHHQrb 7`QK 1[X U8XR9V- �M/ #2+�mb2 i?2 /Bbi`B#miBQM BMBiB�HBx2/ BM i?2 +QKQpBM; 7`�K2 UBX2X-

J�tr2HH@CɃiiM2`V Bb bvKK2i`B+- f(ũx) = f(−ũx)X �++Q`/BM; iQ 1[bX 8XRN �M/ 8Xky- i?2 MmK#2`

/2MbBiv �b pB2r2/ BM i?2 H�# 7`�K2 Bb H�`;2`- #v � 7�+iQ` Q7 Γ- i?�M i?�i BMBiB�HBx2/ BM i?2 +QKQpBM;

7`�K2X A7 QM2 M�B2p2Hv BMBiB�HBx2b T�`iB+H2b BM i?2 +QKQpBM; 7`�K2- �M/ i?2M #QQbib KQK2Mi� iQ

RNy



+QMp2`i iQ i?2 H�# 7`�K2- � 7�+iQ` Q7 Γ UQrBM; iQ i?2 GQ`2Mix +QMi`�+iBQM Q7 bT�+2V Bb KBbb2/X �b �M

�Hi2`M�iBp2 iQ +QMi`�+iBM; +2HHb �HQM; i?2 /B`2+iBQM Q7 i?2 #QQbi Ui?2 SA* +Q/2 TRISTAN-MP r?B+?

r2 mb2 7Q` Qm` bBKmH�iBQMb Bb MQi /2bB;M2/ rBi? i?Bb 7mM+iBQM�HBivV- QM2 K�v �++QmMi 7Q` i?Bb 7�+iQ`

Q7 Γ #v BMBiB�HBxBM; BM i?2 +QKQpBM; 7`�K2 � MmK#2` Q7 T�`iB+H2b i?�i Bb H�`;2` i?�M i?2 Q`B;BM�HHv

bT2+B}2/ +QKQpBM; /2MbBiv- ñ(y)- #v � 7�+iQ` Q7 Γc i?Bb H�`;2Hv �++QmMib 7Q` � b2H7@+QMbBbi2Mi #QQbi

Q7 i?2 /Bbi`B#miBQM 7mM+iBQM 7`QK i?2 +QKQpBM; 7`�K2 iQ i?2 H�# 7`�K2Xj

AM Qm` bBKmH�iBQMb- r2 +?QQb2 UBM i?2 H�# 7`�K2V 2H2+i`QM �M/ BQM MmK#2` /2MbBiB2b ne(y), ni(y)-

#mHF p2HQ+BiB2b BM i?2 x �M/ z /B`2+iBQMb vxe(y), vxi(y) �M/ vze(y), vzi(y)- �M/ �M �//BiBQM�H T`Q}H2

∆ñ(y)- r?B+? b2`p2b iQ KQ/mH�i2 i?2 2H2+i`QM �M/ BQM MmK#2` /2MbBiB2b-9 iQ b�iBb7v i?2 7QHHQrBM;
jh?2`2 Bb �M �//BiBQM�H Up2`v BKTQ`i�MiV bm#iH2iv iQ i?Bb K2i?Q/ Q7 #QQbiBM; i?2 /Bbi`B#miBQM 7mM+iBQM pB�

BM/BpB/m�H GQ`2Mix i`�Mb7Q`K�iBQMb Q7 T�`iB+H2 7Qm`@KQK2Mi�- r?B+? Bb /Bb+mbb2/ #v w2MBi�MB UkyR8VX AM b?Q`i-
2�+? T�`iB+H2 +QKT`BbBM; i?2 /Bbi`B#miBQM BM i?2 +QKQpBM; 7`�K2 K�v `2[mB`2 � /Bz2`2Mi GQ`2Mix i`�Mb7Q`K-
/m2 iQ i?2B` /Bz2`2Mi `2H�iBp2 KQK2Mi� �HQM; xc T�`iB+H2b rBi? x KQK2MimK �HB;M2/ rBi? i?2 /B`2+iBQM Q7
i?2 #QQbi ;2i � ;`2�i2` GQ`2Mix +QMi`�+iBQM i?�M i?Qb2 rBi? x KQK2MimK �MiB@�HB;M2/ iQ i?2 #QQbi- �M/
b?QmH/ i?2`27Q`2 `2+2Bp2 � H�`;2` +Q``2+iBQM iQ T�`iB+H2 MmK#2` i?�M Γ- T`BQ` iQ i?2 #QQbi U� +Q``2+iBQM Q7 Γ
rQmH/ #2 2t�+i QMHv 7Q` T�`iB+H2b rBi? ũx = 0VX aBKBH�`Hv- T�`iB+H2b rBi? x KQK2MimK �MiB@�HB;M2/ iQ i?2
#QQbi b?QmH/ ;2i � +Q``2+iBQM iQ +QKQpBM; T�`iB+H2 MmK#2` i?�i Bb bK�HH2` i?�M ΓX w2MBi�MB UkyR8V /2p2HQT2/
�M �H;Q`Bi?K +�HH2/ i?2 ~BTTBM; K2i?Q/ iQ �++QmMi 7Q` i?2 /Bz2`2Mi +Q``2+iBQMb `2[mB`2/ #v T�`iB+H2b BM i?2
+QKQpBM; 7`�K2- r?B+?- /m`BM; BMBiB�HBx�iBQM Q7 T�`iB+H2b- r2 �TTHv BM/2T2M/2MiHv #27Q`2 2�+? #QQbi BM i?2 x
�M/ z /B`2+iBQMbX

9hQ +H�`B7v i?2 K2�MBM; Q7 i?2 T`Q}H2 ∆ñ(y)- r2 MQi2 ?2`2 � 72r Q7 Bib T`QT2`iB2b, i?2 2H2+i`QM �M/ BQM
`2bi 7`�K2 /2MbBiB2b �`2 `2H�i2/ iQ i?2 iQi�H `2bi 7`�K2 /2MbBiv #v ñe(y) = 1

2 ñ(y)(1 + ∆ñ(y)) �M/ ñi(y) =
1
2 ñ(y)(1−∆ñ(y))- `2bT2+iBp2Hvc �HbQ- i?2 /Bz2`2M+2 #2ir22M `2bi@7`�K2 2H2+i`QM �M/ BQM MmK#2` /2MbBiB2b Bb
2[m�H iQ i?2 KQ/mH�iBQM T`Q}H2- ñe(y)− ñi(y) = ∆ñ(y)X
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+QMbi`�BMib,

jx(y) = ni(y)vxi(y)− ne(y)vxe(y), U8XkRV

jz(y) = ni(y)vzi(y)− ne(y)vze(y), U8XkkV

vx(y) =
ne(y)vxe(y) + ni(y)vxi(y)

ne(y) + ni(y)
, U8XkjV

vz(y) =
ne(y)vze(y) + ni(y)vzi(y)

ne(y) + ni(y)
, U8Xk9V

∇∇∇ ·E(y) = qi(ni(y)− ne(y)), U8Xk8V

1

2
ñ(y)(1 +∆ñ(y)) = ne(y)

√
1− vxe(y)2 − vze(y)2, U8XkeV

1

2
ñ(y)(1−∆ñ(y)) = ni(y)

√
1− vxi(y)2 − vzi(y)2. U8XkdV

1[bX 8XkRĜ8Xkd �`2 �``�M;2/ bQ i?�i ;Bp2M p�Hm2b UbmTTQbBM; y Bb }t2/V �`2 QM i?2 H27i- �M/ +?Qb2M

p�Hm2/ �`2 QM i?2 `B;?i U�T�`i 7`QK i?2 H�bi irQ 2[m�iBQMb- r?B+? +QMi�BM 7�+iQ`b Q7 1 ±∆ñ(y) QM

i?2 H27iVX h?2 }`bi irQ +QMbi`�BMib 1[bX 8XkR �M/ 8Xkk 2Mbm`2 i?�i +m``2Mi +�``B2/ #v 2H2+i`QMb

�M/ BQMb Bb +QMbBbi2Mi rBi? i?2 +m`H Q7 i?2 K�;M2iB+ }2H/X8 1[bX 8Xkj �M/ 8Xk9 2Mbm`2 i?�i i?2

MmK#2` /2MbBiB2b �M/ p2HQ+BiB2b Q7 2H2+i`QM �M/ T`QiQMb K�i+? i?2 +?Qb2M #mHF p2HQ+Biv T`Q}H2b BM

x �M/ z Ui?2`2 Bb MQ +m``2Mi BM y- bQ i?2`2 Bb MQ M22/ iQ +QMbB/2` i?2 KQiBQM Q7 T�`iB+H2b �HQM; yVX

h?2 +QMbi`�BMi 1[X 8Xk8 2Mbm`2b i?�i i?2 2H2+i`QM �M/ T`QiQM MmK#2` /2MbBiB2b �`2 +QMbBbi2Mi rBi?

:�mbbǶb H�rX h?2 H�bi irQ +QMbi`�BMib 1[bX 8Xke �M/ 8Xkd 2M7Q`+2 i?�i i?2 H�# 7`�K2 2H2+i`QM �M/ BQM

MmK#2` /2MbBiB2b �`2 +QMbBbi2Mi rBi? i?2 /2MbBiv T`Q}H2 BM i?2 +QKQpBM; 7`�K2X 1[bX 8XkRĜ8Xkd K�v

#2 bQHp2/ iQ Q#i�BM 2tTHB+Bi 2tT`2bbBQMb 7Q` i?2 b2p2M mMFMQrM T`Q}H2b ne(y), ni(y)- vxe(y), vxi(y)-

vze(y), vzi(y)- �M/ ∆ñ(y)- r?B+? r2 mb2 �b �M BMBiB�H +QM/BiBQM BM Qm` bBKmH�iBQMbX

qBi? i?2 2H2+i`QM �M/ T`QiQM MmK#2` /2MbBiB2b ne(y) �M/ ni(y)e bT2+B}2/ �++Q`/BM; iQ i?2 bQHm@
8AM TRISTAN-MP- i?2`2 Bb � +QMp2MiBQM i?�i +m``2Mib �`2 /2}M2/ �b i?2 M2;�iBp2 Q7 T?vbB+�H +m``2Mib

/2}M2/ ?2`2- r?B+? r2 �++QmMi 7Q` BM Qm` BKTH2K2Mi�iBQMX
e1[mBp�H2MiHv, i?2 +QKQpBM; /2MbBiB2b ñej(y) ≡ ne(y)/Γe(y) �M/ ñij(y) ≡ ni(y)/Γi(y)- r?2`2 Γs(y) =
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iBQM Q7 1[bX 8XkRĜ8Xkd- r2 +QKTmi2 i?2 i2KT2`�im`2 T`Q}H2 BM i?2 +QKQpBM; 7`�K2X h?2 i2KT2`�im`2

T`Q}H2 Kmbi b�iBb7v T`2bbm`2 #�H�M+2 BM i?2 H�# 7`�K2- BX2X T yy
tot = +QMbiXc ?2`2- T yy

tot Bb i?2 yy +QKTQ@

M2Mi Q7 i?2 iQi�H bi`2bb@2M2`;v i2MbQ` UBM+Hm/BM; #Qi? T�`iB+H2 �M/ 2H2+i`QK�;M2iB+ bi`2bb@2M2`;vV-

Tµν
tot = Tµν

prtl + Tµν
em - �M/

Tµν
prtl =

∫
mf(x,u)uµuν

d3u

γ
, U8Xk3V

Tµν
em = FµαF ν

α − 1

4
gµνFαβF

αβ . U8XkNV

>2`2- uµ Bb i?2 T�`iB+H2 7Qm`@KQK2MimK- gµν = /B�;(−1, 1, 1, 1) Bb i?2 K2i`B+ i2MbQ`- �M/ Fµν Bb i?2

2H2+i`QK�;M2iB+ i2MbQ`c 7Q` T`�+iB+�H +�H+mH�iBQMb- Bi Bb mb27mH iQ r`Bi2 1[bX 8Xk3 �M/ 8XkN BM 2tTHB+Bi

K�i`Bt 7Q`K-

Tprtl =
∑

T`iH

⎛

⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

mnγ mnβxγ mnβyγ mnβzγ

mnβxγ mnβ2
xγ mnβxβyγ mnβxβzγ

mnβyγ mnβxβyγ mnβ2
yγ mnβyβzγ

mnβzγ mnβxβzγ mnβyβzγ mnβ2
zγ

⎞

⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

=

⎛

⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

e px py pz

px pxx pxy pxz

py pxy pyy pyz

pz pxz pyz pzz

⎞

⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

, U8XjyV

Tem =

⎛

⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1
2(B

2 + E2) BzEy −ByEz −BzEx +BxEz ByEx −BxEy

BzEy −ByEz
1
2(B

2 + E2)−B2
x − E2

x −BxBy − ExEy −BxBz − ExEz

−BzEx +BxEz −BxBy − ExEy
1
2(B

2 + E2)−B2
y − E2

y −ByBz − EyEz

ByEx −BxEy −BxBz − ExEz −ByBz − EyEz
1
2(B

2 + E2)−B2
z − E2

z

⎞

⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

.

U8XjRV

AM 1[X 8Xjy- i?2 bmK Bb i�F2M Qp2` �HH T�`iB+H2b BM i?2 pQHmK2 mM/2` +QMbB/2`�iBQMc e Bb i?2 iQi�H

2M2`;v /2MbBiv- pi �`2 KQK2MimK /2MbBiB2b- �M/ pij �`2 T`2bbm`2b �M/ b?2�`bX 6Q` i?2 D2i T`Q#H2K

1/
√
1− vxs(y)2 − vzs(y)2, s ∈ {2- B}, Bb i?2 HQ+�H #mHF GQ`2Mix 7�+iQ`X
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r2 +QMbB/2`- 2H2+i`QMb �M/ T`QiQMb +�M ?�p2 BMBiB�H #mHF p2HQ+BiB2b BM QMHv i?2 x �M/ z /B`2+iBQMb-

�b +m``2Mib QMHv M22/ iQ #2 BMBiB�HBx2/ BM i?2 x �M/ z /B`2+iBQMb Ub22 1[bX 8XRy �M/ 8XRkV- �M/ i?2

+QKTQM2Mi Q7 p2HQ+Biv BM i?2 y /B`2+iBQM Bb x2`Q Ub22 1[X 8X8VX

S�`iB+H2b �`2 BMBiB�HBx2/ BM i?2 +QKQpBM; 7`�K2- �M/ i?2 yy +QKTQM2Mi Q7 T�`iB+H2 bi`2bb@2M2`;v

T̃ yy
prtl Bb BMp�`B�Mi mM/2` � #QQbi BM x- (Γ,−Γβx, 0,−Γβz)c iQ 2Mbm`2 T`2bbm`2 #�H�M+2- Bi Bb 2MQm;?

i?�i i?2 bmK T̃ yy
prtl + T yy

em Bb +QMbi�Mi �HQM; y,

p̃yy(y) +
1

2
(B(y)2 + E(y)2)−By(y)

2 − Ey(y)
2 = +QMbi. U8XjkV

q2 BMBiB�HBx2 �M BbQi`QTB+ /Bbi`B#miBQM BM i?2 +QKQpBM; 7`�K2- i?2`27Q`2 p̃yy/m = ñ θ- r?2`2 θ = T/m

Bb i?2 /BK2MbBQMH2bb i2KT2`�im`2 BM i?2 +QKQpBM; 7`�K2 UT Bb i2KT2`�im`2VX h?2 i2KT2`�im`2 T`Q}H2

7Q` #Qi? T�`iB+H2 bT2+B2b iQ;2i?2` Kmbi b�iBb7v

ñej(y)meθe(y) + ñij(y)miθi(y) =

(
+QMbiX− 1

2
(B(y)2 + E(y)2) +By(y)

2 + Ey(y)
2

)
, U8XjjV

r?B+? 7QHHQrb 7`QK 1[bX 8Xjy �M/ 8XjR- �M/ i?2 +QMbi�Mi Bb bQHp2/ 7Q` #v +QMbB/2`BM; T`2bbm`2 #�H�M+2

BM i?2 D2i `2;BQM- r?2`2 2H2+i`QMb �M/ T`QiQMb �`2 T`2b+`B#2/ i2KT2`�im`2b θe0j �M/ θi0j- `2bT2+iBp2HvX

LQiBM; �HbQ i?�i i?2`2 �`2 MQ +m``2Mib Q` #mHF p2HQ+BiB2b BM i?2 D2i 7`�K2 UbQ ñe0j = ñi0j =
1
2 ñ0jV- r2

bQHp2 7Q` i?2 +QMbi�Mi,

+QMbiX = 1

2
ñ0j(meθe0j +miθi0j) +

1

2
B2

0(1 + b2j ). U8Xj9V

RN9



*QK#BMBM; 1[bX 8Xjj �M/ 8Xj9- i?2 i2KT2`�im`2 T`Q}H2 UQ7 2Bi?2` bT2+B2bV BM i?2 +QKQpBM; 7`�K2 Bb

θe(y) =
1

2ñej(y)me

(
1

2
ñ0j(meθe0j +miθi0j) +

1

2
B2

0(1 + b2j )

− 1

2
(B(y)2 + E(y)2) +By(y)

2 + Ey(y)
2

)
,

U8Xj8V

θi(y) =
1

2ñij(y)mi

(
1

2
ñ0j(meθe0j +miθi0j) +

1

2
B2

0(1 + b2j )

− 1

2
(B(y)2 + E(y)2) +By(y)

2 + Ey(y)
2

)
.

U8XjeV

8XkXk 6B/m+B�H T�`�K2i2`b �M/ MmK2`B+�H +?QB+2b

h?2 T?vbB+�H T�`�K2i2`b r2 mb2 iQ bT2+B7v i?2 BMBiB�H bi�i2 Q7 Qm` SA* bBKmH�iBQMb �`2 i?2 b�K2 �b

i?Qb2 /2b+`B#2/ BM a2+X 9XkXRXk Ub22 �HbQ h�#X 9XRVX >2`2- r2 `2bi�i2 i?2K #`B2~vX

h?2 T�`�K2i2` βsh Bb i?2 bT22/ Q7 i?2 rBM/ `2H�iBp2 iQ i?2 D2iX h?2 bi`2M;i? Q7 i?2 BM@TH�M2

K�;M2iB+ }2H/ QM i?2 D2i bB/2 Bb b2i #v σwx ≡ B2
x0/w0- r?2`2 Bx0 Bb i?2 K�;MBim/2 Q7 i?2 BM@TH�M2

K�;M2iB+ }2H/ QM i?2 D2i bB/2- �M/ w0 Bb i?2 BMBiB�H 2Mi?�HTv /2MbBiv BM i?2 D2i Ub22 1[X 9X9eVX

h?2 BMBiB�H i2KT2`�im`2 QM i?2 D2i bB/2 Bb +QMi`QHH2/ #v i?2 BQM TH�bK� #2i� βix ≡ pi0/(B2
x0/2)-

r?B+? Bb i?2 `�iBQ Q7 UirB+2V i?2 BQM T`2bbm`2 iQ i?2 K�;M2iB+ T`2bbm`2- +QKTmi2/ rBi? i?2 BM@TH�M2

+QKTQM2Mi Q7 K�;M2iB+ }2H/ Ub22 1[X 9X98VX 6Q` �HH Q7 i?2 bBKmH�iBQMb T`2b2Mi2/ ?2`2- r2 +QMbB/2`

�M BQM iQ 2H2+i`QM K�bb `�iBQ Q7 mMBiv- mi/me = 1- �M/ 2[m�H BMBiB�H 2H2+i`QM �M/ BQM i2KT2`�im`2b-

Te0 = Ti0c i?2`27Q`2 �HbQ i?2 /BK2MbBQMH2bb i2KT2`�im`2b Q7 2H2+i`QMb �M/ BQMb �`2 2[m�H- θe0 = θi0

Ui?Bb Bb i`m2 QM #Qi? i?2 D2i �M/ rBM/ bB/2b BM/BpB/m�HHv, θe0j = θi0j �M/ θe0w = θi0wVX h?2 Qmi@

Q7@TH�M2 +QKTQM2Mi Q7 K�;M2iB+ }2H/ Bb +QMi`QHH2/ #v bj ≡ Bz0j/Bx0j U1[X 9X9V- �M/ HBF2rBb2 i?2

bi`2M;i? Q7 i?2 K�;M2iB+ }2H/ BM i?2 rBM/ Bb +QMi`QHH2/ #v bw ≡ Bz0w/Bx0j U1[X 9X9V h?2 `�iBQ

Q7 rBM/@bB/2 iQ D2i@bB/2 /2MbBiv UBM i?2 H�# 7`�K2V Bb b2i #v ρ0w/ρ0j = n0w/n0j UBM i?2 T`2b2Mi

BMp2biB;�iBQM- r2 HBKBi Qm` 7Q+mb iQ i?2 +�b2 Q7 2[m�H 2H2+i`QM �M/ BQM K�bb2b- mi/me = 1VX G�biHv-
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7Q` j. bBKmH�iBQMb- i?2 T�`�K2i2` f ≡ m/k +QMi`QHb i?2 �M;H2 Q7 T`QT�;�iBQM Q7 T2`im`#�iBQMbX 6Q`

i?2 bBKmH�iBQMb r2 /2b+`B#2 BM a2+X 8Xj- r2 ivTB+�HHv }t bw/bj = 0.1 �M/ ρ̃0w/ρ0j = 4 Uρ̃0w Bb i?2

BMBiB�H rBM/@bB/2 /2MbBiv BM i?2 `2bi 7`�K2VX

AM �//BiBQM iQ i?2 T?vbB+�H T�`�K2i2`b /2b+`B#2/ �#Qp2- i?2`2 �`2 b2p2`�H MmK2`B+�H T�`�K2i2`b

r2 +?QQb2X q2 #`B2~v bT2+B7v i?2 KQbi BKTQ`i�Mi Q7 i?2b2 Ub22 a2+X jXj 7Q` � +QKT`2?2MbBp2

/Bb+mbbBQMVX h?2 2H2+i`QM bFBM /2Ti? QM i?2 D2i bB/2 Bb c/ωpec ?2`2 ωpe ≡
√

ñ0jq2i /(γe0jme) Bb i?2

TH�bK� 7`2[m2M+v- rBi? γe0j = 1 + ue0j/(ñ0jmec2)- r?2`2 ue0j Bb i?2 BMBiB�H 2H2+i`QM BMi2`M�H 2M2`;v

QM i?2 D2i bB/2X h?2 bFBM /2Ti?- r?B+? +QMi`QHb i?2 i2KTQ`�H `2bQHmiBQM Q7 i?2 bBKmH�iBQM- Bb `2bQHp2/

rBi? Re +2HHb QM i?2 D2i bB/2 Ui?Bb +Q``2bTQM/b iQ � iBK2bi2T ∆ts = 0.028125 ω−1
pe VX PM i?2 rBM/

bB/2- r?2`2 r2 ivTB+�HHv }t i?2 `2bi@7`�K2 /2MbBiv iQ #2 � 7�+iQ` Q7 7Qm` H�`;2` i?�M QM i?2 D2i

bB/2- i?2 bFBM /2Ti? Bb 16/
√
4 4 3- +Q``2bTQM/BM; iQ � i2KTQ`�H `2bQHmiBQM Q7 0.05625 ω−1

pe X 6Q`

MmK2`B+�H bi�#BHBiv �M/ iQ b�iBb7v i?2 *Qm`�Mi +QM/BiBQM- r2 b2i i?2 bT22/ Q7 HB;?i BM Qm` bBKmH�iBQM

iQ c = 0.45X

q2 T2`7Q`K Qm` bBKmH�iBQMb QM � #Qt Q7 bBx2 Lx×Ly ≈ 1000 c/ωpe× 3000 c/ωpe- r?B+? r2 }M/ Bb

bm{+B2MiHv H�`;2 iQ vB2H/ +QMp2`;2/ K2�bm`2K2Mib Q7 i?2 ;`Qri? `�i2b r2 /Bb+mbb BM a2+X8XjXk Ub22

a2+X 8X� 7Q` 7m`i?2` /Bb+mbbBQMVX h?2 i`�MbBiBQM rB/i? Bb `2bQHp2/ rBi? ∆t = 45 c/ωpe- r?B+?- 7Q`

i?2 +�b2b r2 T`2b2Mi BM a2+X 8XjXk- ?�b � ;`�/B2Mi BM i?2 K�;M2iB+ }2H/ ;`�/m�H 2MQm;? i?�i FBM2iB+

2z2+ib /Q MQi +�mb2 Qm` BMBiB�HBx2/ ~mB/ 2[mBHB#`BmK iQ #2 mMbi�#H2X G�biHv- 7Q` �HH +�b2b /Bb+mbb2/

?2`2- r2 +QMbB/2` 2H2+i`QM@TQbBi`QM TH�bK�- BX2X i?2 K�bb `�iBQ mi/me = 1X

q2 `2K�`F QM �M BKTQ`i�Mi /Bz2`2M+2 #2ir22M i?2 b2imT Q7 Qm` SA* bBKmH�iBQMb- �M/ i?�i Q7

i?2 `2H�iBpBbiB+ J>. bBKmH�iBQMb /Bb+mbb2/ BM a2+X 9XjXRX q?2`2�b � #Qt@bBx2/ T2`im`#�iBQM r�b

BMBiB�HBx2/ BM i?2 `2H�iBpBbiB+ J>. bBKmH�iBQMb- BM i?2 SA* bBKmH�iBQMb r2 �HHQr T2`im`#�iBQMb iQ

;`Qr 7`QK i?2`K�H MQBb2- �M/ /Q MQi BMBiB�HBx2 � T2`im`#�iBQMXd

dq2 ?�p2 i2bi2/ � SA* b2imT r?2`2 r2 /Q BMBiB�HBx2 � T2`im`#�iBQM- #mi i?2 r�p2 Bb [mB+FHv b�im`�i2/ #v
i?2`K�H MQBb2- �M/ i?2 bBKmH�iBQM #2?�p2b �b B7 MQ T2`im`#�iBQM ?�/ #22M BMBiB�HBx2/X

RNe



8Xj _2bmHib

AM i?Bb b2+iBQM- r2 T`2b2Mi i?2 `2bmHib Q7 Qm` SA* bBKmH�iBQMb Q7 i?2 E> BMbi�#BHBiv BM �bi`QT?vbB+�H

D2ibX q2 /Bb+mbb i?2 iBK2 2pQHmiBQM Q7 i?2 BMbi�#BHBiv BM a2+X 8XjXRX L2ti- BM a2+X 8XjXk- r2 T`2b2Mi

K2�bm`2K2Mib Q7 i?2 ;`Qri? `�i2- �M/ +QKT�`2 rBi? i?2 i?2Q`2iB+�H T`2/B+iBQMb U�b BM *?X 9- i?2b2

�`2 +QKTmi2/ �++Q`/BM; iQ 1[bX 9X39 �M/ 9X38VX G�biHv- BM a2+X 8XjXj- r2 mb2 � i2bi +�b2 iQ

BMp2biB;�i2 i?2 TQbbB#BHBiv Q7 E>@BM/m+2/ K�;M2iB+ `2+QMM2+iBQMX

8XjXR hBK2 2pQHmiBQM

AM 6B;X 8XR- r2 b?Qr i?2 iBK2 2pQHmiBQM Q7 i?2 E> BMbi�#BHBiv BM � bBKmH�iBQM rBi? βsh = 0.8,σwx =

1,βix = 0.078, bj = 3, bw = 0.3, �M/ `�iBQ Q7 rBM/@bB/2 iQ D2i@bB/2 BMBiB�H /2MbBiv ρ0w/ρ0j = 6.7 Ui?Bb

+Q``2bTQM/b iQ � `�iBQ ρ̃0w/ρ0j = 4- r?2`2 ρ̃0w Bb i?2 BMBiB�H /2MbBiv BM i?2 `2bi 7`�K2 Q7 i?2 rBM/VX

S�M2Hb �Ĝ. b?Qr i?2 MmK#2` /2MbBiv BM mMBib Q7 BMBiB�H MmK#2` /2MbBiv Un/n0V 7Q` t BM i?2 `�M;2

27(vAkx0)−1Ĝ87(vAkx0)−1X "Hm2 +Q``2bTQM/b iQ i?2 UHQr /2MbBiv �M/ K�;M2iBx2/V D2i- r?2`2�b `2/

b?Qrb i?2 U?B;? /2MbBiv �M/ r2�FHv K�;M2iBx2/V rBM/X AM T�M2H �- i?2 E> BMbi�#BHBiv Bb M2�`BM;

i?2 2M/ Q7 i?2 HBM2�` ;`Qri? T?�b2X AM T�M2Hb "Ĝ.- r2 b22 i?2 MQMHBM2�` 2pQHmiBQM Q7 i?2 D2i@rBM/

bvbi2K �7i2` i?2 E> BMbi�#BHBiv ?�b b�im`�i2/X AM T�M2H .- �M BMb2i THQi BM i?2 mTT2` `B;?i b?Qrb �

bi`m+im`2 BM i?2 KBtBM; H�v2` #2ir22M i?2 D2i �M/ rBM/X JBtBM; /m`BM; i?2 MQMHBM2�` T?�b2- r?B+?

Bb ?B;?HB;?i2/ ?2`2- Bb bm;;2biBp2 Q7 i?2 TQbbB#BHBiv 7Q` E>@BM/m+2/ `2+QMM2+iBQM- /m2 iQ bi`2i+?BM; Q7

K�;M2iB+ }2H/b rBi?BM i?2 E> bi`m+im`2b �i i?2 KBtBM; BMi2`7�+2 UGBm 2i �HX- RN33c ai2BM#2`; 2i �HX-

kyydc 6�;�M2HHQ 2i �HX- kyRkVc r2 7m`i?2` 2tTHQ`2 i?2 [m2biBQM Q7 E>@BM/m+2/ K�;M2iB+ /BbbBT�iBQM

BM a2+X 8XjXjX

8XjXk AMbi�#BHBiv ;`Qri? `�i2b

� K�BM 7Q+mb Q7 i?Bb +?�Ti2` Bb iQ +QKT�`2 i?2 i?2Q`2iB+�HHv T`2/B+i2/ ;`Qri? `�i2 Q7 i?2 E>

BMbi�#BHBiv- bT2+B�HBx2/ iQ i?2 +�b2 Q7 �M �bi`QT?vbB+�H D2i Ub22 1[bX 9X39 �M/ 9X38V- rBi? i?Qb2

Q#i�BM2/ BM SA* bBKmH�iBQMbX a2p2`�H SA* bim/B2b Q7 i?2 E> BMbi�#BHBiv 2tBbi BM i?2 HBi2`�im`2
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6B;m`2 8XR, hBK2 2pQHmiBQM Q7 MmK#2` /2MbBiv UBM mMBib Q7 BMBiB�H MmK#2` /2MbBiv QM i?2 D2i bB/2V 7Q` i?2
D2i b2imTc `2/ b?Qrb i?2 rBM/ bB/2 �M/ #Hm2 b?Qrb i?2 D2i bB/2X

U>2M`B 2i �HX- kyRjc G22 2i �HX- kyR8c a?mFH� 2i �HX- kyReV- BM+Hm/BM; b2p2`�H r?B+? �//`2bb i?2 E>

BMbi�#BHBiv BM �bi`QT?vbB+�H D2ib U�Hp2b 2i �HX- kyRkc LBb?BF�r� 2i �HX- kyRkc :`BbK�v2` 2i �HX- kyRjc

�Hp2b 2i �HX- kyR9VX 6`QK }`bi@T`BM+BTH2b Bi Bb MQi BKK2/B�i2Hv +H2�` i?�i +QHHBbBQMH2bb SA* bBKmH�iBQMb

b?QmH/ +�Tim`2 i?2 T?vbB+b Q7 � ~mB/ BMbi�#BHBiv bm+? �b E>X >Qr2p2`- QM2 2tT2+ib i?�i bi`QM;Hv

K�;M2iBx2/ TH�bK� K�v QT2`�i2 �b �M J>. ~mB/X AM/22/- >2M`B 2i �HX UkyRjV /2KQMbi`�i2/ i?�i-

rBi? `2;�`/ iQ K2�bm`2/ ;`Qri? `�i2b Q7 i?2 E> BMbi�#BHBiv- 7mHHv@FBM2iB+ SA* bBKmH�iBQMb �M/

J>. bBKmH�iBQMb �;`22 BM i?2 bi`QM;Hv K�;M2iBx2/ HBKBic i?2v +QMbB/2`2/ ;mB/2 }2H/b bg∼20 BM

� +QMp2MiBQM�H E> b2imT- r?2`2 bg ≡ Bz0/Bx0X >Qr2p2`- i?2 p�HB/Biv Q7 SA* BM KQ/2HBM; i?2

E> BMbi�#BHBiv BM KQ/2`�i2Hv- Q` 2p2M r2�FHv- K�;M2iBx2/ TH�bK� `2K�BMb mM2tTHQ`2/- �M/ Bb �M

BKT2imb 7Q` i?2 T`2b2Mi BMp2biB;�iBQMX

h?2 K2i?Q/ r2 mb2 iQ K2�bm`2 ;`Qri? `�i2b BM SA* bBKmH�iBQMb Bb bBKBH�` iQ i?�i /2b+`B#2/ BM a2+X
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9XjXjX "`B2~v- r2 mb2 i?2 ;`Qri? Q7 6Qm`B2` TQr2` |ṽy(kx0)|2 �b � T`Qtv 7Q` ;`Qri? Q7 i?2 BMbi�#BHBiv-

r?2`2 |ṽy(kx0)|2 Bb i?2 6Qm`B2` TQr2` BM i?2 p2HQ+Biv }2H/ vy 2p�Hm�i2/ �i k = (kx0, ky0)c kx0 �M/

ky0 ?2`2 �`2 i?2 r�p2p2+iQ`b Q7 i?2 HQM;2bi r�p2H2M;i? T2`im`#�iBQM BM x �M/ y- `2bT2+iBp2HvX LQi2

i?�i BM i?2 SA* +�b2 UmMHBF2 i?2 _J>. bBKmH�iBQMb /2b+`B#2/ BM a2+X 9XjXRV- r2 /Q MQi BMBiB�HBx2 �

T2`im`#�iBQM Ub22 a2+X 8XkV- bQ kx0 `272`b bBKTHv iQ i?2 H�`;2bi@r�p2H2M;i? T2`im`#�iBQM BM x- `�i?2`

i?�M iQ �M BMBiB�HBx2/ T2`im`#�iBQMX "27Q`2 +QKTmiBM; i?2 6Qm`B2` TQr2` |ṽy(kx0)|2- r2 �TTHv �

:�mbbB�M }Hi2` iQ i?2 }2H/ vy- r?B+? ?2HTb `2/m+2 MQBb2 BM |ṽy(kx0)|2c i?2 rB/i? Q7 i?2 }Hi2` Bb kyW

Q7 i?2 /QK�BM bBx2 BM y- ?Qr2p2`- r2 ?�p2 i2bi2/ i?�i i?2 K2�bm`2/ ;`Qri? `�i2 Q7 |ṽy(kx0)|2 Bb

BMb2MbBiBp2 iQ i?2 +?QB+2 Q7 }Hi2` rB/i?X

AM 6B;X 8Xk- r2 b?Qr i?2 ;`Qri? Q7 |ṽy(kx0)|2 7Q` � bBKmH�iBQM rBi? βsh = 0.8,σwx = 1,βix =

0.078, bj = 3, bw = 0.3, �M/ ρ̃0w/ρ0j = 4 Ui?Bb +Q``2bTQM/b iQ i?2 bBKmH�iBQM b?QrM BM 6B;X 8XRVX h?2

`2/ +m`p2 b?Qrb i?2 ;`Qri? K2�bm`2/ BM SA*- �M/ i?2 #Hm2 /�b?2/ HBM2 BM/B+�i2b i?2 T`2/B+i2/ `�i2

Q7 ;`Qri? U7`QK 1[bX 9X39 �M/ 9X38VX h?2 SA* ;`Qri? `�i2 Bb bHB;?iHv #2HQr i?2 T`2/B+iBQM- #mi

b?Qrb �/2[m�i2 �;`22K2MiX h?2 ;`Qri? Q7 i?2 BMbi�#BHBiv b�im`�i2b �`QmM/ t ≈ 45(vAkx0)−1X h?2

7Qm` p2`iB+�H /Qii2/ HBM2b +Q``2bTQM/ iQ i?2 iBK2b �i r?B+? i?2 bT�iB�H T`Q}H2b Q7 MmK#2` /2MbBiv BM

T�M2Hb �Ĝ. Q7 6B;X 8XR �`2 b?QrMX

L2ti- BM 6B;X 8Xj r2 b?Qr � +QKT�`BbQM #2ir22M i?2 T`2/B+i2/ ;`Qri? `�i2 �M/ SA* bBKmH�iBQM �b

� 7mM+iBQM Q7 i?2 b?2�` p2HQ+Biv βshX 6Q` i?2 bBKmH�iBQMb ?2`2- σwx = 1,βix = 0.078, bj = 3, bw = 0.3,

�M/ ρ̃0w/ρ0j = 4X h?2 #Hm2 +m`p2 b?Qrb i?2 T`2/B+i2/ ;`Qri? `�i2 AK(φvA)- �M/ i?2 `2/ TQBMib

b?Qr i?2 ;`Qri? `�i2b K2�bm`2/ BM bBKmH�iBQMbX h?2 2``Q` #�`b BM/B+�i2 mM+2`i�BMiv QM i?2 SA*

K2�bm`2K2Mib Q7 i?2 ;`Qri? `�i2 Ub22 a2+X 8X" 7Q` 7m`i?2` /Bb+mbbBQMVX h?2 BMbi�#BHBiv ?�b � bi�#H2

`2;BQM 7Q` βsh ! 0.35- r?B+? Bb `2H�i2/ iQ BM@TH�M2 K�;M2iB+ i2MbBQM U*?�M/`�b2F?�`- RNeRc JBm`�

� S`Bi+?2ii- RN3kV- �M/ �TT`Q�+?2b x2`Q �HbQ BM i?2 `2H�iBpBbiB+ HBKBi U"Q/Q 2i �HX- kyy9c PbK�MQp

2i �HX- kyy3VX h?2 T`2/B+iBQM �M/ i?2 ;`Qri? `�i2b K2�bm`2/ BM SA* bBKmH�iBQMb b?Qr �;`22K2MiX
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6B;m`2 8Xk, hBK2 2pQHmiBQM Q7 6Qm`B2` TQr2` |ṽy(kx0)|2- 7Q` i?2 bBKmH�iBQM b?QrM BM 6B;X 8XRc i?2 7Qm`
p2`iB+�H /Qii2/ HBM2b 7`QK H27i iQ `B;?i +Q``2bTQM/ iQ T�M2Hb �Ĝ. BM 6B;X 8XR `2bT2+iBp2Hv- BM/B+�iBM; i?2
iBK2 �i r?B+? 2�+? /2MbBiv T`Q}H2 Bb b?QrMX h?2 `2/ +m`p2 Bb bKQQi?2/ bHB;?iHv UmbBM; � a�pBixFv � :QH�v
URNe9V }Hi2`V 7Q` T`2b2Mi�iBQMX

6B;m`2 8Xj, *QKT�`BbQM Q7 �M�HviB+�HHv T`2/B+i2/ ;`Qri? `�i2 U#Hm2 HBM2V �M/ SA* bBKmH�iBQMb U`2/ +B`@
+H2bVX >2`2- σwx = 1- βix = 0.078- bj = 3- �M/ bw = 0.3X βsh /2T2M/2M+2 Q7 i?2 ;`Qri? `�i2 Bb b?QrMX

6B;X 8X9 Bb bBKBH�` iQ 6B;X 8Xj- #mi ?2`2 r2 }t βsh = 0.8 �M/ bim/v i?2 σwx /2T2M/2M+2 Q7

i?2 BMbi�#BHBiv Ui?2 Qi?2` T�`�K2i2`b �`2 i?2 b�K2 �b #27Q`2, βix = 0.001, bj = 3, bw = 0.3, �M/

ρ̃0w/ρ0j = 4VX h?2`2 Bb � `2;BQM Q7 bi�#BHBiv 7Q` σw ! 5×10−2- r?B+? �b r2 /Bb+mbb2/ BM a2+X 9XkX9 Bb

`2H�i2/ iQ i?2 +H�bbB+�H +`Bi2`BQM 7Q` bi�#BHBiv- βsh ! csX �HHQrBM; 7Q` mM+2`i�BMiB2b- �b BM/B+�i2/ #v

i?2 2``Q`#�`b- i?2 SA* bBKmH�iBQM BM i?Bb `2;BK2 Bb +QMbBbi2Mi rBi? bi�#BHBivX �HbQ- �#Qp2 σw ∼ 0.1-

r2 }M/ �++2Ti�#H2 �;`22K2Mi #2ir22M i?2 T`2/B+i2/ �M/ K2�bm`2/ ;`Qri? `�i2bX

kyy



6B;m`2 8X9, h?2 H�vQmi ?2`2 Bb bBKBH�` iQ i?�i Q7 6B;X 8Xjc +QKT�`BbQM Q7 �M�HviB+�HHv T`2/B+i2/ ;`Qri?
`�i2 U#Hm2 HBM2V �M/ SA* bBKmH�iBQMb U`2/ +B`+H2bVX >2`2- βsh = 0.8- βix = 0.001- bj = 3- �M/ bw = 0.3X σwx

/2T2M/2M+2 Q7 i?2 ;`Qri? `�i2 Bb b?QrMX

L2ti- BM 6B;X 8X8 r2 b?Qr i?2 bj /2T2M/2M+2 Q7 i?2 ;`Qri? `�i2- �b K2�bm`2/ BM SA*- �M/

+QKT�`2 rBi? i?2Q`vX h?2 }t2/ T�`�K2i2`b �`2 bBKBH�` iQ #27Q`2, βsh = 0.8,σwx = 1,βix = 0.078,

�M/ ρ̃0w/ρ0j = 4c BM 2�+? +�b2- r2 b2i bw = bj/10X 6Q` bj = 0- i?2 K�;M2iB+ }2H/ QM i?2 D2i bB/2

Bb 2MiB`2Hv BM@TH�M2- r?2`2�b 7Q` bj → ∞- i?2 K�;M2iB+ }2H/ QM i?2 D2i bB/2 TQBMib +QKTH2i2Hv Qmi@

Q7@TH�M2X aBM+2 i?2 bBKmH�iBQMb ?2`2 �`2 k. U�M/ i?mb i?2 T2`im`#�iBQMb T`QT�;�i2 BM@TH�M2V- i?2

;`QrBM; BMbi�#BHBiv Bb bm#D2+i iQ i?2 bi�#BHBxBM; 2z2+i Q7 K�;M2iB+ i2MbBQM �b bj �TT`Q�+?2b x2`Q- �M/

i?Bb bi�#BHBxBM; 2z2+i Bb `2KQp2/ �b bj BM+`2�b2bX h?2 ;`Qri? `�i2 b�im`�i2b #2vQM/ bj ≈ 10- #2+�mb2

BM+`2�bBM; i?2 ;mB/2 }2H/ 7m`i?2` ?�b � M2;HB;B#Hv bK�HH 2z2+i QM i?2 BM@TH�M2 K�;M2iB+ i2MbBQMX h?2

K2�bm`2/ �M/ T`2/B+i2/ ;`Qri? `�i2b b?Qr �/2[m�i2 �;`22K2MiX

AM 6B;X 8Xe- r2 b?Qr i?2 βix /2T2M/2M+2 Q7 i?2 ;`Qri? `�i2 �M/ +QKT�`2 rBi? i?2Q`vX aBKBH�` iQ

#27Q`2- i?2 }t2/ T�`�K2i2`b �`2 βsh = 0.8,σwx = 1, bj = 3, bw = 0.3, �M/ ρ̃0w/ρ0j = 4X h?2 b?�/2/

;`�v `2;BQM #2;BMMBM; �i βix = βix,max ≡ 1/(4σwx) = 0.25 HB2b #2vQM/ i?2 K�tBKmK TQbbB#H2 p�Hm2

Q7 βix ;Bp2M i?�i σwx = 1- �M/ i?mb +Q``2bTQM/b iQ � T?vbB+�HHv BM�++2bbB#H2 T�`i Q7 i?2 T�`�K2i2`

bT�+2X3 h?2 ;`Qri? `�i2 Bb �#Qmi +QMbi�Mi �b βix /2+`2�b2b 7`QK βix = 0.25 /QrM iQr�`/b βix = 10−3X
3LQi2- ?Qr2p2`- i?�i i?Bb /Q2b MQi BM/B+�i2 � K�tBKmK TQbbB#H2 i2KT2`�im`2, �b βix → βix,max- i?2

+Q``2bTQM/BM; i2KT2`�im`2 θ → ∞c b22 a2+X 9X� 7Q` 7m`i?2` /2i�BHbX

kyR



6B;m`2 8X8, h?2 H�vQmi Bb �;�BM bBKBH�` iQ i?�i Q7 6B;X 8Xjc +QKT�`BbQM Q7 �M�HviB+�HHv T`2/B+i2/ ;`Qri?
`�i2 U#Hm2 HBM2V �M/ SA* bBKmH�iBQMb U`2/ +B`+H2bVX >2`2- βsh = 0.8- σwx = 1- �M/ βix = 0.001X h?2 ;mB/2
}2H/ QM i?2 rBM/ bB/2 Bb b2i #v bw/bj = 0.1 BM �HH +�b2bX bj /2T2M/2M+2 Q7 i?2 ;`Qri? `�i2 Bb b?QrMX

h?2 SA* bBKmH�iBQMb �M/ T`2/B+iBQM b?Qr �/2[m�i2 �;`22K2MiX

6B;m`2 8Xe, aBKBH�` iQ 6B;X 8Xjc +QKT�`BbQM Q7 �M�HviB+�HHv T`2/B+i2/ ;`Qri? `�i2 U#Hm2 HBM2V �M/ SA*
bBKmH�iBQMb U`2/ +B`+H2bVX >2`2- βsh = 0.8- σwx = 1- bj = 3- �M/ bw = 0.3X h?2 ;`�v b?�/2/ `2;BQM QM i?2
7�` `B;?i BM/B+�i2b � T?vbB+�HHv BM�++2bbB#H2 `�M;2 Q7 βix r?2M σwx = 1X βix /2T2M/2M+2 Q7 i?2 ;`Qri? `�i2
Bb b?QrMX

6Q` � i?`22@/BK2MbBQM�H +�b2- r2 ?�p2 i2bi2/ i?2 /2T2M/2M+2 Q7 i?2 ;`Qri? `�i2 QM i?2 `�iBQ

f = m/k- r?B+? +QMi`QHb i?2 �M;H2 Q7 T`QT�;�iBQM Q7 mMbi�#H2 KQ/2b- arctan(f)X h?2 +QKT�`BbQM

#2ir22M K2�bm`2K2Mib �M/ T`2/B+i2/ ;`Qri? `�i2b Bb b?QrM BM 6B;X 8XdX h?Bb +�b2 KB``Q`b i?2 k.

bBKmH�iBQM b?QrM BM 6B;X 8XR Ui?2 T?vbB+�H T�`�K2i2`b �`2 i?2 b�K2, βsh = 0.8,σwx = 1,βix =

0.078, bj = 3, bw = 0.3, �M/ ρ̃0w/ρ0j = 4V- #mi i?2 bBKmH�iBQM r�b T2`7Q`K2/ QM � #Qt i?�i Bb 7Qm`

kyk



iBK2b �b bK�HH BM i?2 x �M/ y /BK2MbBQMb Ui?2 H2M;i? BM z Bb 2[m�H iQ i?2 H2M;i? BM xVX

q2 K2�bm`2/ i?2 ;`Qri? `�i2b Q7 KQ/2b rBi? f ̸= 0 �M�HQ;QmbHv iQ i?2 r�v r2 K2�bm`2 i?2

;`Qri? `�i2 Q7 i?2 KQ/2 rBi? k = kx0 BM k. bBKmH�iBQMb- �b /2b+`B#2/ BM a2+X 9XjXjX hQ #2ii2`

`2bQHp2 i?2 T`2/B+i2/ mMbi�#H2 `2;BQM BM 6B;X 8Xd 7`QK arctan(f) ≈ −49ê iQ arctan(f) ≈ 26ê- r2

+QMbB/2`2/ KQ/2b rBi? k = 5kx0X Ai Bb BMi2`2biBM; iQ MQi2 i?�i i?2 K�tBKmK Q7 i?2 ;`Qri? `�i2

BM 6B;X 8Xd Bb �`QmM/ arctan(f) ≈ −15ê - r?B+? +Q``2bTQM/b +HQb2Hv iQ � r�p2p2+iQ` b�iBb7vBM;

k · B = 0 U*?�M/`�b2F?�`- RNeRc JBm`� � S`Bi+?2ii- RN3kVX "2HQr arctan(f) ≈ −49ê �M/ �#Qp2

arctan(f) ≈ 26ê- i?2 K�;M2iB+ i2MbBQM Q7 i?2 ;mB/2 }2H/ Bb 2pB/2MiHv bi`QM; 2MQm;? iQ bmTT`2bb i?2

BMbi�#BHBiv 2MiB`2HvX h?2 T`2/B+i2/ ;`Qri? `�i2 �;`22b rBi? i?2 K2�bm`2K2MiX

6B;m`2 8Xd, *QKT�`BbQM Q7 �M�HviB+�H ;`Qri? `�i2 �M/ K2�bm`2/ ;`Qri? `�i2b BM SA*- 7Q` � j. bBKmH�@
iBQMX h?2 bBKmH�iBQM T�`�K2i2`b ?2`2 �`2 βsh = 0.8- σwx = 1- βix = 0.001- bj = 3- �M/ bw = 0.3X �M;H2@Q7@
T`QT�;�iBQM arctan(f) /2T2M/2M+2 Q7 i?2 ;`Qri? `�i2 Bb b?QrMX

AM 6B;X 8X3- r2 b?Qr i?2 pQHmK2i`B+ T`Q}H2 Q7 /2MbBiv UBM mMBib Q7 n0j- i?2 BMBiB�H MmK#2` /2MbBiv

QM i?2 D2i bB/2V Q7 i?2 j. bBKmH�iBQM mM/2` /Bb+mbbBQMX h?2 /2MbBiv T`Q}H2 Bb b?QrM �i iBK2b

t = 32(vAkx0)−1 UT�M2H �V- �M/ t = 41(vAkx0)−1 UT�M2H "Vc i?2 7Q`K2` Bb �i i?2 i�BH 2M/ Q7 i?2 HBM2�`

;`Qri? T?�b2- �M/ i?2 H�ii2` Bb /m`BM; i?2 MQMHBM2�` 2pQHmiBQM Q7 i?2 BMbi�#BHBivX PMHv � 7`�+iBQM Q7

i?2 #Qt 7`QK y = 0 c/ωpe iQ y = 100 c/ωpe Bb b?QrM Ui?2 7mHH #Qt 2ti2M/b iQ y = 750 c/ωpeVX "Hm2

+Q``2bTQM/b iQ i?2 D2i- `2/ iQ i?2 rBM/- �M/ r?Bi2 b?Qrb i?2 KBtBM; H�v2` #2ir22M i?2 irQX �b i?2

kyj



pQHmK2i`B+ T`Q}H2 BM T�M2H � b?Qrb- r2 b22 � H�`;2@r�p2H2M;i? KQ/2 i?�i �TT2�`b iQ #2 T`QT�;�iBM;

BM i?2 xz TH�M2- bHB;?iHv Q#HB[m2Hv iQ i?2 x /B`2+iBQM UMQi2 i?�i �++Q`/BM; iQ i?2 T`2/B+iBQM b?QrM

BM 6B;X 8Xd- i?2 K�tBKmK ;`Qri? `�i2 Q7 i?2 BMbi�#BHBiv Bb �i arctan(f) ≈ −15êVX S�M2H " b?Qrb i?2

/2MbBiv T`Q}H2 /m`BM; i?2 MQMHBM2�` T?�b2- �M/ b?Qrb MQMmMB7Q`KBiv BM i?2 z /B`2+iBQM- +QM}`KBM;

i?�i i?2 mMbi�#H2 KQ/2b ?�p2 MQMx2`Q kzc i?Bb bm;;2bib i?�i k. �M/ j. bBKmH�iBQMb +QmH/ ;Bp2

/Bz2`2Mi `2bmHib rBi? `2;�`/ iQ [m�MiBiB2b K2�bm`2/ /m`BM; i?2 MQMHBM2�` T?�b2- � r2HH FMQrM 7�+i

7`QK bim/B2b +QKT�`BM;- 2X;X- K�;M2iB+ `2+QMM2+iBQM BM k. �M/ j. bBKmH�iBQMb U.�?HBM 2i �HX- kyR8c

JmMQx � "Ƀ+?M2`- kyR3VX

q2 b?Qr BM 6B;X 8XN � +QKT�`BbQM #2ir22M i?2 ;`Qri? Q7 |ṽy(kx0)|2 �b K2�bm`2/ BM k. �M/ j.

U7Q` f = 0V bBKmH�iBQMbX _2/ b?Qrb i?2 k. `2bmHi Ui?Bb Bb i?2 b�K2 �b BM 6B;X 8XkV- ;`22M i?2 j.

`2bmHi- �M/ i?2 /�b?2/ #Hm2 HBM2 +Q``2bTQM/b iQ i?2 T`2/B+i2/ HBM2�` ;`Qri? U�M Qzb2i ?�b #22M

�//2/ iQ i?2 ;`22M +m`p2 iQ �HHQr 7Q` 2�bB2` +QKT�`BbQM Q7 i?2 bHQT2b Q7 i?2 `2/- /�b?2/ #Hm2- �M/

;`22M +m`p2bVX h?2 ;`Qri? `�i2b 2ti`�+i2/ 7`QK i?2 k. �M/ j. bBKmH�iBQMb #Qi? b?Qr `2�bQM�#H2

�;`22K2Mi rBi? i?2 T`2/B+iBQMX q2 MQi2 i?�i i?2 ;`22M +m`p2 Qp2`b�im`�i2b i?2 T`2/B+iBQM- 2p2M

i?Qm;? i?Bb bBKmH�iBQM ?�b bK�HH2` x �M/ y /BK2MbBQMb i?�M i?2 +Q``2bTQM/BM; k. bBKmH�iBQM Ui?Bb

Bb +QMi`�`v iQ i?2 #Qt@bBx2 +QMp2`;2M+2 7Q` k. bBKmH�iBQMb i?�i r2 /Bb+mbb BM a2+X 8X�VX Ai Bb TQbbB#H2

i?�i i?Bb Bb Dmbi � `�M/QK ~m+im�iBQM Ub22 a2+X 8X"VX � 7mHH b2i Q7 +QMp2`;2M+2 i2bib BM j. Bb M22/2/

7Q` � 7mHH mM/2`bi�M/BM;- r?B+? Bb #2vQM/ i?2 b+QT2 Q7 i?Bb +?�Ti2`X

8XjXj J�;M2iB+ /BbbBT�iBQM

h?2 `QH2 Q7 K�;M2iB+ /BbbBT�iBQM BM i?2 E> BMbi�#BHBiv Bb mM/2`2tTHQ`2/ BM i?2 +QMi2ti Q7 �bi`Q@

T?vbB+�H D2ibX 6�;�M2HHQ 2i �HX Ukyy3V mb2/ ?v#`B/ MmK2`B+�H bBKmH�iBQMb iQ bim/v E>@BM/m+2/

`2+QMM2+iBQM BM 1�`i?Ƕb K�;M2iQbT?2`2c 62`KQ 2i �HX UkyRkV mb2/ 7mHHv@FBM2iB+ SA* iQ /2KQMbi`�i2

i?�i TH�bKQB/b +�M #2 ;2M2`�i2/ #v i?2 E> BMbi�#BHBivc K�Mv SA* bim/B2b ?�p2 7Q+mb2/ QM i?2

E> BMbi�#BHBiv BM D2ib U�Hp2b 2i �HX- kyRkc LBb?BF�r� 2i �HX- kyRkc :`BbK�v2` 2i �HX- kyRjc �Hp2b

ky9



j
6B;m`2 8X3, oQHmK2i`B+ T`Q}H2b Q7 MmK#2` /2MbBiv- BM mMBib Q7 i?2 BMBiB�H D2i@bB/2 /2MbBiv- 7`QK j. bBKmH�@
iBQM rBi? βsh = 0.8- σwx = 1- βix = 0.001- bj = 3- �M/ bw = 0.3X h?2 bBKmH�iBQM b?QrM ?2`2 Bb i?2 b�K2 �b
i?2 QM2 T`2b2Mi2/ BM 6B;X 8XdX

2i �HX- kyR9Vc #mi i?2 MmK#2` Q7 bim/B2b r?B+? ?�p2 7Q+mb2/ QM i?2 HBMF #2ir22M i?2 E> BMbi�#BHBiv

�M/ /BbbBT�iBQM Q7 K�;M2iB+ 2M2`;v BM D2ib Bb HBKBi2/X AM i?Bb b2+iBQM- r2 mb2 �b � +�b2 bim/v �

bBKmH�iBQM r?B+? b?Qrb T`QMQmM+2/ D2i@rBM/ KBtBM; /m`BM; i?2 MQMHBM2�` T?�b2 Ui?2 T�`�K2i2`b

�`2 βsh = 0.8,σwx = 1, bj = 3, bw = 0.3,βix = 0.078, �M/ ρ̃0w/ρ0j = 4V iQ 2tTHQ`2 i?2 TQbbB#BHBiv Q7

E>@BM/m+2/ K�;M2iB+ 2M2`;v /BbbBT�iBQM �i i?2 D2i@rBM/ BMi2`7�+2X h?2 `2bmHib ?2`2 �`2 T`2HBKBM�`vX

AM 6B;X 8XRy- T�M2H �- r2 +QKT�`2 i?2 UpQHmK2@BMi2;`�i2/V iBK2 2pQHmiBQM Q7 i?2 2M2`;v /BbbB@

T�iBQM K2�bm`2b j∥ · E∥ U`2/ +m`p2V �M/ j · E- U#Hm2 +m`p2V- #Qi? MQ`K�HBx2/ iQ i?2 BMBiB�H BM@TH�M2

ky8



6B;m`2 8XN, k. pbX j. +QKT�`BbQM Q7 i?2 ;`Qri? Q7 6Qm`B2` TQr2` |ṽy(kx0)|2X 6Q` #Qi? bBKmH�iBQMb- i?2
T�`�K2i2`b �`2 βsh = 0.8- σwx = 1- βix = 0.001- bj = 3- �M/ bw = 0.3X h?2 k. bBKmH�iBQM +Q``2bTQM/b iQ
i?2 QM2 �i βix = 10−3 BM 6B;X 8Xe- �M/ i?2 j. bBKmH�iBQM +Q``2bTQM/b iQ i?2 QM2 T`2b2Mi2/ BM 6B;bX 8X3 �M/
8XdX

K�;M2iB+ 2M2`;v BM i?2 #Qt- εBx0X h?2 T`2b2M+2 Q7 � T�`�HH2H 2H2+i`B+ }2H/ E∥ Bb ivTB+�HHv mM/2`@

biQQ/ �b �M BM/B+�iQ` Q7 K�;M2iB+ `2+QMM2+iBQM Ua+?BM/H2` � >2bb2- RN33c JQx2` � S`Bi+?2ii- kyRyc

J�Fr�M� 2i �HX- kyRdV- bQ j∥ ·E∥ +�M #2 i�F2M �b � T`Qtv 7Q` K�;M2iB+ /BbbBT�iBQM �bbQ+B�i2/ rBi?

K�;M2iB+ `2+QMM2+iBQMX h?2 ?2�iBM; �bbQ+B�i2/ rBi? E∥ Bb M2;HB;B#H2 mMiBH �`QmM/ t = 50(vAkx0)−1c

Qp2` i?Bb b�K2 `�M;2 Q7 iBK2 U7`QK t = 0(vAkx0)−1 iQ t = 50(vAkx0)−1V- i?2 iQi�H pQHmK2@BMi2;`�i2/

j · E/εBx0 Bb 7Q` i?2 KQbi T�`i M2;�iBp2- r?B+? bBKTHv K2�Mb i?�i FBM2iB+ KQiBQM Q7 i?2 TH�bK�

+`2�i2b 2H2+i`QK�;M2iB+ }2H/bX >Qr2p2`- �i H�i2 iBK2b Ut " 75(vAkx0)−1V- i?2 /BbbBT�iBQM /m2 iQ E∥

�M/ i?2 iQi�H /BbbBT�iBQM �`2 `Qm;?Hv 2[m�H Ub22 i?2 `Qm;? Qp2`H�T #2ir22M `2/ �M/ #Hm2 HBM2b 7Q`

t " 75(vAkx0)−1V- r?B+? BM/B+�i2b i?�i i?2 iQi�H /BbbBT�iBQM j ·E = j∥ ·E∥+ j⊥ ·E⊥ Bb /m2 T`BK�`BHv

iQ ?2�iBM; �bbQ+B�i2/ rBi? i?2 T�`�HH2H 2H2+i`B+ }2H/X h?Bb Bb bm;;2biBp2 i?�i `2+QMM2+iBQM Bb i?2

/QKBM�Mi K2+?�MBbK +QMi`QHHBM; K�;M2iB+ /BbbBT�iBQM �M/ ?2�iBM; �i H�i2 iBK2b- 7Q` i?Bb T�`iB+mH�`

bBKmH�iBQMX

S�M2H " Q7 6B;X 8XRy b?Qrb i?2 2pQHmiBQM Q7 i`�Mbp2`b2 K�;M2iB+ 2M2`;v ∆εBT ≡ εBT(t)− εBT(0)-

BM mMBib Q7 i?2 BMBiB�H BM@TH�M2 K�;M2iB+ 2M2`;v BM i?2 #Qt- εBx0X *QKT�`BM; rBi? T�M2H � b?Qrb i?�i

kye



BM/22/- i?2 ;`Qri? Q7 ∆εBT Q++m`b /m`BM; i?2 iBK2 r?2M j ·E Bb M2;�iBp2- �M/ i?�i i?2 �;`22K2Mi

#2ir22M j ·E �M/ j∥ ·E∥ �i H�i2 iBK2b Q++m`b �7i2` i?2 HBM2�` ;`Qri? Q7 i?2 BMbi�#BHBiv ?�b b�im`�i2/X

h?2 K�;M2iB+ 2M2`;v b?Qrb � /2+`2�b2 7`QK t ≈ 65(vAkx0)−1 iQ t ≈ 87(vAkx0)−1X

6B;m`2 8XRy, hBK2 2pQHmiBQM Q7 U�V pQHmK2@BMi2;`�i2/ E∥ /BbbBT�iBQM- BM mMBib Q7 BMBiB�H BM@TH�M2 K�;M2iB+
2M2`;v U`2/ HBM2V- �M/ pQHmK2@BMi2;`�i2/ iQi�H /BbbBT�iBQM- �HbQ BM mMBib Q7 BMBiB�H BM@TH�M2 K�;M2iB+ 2M2`;v
U#Hm2 HBM2Vc U"V hBK2 2pQHmiBQM Q7 i`�Mbp2`b2 UBX2X- BM i?2 xy TH�M2c i`�Mbp2`b2 iQ i?2 Qmi@Q7@TH�M2 ;mB/2
}2H/V K�;M2iB+ 2M2`;v ∆εBT ≡ εBT(t)− εBT(0)- BM mMBib Q7 BMBiB�H BM@TH�M2 K�;M2iB+ 2M2`;vX

q2 b?Qr BM 6B;X 8XRR- 7Q` i?2 b�K2 bBKmH�iBQM +Q``2bTQM/BM; iQ 6B;X 8XRy- i?2 k. bT�iB�H T`Q}H2b

�i iBK2 t = 75(vAkx0)−1 Q7 [B × (∇∇∇ × E∥)]z UBM T�M2H �V- E∥ UT�M2H "V- j∥ UT�M2H *V- �M/ j∥ · E∥

UT�M2H .VX LQMx2`Q [B× (∇∇∇× E∥)]z +Q``2bTQM/b iQ `2;BQMb r?2`2 TH�bK� /Q2b MQi KQp2 rBi? i?2

UBM@TH�M2V E×B/B2 p2HQ+Biv- i?2`2#v pBQH�iBM; i?2 ~mt@7`22xBM; +QM/BiBQM- �M/ Bb i?mb � T`2`2[mBbBi2

7Q` 2M2`;v /BbbBT�iBQM pB� K�;M2iB+ `2+QMM2+iBQMX h?2 [m�MiBiB2b j∥, E∥- �M/ j∥ ·E∥ iQ;2i?2` BM/B+�i2

i?2 `2H�iBp2 BKTQ`i�M+2 Q7 j∥ �M/ E∥ rBi? `2;�`/ iQ E∥@�bbQ+B�i2/ /BbbBT�iBQM- j∥ ·E∥X

6Q+mbBM; QM T�M2H �- r2 b22 i?�i i?2 [m�MiBiv [B×(∇∇∇×E∥)]z- i?Qm;? MQBbv- Bb MQiB+2�#Hv MQMx2`Q

kyd



U�b BM/B+�i2/ #v r?Bi2- TBMF- �M/ #Hm2 `2;BQMbV BM +2`i�BM `2;BQMb �HQM; i?2 KBtBM; BMi2`7�+2 #2ir22M

i?2 D2i �M/ rBM/ Uy ≈ ±70 c/ωpeVc QM2 bm+? `2;BQM Bb /BbTH�v2/ BM �M BMb2i THQi QM i?2 7�` `B;?i Q7

T�M2H � U�M/ +Q``2bTQM/BM;Hv- i?2 b�K2 `2;BQM Bb b?QrM BM �M BMb2i THQi BM T�M2Hb "Ĝ.VX AM T�M2H "-

r2 b22 i?�i i?2`2 �`2 BM/22/ `2;BQMb Q7 K�`F2/Hv MQMx2`Q E∥ Ub?QrM #v ;`22M �M/ v2HHQrV- r?B+?

Bb � bB;M�im`2 Q7 K�;M2iB+ `2+QMM2+iBQMX *QKT�`BM; T�M2H "- * �M/ . �HiQ;2i?2`- r2 +�M b22 i?�i

i?2 `2;BQMb Q7 MQMx2`Q j∥ ·E∥ UTBMF �M/ r?Bi2 `2;BQMbV �`2 BM/22/ +Q``2H�i2/ �HbQ rBi? MQMx2`Q E∥c

i?2`2 �TT2�` iQ #2 K�Mv KQ`2 `2;BQMb rBi? MQMx2`Q j∥ i?�M `2;BQMb rBi? MQMx2`Q E∥- bQ E∥- �b

QTTQb2/ iQ j∥- BM � b2Mb2 HBKBib i?2 /BbbBT�iBQM j∥ ·E∥X

AM 6B;X 8XRk- r2 b?Qr U7Q` i?2 b�K2 bBKmH�iBQM +Q``2bTQM/BM; iQ 6B;bX 8XRy �M/ 8XRRV i?2 iBK2

2pQHmiBQM Q7 i?2 2H2+i`QM 2M2`;v bT2+i`mK- 7Q` 2H2+i`QMb BMBiB�HHv BM i?2 D2ic γj ?2`2 BM/B+�i2b i?2

GQ`2Mix 7�+iQ` Q7 i?2b2 2H2+i`QMbX �b i?2 +QHQ` Q7 i?2 HBM2 +?�M;2b 7`QK #Hm2 iQ `2/- i?2 iBK2

BM+`2�b2b 7`QK t = 0(vAkx0)−1 iQ t = 87(vAkx0)−1X h?2 iBK2 2pQHmiBQM Q7 i?2 2M2`;v bT2+i`mK

b22Kb iQ BM/B+�i2 �M Qp2`�HH ?2�iBM; Q7 T�`iB+H2b, i?2 T2�F Q7 i?2 /Bbi`B#miBQM b?B7ib 7`QK �`QmM/

(γj − 1) ≈ 10−3 iQ (γj − 1) ≈ 2 × 10−3X �i H�i2 iBK2b Ut " 70(vAkx0)−1V- 2H2+i`QMb TQTmH�i2 i?2

/Bbi`B#miBQM mT iQ (γj − 1) ≈ 10X h?2`2 Bb � HQ+�H K�tBKmK BM i?2 2M2`;v bT2+i`mK �i (γj − 1) ≈

2× 10−1 �M/ t ≈ 75(vAkx0)−1 UBM/B+�i2/ #v #`B;?i `2/c i?Bb iBK2 +Q``2bTQM/b iQ i?2 iBK2 �i r?B+?

bT�iB�H T`Q}H2b BM 6B;X 8XRR �`2 b?QrMX

6Q` i?2 bBKmH�iBQM +Q``2bTQM/BM; iQ i?2 2M2`;v bT2+i`mK b?QrM BM 6B;X 8XRk- i?2 BMBiB�H /BK2M@

bBQMH2bb 2H2+i`QM i2KT2`�im`2 Q7 i?2 rBM/ Bb θe0w ≈ 0.1c i?Qm;? i?2 2M2`;v bT2+i`mK i`�+Fb QMHv

2H2+i`QMb BMBiB�HHv BM i?2 D2i `2;BQM- biBHH i?2 2H2+i`QMb �`2 ?2�i2/ iQ � i2KT2`�im`2 i?�i Bb +HQb2 iQ

i?�i Q7 i?2 BMBiB�H i2KT2`�im`2 Q7 i?2 rBM/- r?B+? K�F2b Bi mM+H2�` r?2i?2` i?2`2 �`2 MmK2`B+�H +QH@

HBbBQMb #2ir22M i?2 D2i �M/ rBM/ T�`iB+H2b r?B+? +QMi`B#mi2 iQ i?2 2M2`;Bx�iBQM Q7 D2i 2H2+i`QMbX hQ

�`;m2 �;�BMbi i?Bb 2tTH�M�iBQM- r2 b?Qr BM 6B;X 8XRj i?2 iBK2 2pQHmiBQM Q7 i?2 iQi�H UBX2X- BM+Hm/BM;

T�`iB+H2b 7`QK i?2 D2i- rBM/- �M/ i`�MbBiBQM `2;BQMbV 2H2+i`QM 2M2`;v bT2+i`mK- 7Q` � bBKmH�iBQM BM

ky3



6B;m`2 8XRR, 6Q` � bBKmH�iBQM Ui?2 b�K2 �b i?�i T`2b2Mi2/ BM 6B;X 8XRyV rBi? βsh = 0.8,σwx = 1, bj =
3, bw = 0.3,βix = 0.078- i?2 k. bT�iB�H T`Q}H2b �i t = 75(vAkx0)−1 Q7, U�V [B× (∇∇∇×E∥)]z- r?B+? BM/B+�i2b
pBQH�iBQM Q7 i?2 7`Qx2M@BM +QM/BiBQMc U"V J�;MBim/2 Q7 i?2 T�`�HH2H 2H2+i`B+ }2H/ E∥- r?B+? Bb �M BM/B+�iQ`
Q7 K�;M2iB+ `2+QMM2+iBQMc U*V J�;MBim/2 Q7 i?2 T�`�HH2H +m``2Mi /2MbBiv j∥c �M/ U.V E∥@�bbQ+B�i2/ /BbbBT�@
iBQM- j∥ ·E∥- r?B+? BM/B+�i2b ?2�iBM; �M/ /BbbBT�iBQM �bbQ+B�i2/ rBi? � T�`�HH2H 2H2+i`B+ }2H/X

r?B+? 2H2+i`QMb �M/ BQMbN bi�`i BMBiB�HHv rBi? i?2 b�K2 i2KT2`�im`2X h?2 T2�F Q7 i?2 /Bbi`B#miBQM

bi�`ib BMBiB�HHv �i γ − 1 ≈ 0.1- �M/ #v t " 100(vAkx0)−1- � ?B;?@2M2`;v i�BH Q7 2H2+i`QMb /2p2HQTb-
N6Q` i?Bb bBKmH�iBQM- r2 +QMbB/2` �M 2H2+i`QM@TQbBi`QM D2i �M/ 2H2+i`QM@T`QiQM rBM/- r?B+? Bb � KQ`2

`2�HBbiB+ KQ/2H Q7 i?2 D2i@rBM/ BMi2`7�+2 i?�M 2H2+i`QM@TQbBi`QM +QKTQbBiBQM i?`Qm;?Qmic r2 2KTHQv � `2/m+2/
K�bb `�iBQ Q7 mi/me = 5X

kyN



rBi? 2H2+i`QM γ− 1 `2�+?BM; mT iQ γ− 1 ≈ 20- r?B+? Bb H�`;2` i?�M i?2 BMBiB�H /BK2MbBQMH2bb i2KT2`@

�im`2 Q7 2Bi?2` i?2 rBM/ Q` D2i U�M/ 7Q` �Mv Q7 i?2 bT2+B2b, 2H2+i`QMb- TQbBi`QMb- Q` T`QiQMbVX h?Bb

bm;;2bib i?�i i?2 2H2+i`QM 2M2`;Bx�iBQM Bb BM/22/ T?vbB+�H- �M/ MQi � `2bmHi Q7 MmK2`B+�H +QHHBbBQMbX

6B;m`2 8XRk, hBK2 2pQHmiBQM Q7 2M2`;v bT2+i`mK Q7 2H2+i`QMb BMBiB�HHv QM i?2 D2i bB/2X �b i?2 +m`p2b
T`Q;`2bb 7`QK #Hm2 iQ `2/- i?2 iBK2 BM+`2�b2b 7`QK t = 0(vAkx0)−1 iQ t = 87(vAkx0)−1X h?2 bBKmH�iBQM
+Q``2bTQM/BM; iQ i?Bb 2M2`;v bT2+i`mK Bb i?2 b�K2 QM2 T`2b2Mi2/ BM 6B;bX 8XRy �M/ 8XRRX

6B;m`2 8XRj, h?2 H�vQmi ?2`2 Bb bBKBH�` iQ i?�i Q7 6B;X 8XRkc iBK2 2pQHmiBQM Q7 iQi�H 2H2+i`QM 2M2`;v bT2+@
i`mK UBM+Hm/BM; 2H2+i`QMb 7`QK i?2 D2i- rBM/- �M/ i`�MbBiBQM `2;BQMbVX �b i?2 +m`p2b T`Q;`2bb 7`QK #Hm2 iQ
`2/- i?2 iBK2 BM+`2�b2b 7`QK t = 0(vAkx0)−1 iQ t = 145(vAkx0)−1X 6Q` i?2 bBKmH�iBQM +Q``2bTQM/BM; iQ
i?Bb 2M2`;v bT2+i`mK- r2 �bbmK2 �M 2H2+i`QM@TQbBi`QM D2i �M/ 2H2+i`QM@T`QiQM rBM/ Ur2 mb2 � `2/m+2/ K�bb
`�iBQ Q7 mi/me = 5V- r?B+? Bb KQ`2 `2�HBbiB+ i?�M �bbmKBM; i?�i #Qi? i?2 D2i �M/ rBM/ �`2 +QKTQb2/ Q7
2H2+i`QM@TQbBi`QM TH�bK�X

kRy



8X9 amKK�`v

AM i?Bb +?�Ti2`- r2 mb2/ 7mHHv@FBM2iB+ SA* bBKmH�iBQMb iQ bim/v i?2 E> BMbi�#BHBiv BM D2ibX q2

/2b+`B#2/ � SA* BKTH2K2Mi�iBQM Q7 i?2 D2i b2imT- ;BpBM; 2tTHB+Bi 2[m�iBQMb i?�i +�M #2 mb2/ iQ 2Mbm`2

~mB/ 2[mBHB#`BmKX q2 /2KQMbi`�i2/ i?�i ;`Qri? `�i2b Q7 i?2 E> BMbi�#BHBiv 2ti`�+i2/ 7`QK SA*

bBKmH�iBQMb- 2p2M 7Q` TH�bK� i?�i Bb QMHv KQ/2`�i2Hv K�;M2iBx2/- b?Qr �;`22K2Mi rBi? i?2 ;`Qri?

`�i2b T`2/B+i2/ #v J>. i?2Q`v- i?2`2#v DmbiB7vBM; bim/v Q7 i?2 E> BMbi�#BHBiv BM i?2 +QMi2ti Q7

+QHHBbBQMH2bb TH�bK�b BM �bi`QT?vbB+�H D2ibX �M BKTQ`i�Mi ;Q�H Q7 SA* bBKmH�iBQM Bb iQ bim/v T�`iB+H2

?2�iBM; �M/ �++2H2`�iBQMX AM i?Bb +QMM2+iBQM- r2 T`2b2Mi2/ T`2HBKBM�`v `2bmHib �BK2/ �i T`Q#BM; i?2

+QMM2+iBQM #2ir22M i?2 E> BMbi�#BHBiv �M/ K�;M2iB+ /BbbBT�iBQM BM D2ibc Qm` BMp2biB;�iBQM Bb #�b2/

QM QMHv QM2 bBKmH�iBQM- #mi i?2 �M�HvbBb Bb bm;;2biBp2 i?�i i?2 E> BMbi�#BHBiv +�M BM/m+2 K�;M2iB+

/BbbBT�iBQM BM D2ib- �M/ +�M +�mb2 #Qi? T�`iB+H2 ?2�iBM; �M/ �++2H2`�iBQM BMiQ � TQr2`@H�r 2M2`;v

i�BHX 6m`i?2` rQ`F Bb M2+2bb�`v iQ `B;Q`QmbHv [m�MiB7v i?2 `QH2 Q7 i?2 E> BMbi�#BHBiv rBi? `2;�`/ iQ

K�;M2iB+ `2+QMM2+iBQM BM D2ibX

AM *?X 9- r2 mb2/ `2H�iBpBbiB+ J>. bBKmH�iBQMb iQ i2bi �M/ p�HB/�i2 i?2 �M�HviB+�H /BbT2`bBQM

`2H�iBQM 7Q` E> KQ/2b BM i?2 D2i b2imTc #mBH/BM; QM i?2 E> BMp2biB;�iBQM Q7 *?X 9- r2 2ti2M/2/ i?2

BMp2biB;�iBQM BM i?Bb +?�Ti2` iQ BM+Hm/2 7mHHv@FBM2iB+ T�`iB+H2@BM@+2HH bBKmH�iBQMb- r?B+? �HHQrb QM2

iQ bim/v i?2 [m2biBQM Q7 K�;M2iB+ /BbbBT�iBQM BM +QHHBbBQMH2bb TH�bK�- �M/ iQ i?2`27Q`2 T`Q#2 i?2

+QMM2+iBQM #2ir22M i?2 E> BMbi�#BHBiv �M/ i?2 7mM/�K2Mi�H TH�bK� T?vbB+b T`Q+2bb Q7 K�;M2iB+

`2+QMM2+iBQMX q?BH2 i?Bb [m2biBQM ?�b #22M bim/B2/ T`2pBQmbHv #v K2�Mb Q7 ?v#`B/@FBM2iB+ bBKmH�@

iBQMb- i?2 mb2 Q7 7mHHv@FBM2iB+ bBKmH�iBQMb iQ bim/v E>@BM/m+2/ `2+QMM2+iBQM Bb mM/2`2tTHQ`2/X h?2

T`2b2Mi rQ`F T`QpB/2b BKTQ`i�Mi DmbiB}+�iBQM 7Q` i?2 mb2 Q7 SA* bBKmH�iBQMb iQ bim/v E>@BM/m+2/

K�;M2iB+ `2+QMM2+iBQM- �M/ bm;;2bib i?�i i?2 E> BMbi�#BHBiv BM D2ib +�M 2M2`;Bx2 T�`iB+H2b i?`Qm;?

/BbbBT�i2/ K�;M2iB+ 2M2`;vX

kRR



8X� *QMp2`;2M+2 Q7 K2�bm`2/ ;`Qri? `�i2 rBi? `2bT2+i iQ #Qt bBx2

q2 2tTHQ`2/ i?2 +QMp2`;2M+2 Q7 Qm` K2�bm`2/ ;`Qri? `�i2b BM SA* Ub22 a2+X 8XjXkV rBi? `2bT2+i

iQ i?2 bBKmH�iBQM #Qt bBx2 UF22TBM; }t2/ i?2 TH�bK� bFBM /2Ti? c/ωpeVX AM+`2�bBM; i?2 #Qt bBx2

H2�/b iQ BKT`Qp2/ bT�iB�H `2bQHmiBQM Q7 i?2 #Qt@bBx2/ T2`im`#�iBQM BM vy i?�i r2 mb2 iQ K2�bm`2

i?2 /BK2MbBQMH2bb ;`Qri? `�i2 AK(φvA)- bQ QM2 2tT2+ib i?�i #2HQr � +2`i�BM i?`2b?QH/ BM ℓx Ui?2

/QK�BM bBx2 BM +2HHbV- bBKmH�iBQMb rBHH mM/2`b�im`�i2 i?2 T`2/B+i2/ ;`Qri?- �M/ �#Qp2 i?2 i?`2b?QH/-

i?2 ;`Qri? `�i2 2ti`�+i2/ 7`QK bBKmH�iBQMb b?QmH/ /2KQMbi`�i2 +QMp2`;2M+2X 6Q` i?2 #Qt@bBx2

+QMp2`;2M+2 i2bi r2 /Bb+mbb ?2`2- �HH /BK2MbBQMb �`2 b+�H2/ �++Q`/BM; iQ i?2 #Qt rB/i? ℓx UBM+Hm/BM;

i?2 #Qt H2M;i? ℓy �M/ i?2 i`�MbBiBQM rB/i?VX

6B;X 8XR9 b?Qrb i?2 iBK2 2pQHmiBQM Q7 |ṽy(kx0)|2 7Q` bBKmH�iBQMb rBi? /QK�BM bBx2b ℓx BM i?2 `�M;2

Ryy3Ĝ9yje Ur2 }t i?2 T�`�K2i2`b βsh = 0.8,σwx = 1.0,βi = 10−3, bj = 3, bw = 0.3, �M/ ρ̃0w/ρ0j = 4VX

h?2 T`2/B+i2/ ;`Qri? Bb BM/B+�i2/ #v i?2 /�b?2/ #H�+F HBM2 UBM #Qi? i?2 K�BM THQi �M/ i?2 BMb2iVX

h?2 BMb2i THQi BM i?2 HQr2` `B;?i b?Qrb i?2 2ti`�+i2/ ;`Qri? `�i2b �b � 7mM+iBQM Q7 #Qt rB/i? ℓxX

q2 }M/ i?�i i?2 K2�bm`2/ ;`Qri? `�i2 +QMp2`;2b iQ AK(φvA) ≈ 0.2 #2vQM/ ℓx = 2 × 103X Pm`

+?QB+2 Q7 }/m+B�H #Qt bBx2- ℓx ≈ 4×103 BM i?2 bBKmH�iBQMb /Bb+mbb2/ BM i?Bb +?�Ti2`- Bb i?mb b�72 �M/

+QMb2`p�iBp2X q2 MQi2 i?�i i?2 ;`Qri? `�i2b K2�bm`2/ BM bBKmH�iBQMb +QMp2`;2 iQ � p�Hm2 i?�i Bb

bK�HH2` i?�M i?2 T`2/B+i2/ ;`Qri? `�i2- r?B+? r2 2tT2+i Bb +QMi`QHH2/ T�`iHv #v i?2 }MBi2 i`�MbBiBQM

rB/i? BM Qm` bBKmH�iBQMb Ub22 �HbQ a2+X 9X" 7Q` /Bb+mbbBQM Q7 � +QMp2`;2M+2 i2bi- T2`7Q`K2/ rBi?

`2H�iBpBbiB+ J>. bBKmH�iBQMb- r?B+? T`Q#2b i?2 `QH2 Q7 i?2 `�iBQ Q7 i`�MbBiBQM rB/i? iQ #Qt rB/i?

BM +QMi`QHHBM; i?2 K2�bm`2/ ;`Qri? `�i2bVX

8X" 1biBK�i2 Q7 mM+2`i�BMiv mbBM; /Bz2`2Mi `�M/QK BMBiB�H +QM/BiBQMb

6Q` i?2 K2�bm`2/ ;`Qri? `�i2b r2 T`2b2Mi BM a2+X 8XjXk- r2 BM+Hm/2 2``Q` #�`b QM i?2 K2�bm`2K2Mib

r?B+? �`2 K2�Mi �b � MQiBQM Q7 i?2 `�M/QK p�`B�iBQM BM Qm` K2�bm`2/ ;`Qri? `�i2b- `2bmHiBM; 7`QK

/Bz2`2Mi `�M/QK BMBiB�H +QM/BiBQMbX AM 6B;X 8XR8- r2 b?Qr i?2 iBK2 2pQHmiBQM Q7 |ṽy(kx0)|2 7Q`

kRk



6B;m`2 8XR9, h2bi Q7 +QMp2`;2M+2 Q7 K2�bm`2/ ;`Qri? `�i2b BM SA* rBi? `2bT2+i iQ bBKmH�iBQM #Qt@bBx2X
6Q` i?2 bBKmH�iBQMb ?2`2- βsh = 0.8,σwx = 1.0,βi = 10−3, bj = 3- �M/ bw = 0.3X

7Qm` bBKmH�iBQMb UBM/B+�i2/ #v +QHQ`2/ HBM2bV r?B+? �`2 B/2MiB+�H- 2t+2Ti i?�i 2�+? r�b BMBiB�HBx2/

rBi? � /Bz2`2Mi `�M/QK b22/ ǵ/b22/Ƕ r?B+? Bb mb2/ iQ b2i BMBiB�H HQ+�iBQMb Q7 T�`iB+H2bc i?2`2 Bb �

}7i? bBKmH�iBQM UH�#2H2/ ǵ/b22/ 4 Rkj98dǶ- +Q``2bTQM/BM; iQ i?2 #Hm2 HBM2V r?B+? mb2b i?2 b�K2

`�M/QK b22/ �b i?2 bBKmH�iBQM +Q``2bTQM/BM; iQ i?2 ;`22M HBM2 UH�#2H2/ ǵ/b22/ 4 Rkj98dXTmǶV- #mi

Bb T2`7Q`K2/ rBi? �M QH/ �M/ /Bz2`2MiHv bi`m+im`2/ p2`bBQM Q7 i?2 +Q/2- r?B+? r2 i`2�i �b � }7i?

`�M/QK b22/X h?2 2``Q` #�`b b?QrM rBi? Qm` K2�bm`2K2Mib BM a2+X 8XjXk �`2 +QKTmi2/ �b i?2

bi�M/�`/ /2pB�iBQM Q7 i?2 bHQT2b K2�bm`2/ BM i?2b2 }p2 bBKmH�iBQMb Ur2 mb2 ?mK�M Dm/;K2Mi iQ

b2H2+i i?2 T�`i Q7 i?2 HBM2 7`QK r?B+? iQ }i � HBM2 �M/ 2ti`�+i i?2 ;`Qri? `�i2VX h?2 2biBK�i2/

p�Hm2 Q7 i?2 bi�M/�`/ /2pB�iBQM Bb σ ≈ 0.047X

kRj



6B;m`2 8XR8, *QKT�`BbQM Q7 ;`Qri? Q7 |ṽy(kx0)|2 7Q` 7Qm` bBKmH�iBQMb rBi? /Bz2`2Mi `�M/QK BMBiB�H +QM@
/BiBQMb Ui?2b2 �`2 BM/B+�i2/ BM i?2 H2;2M/ �b ǵ/b22/4Rkj98dXTmǶ- ǵ/b22/4keRRN8XTmǶ- ǵ/b22/4j83j9kXTmǶ-
�M/ ǵ/b22/4jdyR8yXTmǶV- �HQM; rBi? � }7i? bBKmH�iBQM- BM/B+�i2/ #v ǵ/b22/4Rkj98dǶ BM i?2 H2;2M/- r?B+?
r�b `mM rBi? � /Bz2`2MiHv bi`m+im`2/ p2`bBQM Q7 i?2 +Q/2c r2 i`2�i i?Bb H�bi QM2 �b ?�pBM; � mMB[m2 `�M/QK
b22/- HBF2 i?2 Qi?2` 7Qm`X hQ;2i?2`- r2 mb2 i?2b2 }p2 bBKmH�iBQMb iQ 2biBK�i2 mM+2`i�BMiv QM i?2 ;`Qri?
`�i2b r2 T`2b2Mi BM a2+X 8XjX

kR9



eX 1bB`F2TQp +m``2Mi /2TQbBiBQM b+?2K2
eXR AMi`Q/m+iBQM

LmK2`B+�H MQBb2 BM T�`iB+H2 BM +2HH USA*V bBKmH�iBQMb +�M HBKBi i?2B` 2z2+iBp2M2bb BM KQ/2HBM; TH�bK�

T?2MQK2M�X � MmK#2` Q7 bi`�i2;B2b ?�p2 #22M T`QTQb2/ iQ BKT`Qp2 +QMi`QH Q7 MmK2`B+�H ?2�iBM; BM

SA*- 7Q` 2t�KTH2 }Hi2`BM; i?2 +?�`;2 �M/ +m``2Mi /2MbBiB2b U"mM2K�M 2i �HX- RNNjc aTBiFQpbFv- kyy8VX

_2+2MiHv- i?2 mb2 Q7 ?B;?2`@Q`/2` T�`iB+H2 7Q`K@7�+iQ`b ?�b #22M T`QTQb2/ �b � /Bz2`2Mi K2i?Q/ iQ

BKT`Qp2 2M2`;v +QMb2`p�iBQM BM SA* bBKmH�iBQMb- �M/ Bib 2z2+iBp2M2bb ?�b #22M /2KQMbi`�i2/ rBi?

i?2 R. 2H2+i`Qbi�iB+ +Q/2 SHARP Ua?�H�#v 2i �HX- kyRdVX h?2 miBHBiv Q7 ?B;?2`@Q`/2` b?�T2 7mM+iBQMb

BM k. �M/ j. 2H2+i`QK�;M2iB+ +Q/2b `2K�BMb mM/2`@2tTHQ`2/X

AM i?Bb /Q+mK2Mi- r2 BMp2biB;�i2 i?2 mb2 Q7 ?B;?2`@Q`/2` b?�T2 7mM+iBQMb BM BKT`QpBM; 2M2`;v

+QMb2`p�iBQM- pB� i?2 1bB`F2TQp UkyyRV /2MbBiv /2+QKTQbBiBQM �H;Q`Bi?K 7Q` +m``2Mi /2TQbBiBQMX h?2

QmiHBM2 Bb �b 7QHHQrb, AM a2+iBQM eXk- r2 `2pB2r i?2 1bB`F2TQp b+?2K2X AM a2+iBQM eXj- r2 T`2b2Mi

b2p2`�H i2bib Q7 Qm` +Q/2- �M/ +?2+F i?�i Bi Bb � +Q``2+i BKTH2K2Mi�iBQM Q7 i?2 1bB`F2TQp �H;Q`Bi?KX

AM a2+iBQM eX9- r2 +QKT�`2 i?2 T2`7Q`K�M+2 Q7 i?2 1bB`F2TQp /2MbBiv /2+QKTQbBiBQM rBi? i?2 xB;x�;

b+?2K2- 7Q` i?2 +m``2Mi /2TQbBiBQM �M/ T�`iB+H2 Tmb?2`X q2 +QM+Hm/2 BM a2+iBQM eX8X

eXk 1bB`F2TQp b+?2K2

AM i?Bb b2+iBQM- r2 `2pB2r #`B2~v i?2 1bB`F2TQp /2MbBiv /2+QKTQbBiBQM b+?2K2 7Q` +m``2Mi /2TQbBiBQM

U1bB`F2TQp- kyyRVX

*QMbB/2` i?2 KQiBQM Q7 � [m�bB@T�`iB+H2 QM � *�`i2bB�M ;`B/ 7`QK BMBiB�H TQbBiBQM (x, y, z) iQ

(x +∆x, y +∆y, z +∆z)X h?2 T�`iB+H2 KQiBQM T`Q/m+2b +m``2Mi i?�i Bb /2TQbBi2/ QM i?2 ;`B/- �b

/2i2`KBM2/ #v i?2 +QMiBMmBiv 2[m�iBQM-

dρ

dt
+∇ · j = 0, UeXRV

kR8



Q` r`Bii2M �b � }MBi2 /Bz2`2M+2 2[m�iBQM-

ρi,j,kn+1 − ρi,j,kn

∆t
+

ji+1,j,k
x − ji+1,j,k

x

∆x
+

ji,j+1,k
y − ji,j+1,k

y

∆y
+

ji,j,k+1
z − ji,j,k+1

z

∆z
= 0, UeXkV

r?2`2 i?2 bm#b+`BTi n /2MQi2b i?2 iBK2bi2T- bmT2`b+`BTib i, j, k `272` iQ ;`B/ +QQ`/BM�i2b BM i?2

/B`2+iBQMb x, y, �M/ zc ∆x,∆y, �M/ ∆z �`2 ;`B/ bT�+BM;b BM i?2 /B`2+iBQMb x, y, �M/ z- �M/ ∆t Bb i?2

iBK2bi2TX aBM+2 i?2 T�`iB+H2 KQiBQM Bb BM/2T2M/2Mi BM i?2 x, y, �M/ z /B`2+iBQMb- 1[X eXk K�v #2

`2+�bi �b i?`22 b2T�`�i2 2[m�iBQMb ;Qp2`MBM; +m``2Mi /2TQbBiBQM �HQM; 2�+? /B`2+iBQM,

ji+1,j,k
x = ji,j,kx − q

∆x

∆t
W i,j,k

x , UeXjV

ji,j+1,k
y = ji,j,ky − q

∆y

∆t
W i,j,k

y , UeX9V

ji,j,k+1
z = ji,j,kz − q

∆z

∆t
W i,j,k

z , UeX8V

r?2`2 q Bb i?2 +?�`;2 Q7 i?2 [m�bB@T�`iB+H2X 1[bX eXj-eX9- �M/ eX8 /2}M2 � p2+iQ` Q7 r2B;?ib Wi,j,k =

[W i,j,k
x ,W i,j,k

y ,W i,j,k
z ], r?B+? �`2 i?2 /2MbBiB2b (ρi,j,kx,n+1 − ρi,j,kx,n )/q, (ρi,j,ky,n+1 − ρi,j,ky,n )/q, �M/ (ρi,j,kz,n+1 −

ρi,j,kz,n )/q �bbQ+B�i2/ iQ +m``2Mi /2TQbBiBQM �HQM; 2�+? /B`2+iBQMX A7 i?2 iQi�H +?�`;2 /2MbBiv ρi,j,k Bb

2tT`2bb2/ BM i2`Kb Q7 �M �`#Bi`�`v T�`iB+H2 7Q`K@7�+iQ` UQ` /2MbBivV Si,j,k-

ρi,j,k(x, y, z) = qSi,j,k(x, y, z), UeXeV

i?2M #v i?2 +QMiBMmBiv 2[m�iBQM eXk- i?2 /2MbBiB2b W i,j,k
x ,W i,j,k

y ,W i,j,k
z b�iBb7v

W i,j,k
x +W i,j,k

y +W i,j,k
z = Si,j,k(x+∆x, y +∆y, z +∆z)− Si,j,k(x, y, z). UeXdV

hQ 2KTHQv i?2 BM/2T2M/2M+2 Q7 1[bX eXj- eX9- �M/ eX8- i?2 BM/BpB/m�H +QKTQM2Mib Q7 Wi,j,k

kRe



U`�i?2` i?�M i?2 bmK- �b BM 1[X eXdV Kmbi #2 2tT`2bb2/ �b /Bz2`2M+2b Q7 7Q`K@7�+iQ`b Si,j,kX h?2

KQiBQM Q7 i?2 [m�bB@T�`iB+H2 +�M ;2M2`�i2 3 TQbbB#H2 7Q`K@7�+iQ`b-

S(x+∆x, y +∆y, z +∆z),

S(x, y +∆y, z +∆z), S(x+∆x, y, z +∆z), S(x+∆x, y +∆y, z),

S(x, y, z +∆z), S(x, y +∆y, z), S(x+∆x, y, z),

S(x, y, z),

UeX3V

bQ BM ;2M2`�H- i?2 +QKTQM2Mib Q7 W K�v #2 r`Bii2M �b HBM2�` bmKb Q7 i?2b2 7�+iQ`bX W K�v BM 7�+i

#2 2tT`2bb2/ �b � mMB[m2 HBM2�` +QK#BM�iBQM Q7 i?2 7mM+iBQMb �#Qp2- B7 i?2 7QHHQrBM; T`QT2`iB2b Q7

W �`2 2M7Q`+2/ U1bB`F2TQp- kyyRV,

RX h?2 bmK Q7 r2B;?ib Wx,Wy,Wz Bb 2[m�H iQ i?2 /Bz2`2M+2 Q7 7Q`K@7�+iQ`b U1[X eXdVX

kX A7 i?2 b?B7i BM �Mv /B`2+iBQM Bb x2`Q- i?2 +Q``2bTQM/BM; r2B;?i Bb x2`Q- BX2X

∆x = 0 ⇐⇒ Wx = 0, UeXNV
∆y = 0 ⇐⇒ Wy = 0, UeXRyV
∆z = 0 ⇐⇒ Wz = 0. UeXRRV

jX avKK2i`v rBi? `2bT2+i iQ T2`Kmi�iBQM Q7 +QQ`/BM�i2b,

S(x, y, z) = S(y, x, z) �M/ ∆x = ∆y ⇐⇒ Wx = Wy, UeXRkV
S(x, y, z) = S(x, z, y) �M/ ∆y = ∆z ⇐⇒ Wy = Wz, UeXRjV
S(x, y, z) = S(z, y, x) �M/ ∆x = ∆z ⇐⇒ Wx = Wz. UeXR9V

1bB`F2TQp r�b �#H2 iQ 7Q`KmH�i2 �M/ bQHp2 i?Bb T`Q#H2KX h?2 mMB[m2 bQHmiBQM 7Q` Wx,Wy,Wz

kRd



bm#D2+i iQ i?2 �#Qp2 +QMbi`�BMib Bb U1bB`F2TQp- kyyRV,

Wx =
1

3
S(x+∆x, y +∆y, z +∆z)− 1

3
S(x, y +∆y, z +∆z)

+
1

6
S(x+∆x, y, z +∆z)− 1

6
S(x, y, z +∆z)

+
1

6
S(x+∆x, y +∆y, z)− 1

6
S(x, y +∆y, z)

+
1

3
S(x+∆x, y, z)− 1

3
S(x, y, z),

UeXR8V

Wy =
1

3
S(x+∆x, y +∆y, z +∆z)− 1

3
S(x+∆x, y, z +∆z)

+
1

6
S(x, y +∆y, z +∆z)− 1

6
S(x, y, z +∆z)

+
1

6
S(x+∆x, y +∆y, z)− 1

6
S(x+∆x, y, z)

+
1

3
S(x+∆x, y, z)− 1

3
S(x, y, z),

UeXReV

Wz =
1

3
S(x+∆x, y +∆y, z +∆z)− 1

3
S(x+∆x, y +∆y, z)

+
1

6
S(x, y +∆y, z +∆z)− 1

6
S(x, y +∆y, z)

+
1

6
S(x+∆x, y, z +∆z)− 1

6
S(x+∆x, y, z)

+
1

3
S(x, y, z +∆z)− 1

3
S(x, y, z).

UeXRdV

AM � irQ /BK2MbBQM�H T`Q#H2K- 1[bX eXR8- eXRe- �M/ eXRd �/KBi � bBKTHB}2/ 7Q`K U1bB`F2TQp- kyyRV-

W 2D
x =

1

2
S2D(x+∆x, y +∆y)− 1

2
S2D(x, y +∆y)

+
1

2
S2D(x+∆x, y)− 1

2
S2D(x, y),

UeXR3V

W 2D
y =

1

2
S2D(x+∆x, y +∆y)− 1

2
S2D(x+∆x, y, z +∆z)

+
1

2
S2D(x, y +∆y)− 1

2
S2D(x, y),

UeXRNV

W 2D
z =

1

3
S2D(x+∆x, y +∆y) +

1

6
S2D(x, y +∆y)

+
1

6
S2D(x+∆x, y) +

1

3
S2D(x, y).

UeXkyV

kR3



LQi2 i?�i BM i?2 k. +�b2- i`�MbH�iBQM�H BMp�`B�M+2 BM i?2 z /B`2+iBQM Bb �bbmK2/- bQ i?�i ji,j,k+1
z −ji,j,kz

p�MBb?2bX AM i?Bb +�b2- 1[bX eXj- eX9- �M/ eX8 `2/m+2 iQ

ji+1,j
x = ji,jx − q

∆x

∆t
W (2D)i,j

x , UeXkRV

ji,j+1
y = ji,jy − q

∆y

∆t
W (2D)i,j

y , UeXkkV

ji,jz = qvzW
(2D)i,j
z , UeXkjV

r?2`2 vz Bb i?2 p2HQ+Biv Q7 i?2 [m�bB@T�`iB+H2 BM i?2 z /B`2+iBQMX AM i?2 k. +�b2- +m``2Mi /2TQbBi2/ BM

i?2 z /B`2+iBQM Bb +QKTmi2/ �b � r2B;?i2/ �p2`�;2 Q7 i?2 +?�`;2 ~mt- Qp2` i?2 BMBiB�H TQbBiBQM (x, y)-

irQ BMi2`K2/B�i2 TQbBiBQMb (x+∆x, y) �M/ (x, y+∆y), �M/ i?2 }M�H TQbBiBQM (x+∆x, y+∆y)c b22

1[X eXkyX �//BiBQM�H /2i�BHb Q7 i?2 /2`Bp�iBQM �`2 T`QpB/2/ BM �TT2M/Bt eX�X

PM2 �/p�Mi�;2 Q7 i?2 1bB`F2TQp b+?2K2 Bb i?�i Bi �HHQrb 7Q` i?2 bi`�B;?i7Q`r�`/ BKTH2K2Mi�iBQM

Q7 /Bz2`2Mi T�`iB+H2 7Q`K@7�+iQ`b- r?B+? 2Mi2` i?`Qm;? i?2 /2}MBiBQM Q7 r2B;?ib- 1[bX eXR8- eXRe-

�M/ eXRd UQ` BM k.- 1[bX eXR3- eXRN- �M/ eXkyVX AM T�`iB+mH�`- ?B;?2`@Q`/2` b?�T2 7mM+iBQMb K�v #2

BKTH2K2Mi2/ rBi? 2�b2- r?B+? Bb bm;;2bi2/ �b � K2i?Q/ Q7 +QMi`QHHBM; MmK2`B+�H ?2�iBM; BM SA*

bBKmH�iBQMb Ua?�H�#v 2i �HX- kyRdVX

AM i?2 `2K�BMBM; b2+iBQMb- r2 BMp2biB;�i2 i?2 2z2+i Q7 ?B;?2`@Q`/2` b?�T2 7mM+iBQMb BM � 72r i2bi

T`Q#H2Kb- �M/ +QKT�`2 iQ �MQi?2` +QKKQMHv mb2/ +?�`;2@+QMb2`pBM; K2i?Q/ Q7 +m``2Mi /2TQbBiBQM-

i?2 xB;x�; b+?2K2 UlK2/� 2i �HX- kyyjVX hQ bim/v i?2 ?B;?2`@Q`/2` 7Q`K@7�+iQ`b �M/ +QKT�`2 rBi?

i?2 xB;x�; �H;Q`Bi?K- r2 mb2 �M BKTH2K2Mi�iBQM Q7 i?2 1bB`F2TQp /2MbBiv /2+QKTQbBiBQM BM i?2

2H2+i`QK�;M2iB+ SA* +Q/2 TRISTAN-MP U"mM2K�M 2i �HX- RNNjc aTBiFQpbFv- kyy8VX .2i�BHb Q7 i?2

BKTH2K2Mi�iBQM �`2 BM+Hm/2/ BM �TTX *X

q2 7Q+mb QM b?�T2 7mM+iBQMb Q7 Q`/2` R- k- �M/ j- r?B+? �`2 /2}M2/ �b 7QHHQrbXR ai�`iBM; rBi?
Rh?2b2 /2}MBiBQMb �`2 7Q` R. b?�T2 7mM+iBQMbX LQi2 i?�i i?2 7Q`K@7�+iQ`b BM 1[bX eXR3- eXRN- eXky- eXR8-

eXRe- �M/ eXRd �`2 k. �M/ j. b?�T2 7mM+iBQMbX h?2 `2H�iBQM #2ir22M R. �M/ k. Bb, S2D(x, y) = S1D(x)S1D(y)-

kRN



i?2 x2`Qi?@Q`/2` b?�T2 7mM+iBQM-

S0(x) =

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

1 B7 |x|< 1
2 ,

0 Qi?2`rBb2,
UeXk9V

b?�T2 7mM+iBQMb Q7 ?B;?2` Q`/2` �`2 /2}M2/ pB� `2+m`bBQM,

Sn+1(x) =

∫
S0(x− y)Sn(y)dy. UeXk8V

h?2 }`bi 72r b?�T2 7mM+iBQMb ?�p2 i?2 2tTHB+Bi 7Q`Kb

S1(x) =

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

x+ 1 B7 − 1 < x ≤ 0,

1− x B7 0 < x < 1,

0 Qi?2`rBb2,

UeXkeV

S2(x) =

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

1
8(2x+ 3)2 B7 − 3

2 < x ≤ −1
2 ,

3
4 − x2 B7 − 1

2 < x ≤ 1
2 ,

1
8(3− 2x)2 B7 1

2 < x < 3
2 ,

0 Qi?2`rBb2.

UeXkdV

7Q` 2t�KTH2 U�M/ bBKBH�`Hv 7Q` j.VX

kky



S3(x) =

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

1
6(x+ 2)3 B7 − 2 < x ≤ −1,

1
6(4− 3x2(x+ 2)) B7 − 1 < x ≤ 0,

1
6(3(x− 2)x2 + 4) B7 0 < x < 1,

−1
6(x− 2)3 B7 1 ≤ x < 2,

0 Qi?2`rBb2.

UeXk3V

h?2 b?�T2 7mM+iBQMb 1[bX eXk9- eXke- eXkd- �M/ eXk3 �`2 THQii2/ BM 6B;X eXRX

6B;m`2 eXR, S�`iB+H2 7Q`K@7�+iQ`b Q7 Q`/2` y- R- k- �M/ jX

eXj h2bib

AM i?Bb b2+iBQM- r2 T`2b2Mi � 72r i2bi +�b2b U?2�iBM; �M/ 2M2`;v MQM@+QMb2`p�iBQM BM � bBM;H2@

i2KT2`�im`2 TH�bK�c }H�K2Mi�iBQM BMbi�#BHBivc MmK2`B+�H *?2`2MFQp BMbi�#BHBivV iQ /2KQMbi`�i2

i?2 2z2+i Q7 ?B;?2`@Q`/2` b?�T2 7mM+iBQMb BM �M 2H2+i`QK�;M2iB+ SA* +Q/2X AM 2�+? i2bi T`Q#H2K- r2

+QKT�`2 i?2 xB;x�; +m``2Mi /2TQbBi b+?2K2- �b r2HH �b i?2 1bB`F2TQp /2MbBiv /2+QKTQbBiBQM b+?2K2

7Q` 1st, 2nd, �M/ 3rd Q`/2` b?�T2 7mM+iBQMbX q2 MQi2 i?�i i?2 xB;x�; b+?2K2 Q7 lK2/� 2iX �H- r?B+?

�bbmK2b � 1st Q`/2` T�`iB+H2 b?�T2 7mM+iBQM- biBHH /Bz2`b 7`QK i?2 1st Q`/2` 1bB`F2TQp /2MbBiv /2+QK@

TQbBiBQM b+?2K2 BM i?2 �bbmK2/ KQiBQM Q7 i?2 T�`iB+H2 UlK2/� 2i �HX- kyyjVX AM i?2 xB;x�; K2i?Q/-

kkR



T�`iB+H2b K�v i`�p2H �HQM; i`�D2+iQ`B2b i?�i `2b2K#H2 � xB;x�; T�ii2`M- r?2`2�b BM i?2 1bB`F2TQp

/2MbBiv /2+QKTQbBiBQM- T�`iB+H2 i`�D2+iQ`B2b �`2 i`2�i2/ �b bi`�B;?i HBM2bX

6Q` �HH Q7 i?2 i2bi T`Q#H2Kb T`2b2Mi2/ ?2`2- i?2 BMBiB�H K�;M2iB+ }2H/ Bb x2`QX

eXjXR LmK2`B+�H ?2�iBM; BM � mMB7Q`K TH�bK�

>2`2- r2 BMp2biB;�i2 i?2 2z2+i Q7 /Bz2`2Mi +m``2Mi /2TQbBi b+?2K2b QM MmK2`B+�H ?2�iBM; BM � mMB@

7Q`K TH�bK� BMBiB�HBx2/ �i `2biX h?2 BQM �M/ 2H2+i`QM K�bb2b �`2 2[m�H- m = mi = me- �M/ i?2

TH�bK� Bb bBM;H2@i2KT2`�im`2- Ti = Te = T. 1�+? bBKmH�iBQM Bb BMBiB�HBx2/ rBi? � /Bz2`2Mi +?QB+2 Q7

/BK2MbBQMH2bb i2KT2`�im`2-

θ =
kBT

mc2
. UeXkNV

hQ �pQB/ b2p2`2 ?2�iBM; �bbQ+B�i2/ rBi? i?2 6BMBi2 :`B/ BMbi�#BHBiv- r2 bim/v TH�bK�b rBi? i2K@

T2`�im`2 H2bb i?�M i?2 MmK2`B+�H .2#v2 i2KT2`�im`2- θ < θD U"B`/b�HH � J�`QM- RN3yc "B`/b�HH �

G�M;/QM- RNNRVc i?Bb Bb i?2 i2KT2`�im`2 �i r?B+? i?2 .2#v2 H2M;i?

λD =

√
kBT

4πn0e2
UeXjyV

Bb 2[m�H iQ i?2 ;`B/ bT�+BM;- ∆x = ∆y = ∆z = ∆c ?2`2- n0 Bb MmK#2` /2MbBiv �M/ e Bb 2H2+i`B+ +?�`;2X

qBi? λD = ∆- i?2 /BK2MbBQMH2bb .2#v2 i2KT2`�im`2 +�M #2 r`Bii2M

θD =

(
∆

c/ωp

)2

, UeXjRV

r?2`2 c/ωp Bb i?2 TH�bK� bFBM /2Ti?- �M/ i?2 TH�bK� 7`2[m2M+v Bb

ωp =

√
4πn0e2

m
. UeXjkV

kkk



h?2 pBQH2Mi MmK2`B+�H ?2�iBM; �bbQ+B�i2/ rBi? i?2 6BMBi2 :`B/ AMbi�#BHBiv Bb bi`QM;2bi �i θ = θD-

�M/ Bib 2z2+i Bb KBiB;�i2/ �i i2KT2`�im`2b �#Qp2 Q` #2HQr θD U"B`/b�HH � J�`QM- RN3yVX AM i?2

bBKmH�iBQMb T`2b2Mi2/ ?2`2- r2 mb2 Ry +2HHb T2` 2H2+i`QM bFBM /2Ti?- bQ i?�i i?2 MmK2`B+�H .2#v2

i2KT2`�im`2 Bb θD = 10−2X q2 bim/v MmK2`B+�H ?2�iBM; BM TH�bK�b rBi? BMBiB�H /BK2MbBQMH2bb

i2KT2`�im`2b θ0 = 10−5, 10−4- �M/ 10−3X SH�bK� rBi? i2KT2`�im`2 θ Bb BMBiB�HBx2/ �++Q`/BM; iQ �

J�tr2HH@CɃiiM2` /Bbi`B#miBQM-

fMJ(γ, θ) ∝ γ(γ2 − 1)
d
2−1 exp (−γ/θ) , UeXjjV

r?2`2 γ Bb i?2 T�`iB+H2 GQ`2Mix 7�+iQ` �M/ d Bb i?2 MmK#2` Q7 /BK2MbBQMbc 7Q` i?2 bBKmH�iBQMb BM i?Bb

b2+iBQM- d = 3X h?2 TH�bK� Bb BMBiB�HBx2/ BM � #Qt Q7 /BK2MbBQM Lx = 15 c/ωp, Ly = 30 c/ωp, Lz =

15 c/ωpX h?2 bBKmH�iBQM /QK�BM Bb T2`BQ/B+ BM x, y, �M/ zX h?2 MmK#2` Q7 T�`iB+H2b T2` +2HH Bb

Nppc = 64.

AM 6B;X eXk- r2 /2KQMbi`�i2 i?2 2z2+i Q7 /Bz2`2Mi +m``2Mi /2TQbBi b+?2K2b QM MmK2`B+�H ?2�iBM;

BM � mMB7Q`K TH�bK�X *QHmKMb R- k- j- �M/ 9 +Q``2bTQM/ iQ xB;x�;- 1st Q`/2`- 2nd Q`/2`- �M/ 3rd

Q`/2` /2MbBiv /2+QKTQbBiBQM- `2bT2+iBp2HvX S�M2Hb U�V Ĝ U/V b?Qr i?2 2pQHmiBQM Q7 /BK2MbBQMH2bb

i2KT2`�im`2 θ �b � 7mM+iBQM Q7 /BK2MbBQMH2bb iBK2- tωp. S�M2Hb U2V Ĝ U?V b?Qr i?2 7`�+iBQM�H 2``Q` BM

K2�M T�`iB+H2 GQ`2Mix 7�+iQ` `2H�iBp2 iQ i?2 BMBiB�H K2�M p�Hm2 ⟨γ0⟩ − 1- BX2X (⟨γ⟩ − ⟨γ0⟩)/(⟨γ0⟩ − 1)c

?2`2- γ0 ≡ 1 + θ0/(Γad(θ0) − 1)- r?2`2 i?2 �/B�#�iB+ BM/2t Γad Bb � 7mM+iBQM Q7 /BK2MbBQMH2bb

i2KT2`�im`2 θX

AM �M B/2�H bBKmH�iBQM- i?2 7`�+iBQM�H 2``Q` b?QmH/ `2K�BM x2`Q- #mi /m2 iQ MmK2`B+�H ?2�iBM;-

i?2 7`�+iBQM�H 2``Q` BM+`2�b2bX h?2 xB;x�; b+?2K2 �M/ 1st Q`/2` /2MbBiv /2+QKTQbBiBQM ?�p2 bBKBH�`

p�Hm2b 7Q` i?2 7`�+iBQM�H 2``Q` Qp2` i?2 `mMiBK2 Q7 i?2 bBKmH�iBQMb Ur?B+? Bb `Qm;?Hv tωp = 8× 103VX

"v mbBM; � ?B;?2`@Q`/2` T�`iB+H2 b?�T2- �b BM T�M2Hb U;V �M/ U?V- i?2 7`�+iBQM�H 2``Q` BM/m+2/ #v

kkj



MmK2`B+�H ?2�iBM; Bb /2+`2�b2/c 7Q` 2t�KTH2- rBi? � 3rd Q`/2` b?�T2 7mM+iBQM- i?2 7`�+iBQM�H 2``Q`

Bb `2/m+2/ #v �#Qmi RX8 Q`/2`b Q7 K�;MBim/2- `2H�iBp2 iQ xB;x�; Q` 1st Q`/2` /2MbBiv /2+QKTQbBiBQMX

6B;m`2 eXk, UU�V Ĝ U/VV 1pQHmiBQM Q7 /BK2MbBQMH2bb i2KT2`�im`2 �M/ UU2V Ĝ U?VV 7`�+iBQM�H 2``Q` BM � mMB@
7Q`K TH�bK� rBi? BMBiB�H /BK2MbBQMH2bb i2KT2`�im`2b θ0 = 10−5, 10−4, �M/ 10−3- 7Q` xB;x�;- 1st, 2nd- �M/
3rd Q`/2` 1bB`F2TQp U+QHmKMb R Ĝ 9- `2bT2+iBp2HvVX h?2 bBKmH�iBQMb T`2b2Mi2/ ?2`2 �`2 BM 7mHH j.X

LmK2`B+�H ?2�iBM; BM i?2 k. +�b2 Bb bBKBH�` iQ i?�i Q7 i?2 j. +�b2 /Bb+mbb2/ ?2`2c b22 �TT2M/Bt

eX"X

�M �Hi2`M�i2 K2i?Q/ i?�i �HHQrb 7Q` BKT`Qp2/ +QMi`QH Q7 MmK2`B+�H ?2�iBM; Bb i?2 �TTHB+�iBQM Q7

� }Hi2` iQ bKQQi? i?2 +?�`;2 �M/ +m``2Mi /2MbBiB2b U"mM2K�M 2i �HX- RNNjc aTBiFQpbFv- kyy8VX PM2

bm+? BKTH2K2Mi�iBQM Bb iQ- �i 2�+? iBK2bi2T �M/ BM 2�+? /B`2+iBQM- `2/Bbi`B#mi2 i?2 p�Hm2 Q7 i?2

+m``2Mi /2MbBiv �i � ;`B/ TQBMi BMiQ M2B;?#Q`BM; +2HHb- �++Q`/BM; iQ T`2b+`B#2/ r2B;?ibc � +QKKQMHv

mb2/ +?QB+2 Q7 r2B;?ib Bb R@k@RX "v `2T2�i2/ �TTHB+�iBQM Q7 bm+? � }Hi2`- i?2 +m``2Mi /2MbBiv Bb

bKQQi?2/- r?B+? BKT`Qp2b 2M2`;v +QMb2`p�iBQM BM i?2 SA* bBKmH�iBQMX

>Qr /Q2b i?2 2z2+i Q7 bm+? � }Hi2` QM MmK2`B+�H ?2�iBM; +QKT�`2 rBi? i?�i Q7 � ?B;?2`@Q`/2`

b?�T2 7mM+iBQM\ q2 +�M ;2i � `Qm;? B/2� #v `2T2�i2/ +QMpQHmiBQM Q7 � R@k@R }Hi2` QM � b[m�`2@

b?�T2/ [m�bB@T�`iB+H2 Q7 rB/i? ∆- 2[m�H iQ i?2 ;`B/ bT�+BM;c r2 +QMbB/2` �TTHvBM; i?2 }Hi2` �

iQi�H MmK#2` Q7 iBK2b ntimesX �7i2` 2�+? �TTHB+�iBQM Q7 i?2 }Hi2`- i?2 rB/i? Q7 i?2 T�`iB+H2 �i ?�H7

K�tBKmK +�M #2 K2�bm`2/- vB2H/BM; � +Q``2bTQM/2M+2 #2ir22M ntimes �M/ i?2 T�`iB+H2 7mHH rB/i? �i
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?�H7 K�tBKmK U7r?KVX �Hi2`M�iBp2Hv- #�b2/ QM i?2 /2}MBiBQM Q7 T�`iB+H2 b?�T2 7mM+iBQM 1[bX eXk9-

eXk8- i?2 7r?K +�M #2 +QKTmi2/ �b � 7mM+iBQM Q7 i?2 Q`/2` Q7 i?2 T�`iB+H2 b?�T2X hQ /2KQMbi`�i2

i?2 `Qm;? +Q``2bTQM/2M+2 #2ir22M ntimes �M/ Q`/2` Q7 b?�T2 7mM+iBQM- rBi? `2bT2+i iQ i?2 2z2+iBp2

7r?K Q7 i?2 [m�bB@T�`iB+H2- r2 b?Qr BM 6B;X eXj U#V � THQi Q7 ntimes pbX 7r?K �M/ Q`/2` pbX 7r?KX

h?2 7r?K b+�H2b `Qm;?Hv �b i?2 b[m�`2 `QQi Q7 ntimes- 7r?K/∆ ∝ n0.49
times- �M/ i?2 b+�HBM; rBi? Q`/2`

Q7 i?2 T�`iB+H2 b?�T2 Bb bHB;?iHv r2�F2`- 7r?K/∆ ∝ Q`/2`0.47X h?Bb +QKT�`BbQM b?Qrb i?�i `2T2�i2/

+QMpQHmiBQM Q7 � R@k@R }Hi2` �M/ ?B;?2`@Q`/2` b?�T2 7mM+iBQMb #Qi? BM+`2�b2 i?2 2z2+iBp2 7r?K Q7

i?2 [m�bB@T�`iB+H2- bQ #Qi? K2i?Q/b b?QmH/ `2bmHi BM BKT`Qp2/ +QMi`QH Q7 MmK2`B+�H ?2�iBM;X

q?BH2 BMimBiBp2- i?Bb +QKT�`BbQM Bb � bBKTHB}2/ TB+im`2 Q7 i?2 irQ K2i?Q/b- �M/ +�MMQi +�Tim`2

i?2 7mHH /2i�BHb Q7 � SA* bBKmH�iBQMX hQ /2KQMbi`�i2 � KQ`2 `Q#mbi +QKT�`BbQM Q7 i?2 }Hi2` bKQQi?@

BM; �M/ ?B;?2`@Q`/2` b?�T2 7mM+iBQM- r2 b?Qr BM 6B;X eXj U�V i?2 iBK2 2pQHmiBQM Q7 7`�+iBQM�H 2``Q`

BM � TH�bK� rBi? BMBiB�H i2KT2`�im`2 θ0 = 10−4- 7Q` bBKmH�iBQMb rBi? 1st Q`/2` b?�T2 7mM+iBQM �M/

ntimes = 1, 3, 5- �M/ � bBKmH�iBQM rBi? � 3rd Q`/2` b?�T2 7mM+iBQM- #mi ntimes = 0X AM i?Bb +�b2-

r2 }M/ � +HQb2 2[mBp�H2M+2- BM i2`Kb Q7 2pQHmiBQM Q7 7`�+iBQM�H 2``Q`- 7Q` i?2 bBKmH�iBQM rBi? � 1st

Q`/2` b?�T2 7mM+iBQM- ntimes = 5- �M/ 3rd Q`/2` b?�T2 7mM+iBQM- ntimes = 0X qBi? `2bT2+i iQ 7`�+@

iBQM�H 2``Q`- i?2 b+�HBM;b b?QrM BM 6B;X eXj U#V T`2/B+i �M 2[mBp�H2M+2 #2ir22M � 3rd Q`/2` b?�T2

7mM+iBQM- �M/ ntimes ≈ 2- r?B+? /Bz2`b 7`QK i?2 2KTB`B+�HHv K2�bm`2/ 2[mBp�H2M+2 #2ir22M 3rd

Q`/2` b?�T2- �M/ ntimes ≈ 5- b?QrM BM T�M2H U�Vc i?2 bBKTHB}2/ TB+im`2 r?B+? H2�/b iQ i?2 b+�HBM;b

7r?K/∆ ∝ n0.49
times �M/ 7r?K/∆ ∝ Q`/2`0.47 Bb T`Q#�#Hv BMbm{+B2Mi iQ +�Tim`2 i?2 7mHH /2i�BHb Q7 i?2

SA* BKTH2K2Mi�iBQMX
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6B;m`2 eXj, U�V 6Q` k. bBKmH�iBQMb rBi? θ0 = 10−4- +QKT�`BbQM Q7 7`�+iBQM�H 2``Q` 7Q` Rst Q`/2` 7Q`K@
7�+iQ` �M/ ntimes = 1, 3, 5 UbQHB/ HBM2bV pbX jrd Q`/2` b?�T2 �M/ ntimes = 0 U/�b?2/Vc U#V ntimes pbX 2z2+iBp2
7r?K U#Hm2V �M/ Q`/2` Q7 T�`iB+H2 b?�T2 pbX 2z2+iBp2 7r?K U/�`F `2/VX

eXjXk 6BH�K2Mi�iBQM BMbi�#BHBiv

6Q` i?2 M2ti i2bi- r2 +QMbB/2` � +QmMi2`bi`2�KBM; #2�KX h?2 #2�K Bb �HB;M2/ rBi? i?2 x /B`2+iBQMX

q2 +?QQb2 2[m�H /2MbBiB2b 7Q` i?2 #2�K �M/ #�+F;`QmM/ TH�bK�- �M/ +QMbB/2` irQ +�b2b- QM2 r?2`2

i?2 #2�K GQ`2Mix 7�+iQ` γb Bb MQM`2H�iBpBbiB+ Uvb/c = 0.5 → γb ≈ 1.15V- �M/ � b2+QM/ rBi? �

`2H�iBpBbiB+ #2�K Uvb/c = 0.95 → γb ≈ 3.20VX :Bp2M i?2 BMBiB�H �MBbQi`QTv Q7 i?Bb b2imT- TH�bK�

BMbi�#BHBiB2b rBHH ;`Qr iQ /`Bp2 i?2 T�`iB+H2 /Bbi`B#miBQM 7mM+iBQM iQr�`/b BbQi`QTvX >2`2- r2 +QMbB/2`

i?2 ;`Qri? Q7 i?2 T2`T2M/B+mH�` KQ/2- FMQrM �b i?2 }H�K2Mi�iBQM BMbi�#BHBiv- r?B+? Bb i?2 7�bi2bi

;`QrBM; KQ/2 7Q` bvKK2i`B+ #2�KbX Ai ?�b � K�tBKmK ;`Qri? `�i2 U"`2i- kyRkV

δmax,th =
vb
c
ωp, UeXj9V

r?2`2 ωp Bb i?2 TH�bK� 7`2[m2M+v- rBi? K�bb `2b+�H2/ #v γb- ωp =
√

4πn0e2/(γbm)- �M/ n0 Bb i?2

iQi�H MmK#2` /2MbBiv Q7 TQbBi`QMb �M/ 2H2+i`QMbX

6Q` i?2 j. bBKmH�iBQMb T`2b2Mi2/ ?2`2- r2 mb2 � T2`BQ/B+ #Qt r?Qb2 /BK2MbBQMb �`2 Lx = Ly =

Lz = 12.6 c/ωp, rBi? c/ωp = 10 +2HHbX AM i?2 MQM`2H�iBpBbiB+ +�b2- i?2 #Qt H2M;i? Bb �#Qmi 2[m�H iQ

i?2 r�p2H2M;i? Q7 i?2 mMbi�#H2 KQ/2c ?Qr2p2`- r2 ?�p2 +?2+F2/ i?�i Qm` `2bmHib �;`22 rBi? i?Qb2

kke



Q#i�BM2/ rBi? � #Qt i?�i Bb i?`22 iBK2b �b H�`;2 BM i?2 T2`T2M/B+mH�` UzV /B`2+iBQMX h?2 BMBiB�H

/BK2MbBQMH2bb i2KT2`�im`2 Q7 i?2 TH�bK� Bb θ0 = 2× 10−5, �M/ r2 mb2 Nppc = 64 T�`iB+H2b T2` +2HHX

6Q` k. bBKmH�iBQMb- r2 mb2 i?2 b�K2 +?QB+2 Q7 MmK2`B+�H T�`�K2i2`b- 2t+2Ti 7Q` i?2 #Qt bBx2 r?B+?

Bb Lx = Ly = 12.8 c/ωp.

AM 6B;X eX9- r2 b?Qr 2pQHmiBQM Q7 U2×VT2`T2M/B+mH�` K�;M2iB+ 2M2`;v ⟨|Bz|2⟩/(4πnmc2), r?2`2

�M;H2 #`�+F2ib /2MQi2 � bT�iB�H �p2`�;2 Qp2` i?2 bBKmH�iBQM /QK�BM- r?B+? Bb j.X S�M2Hb U�V �M/

U#V b?Qr i?2 ;`Qri? `�i2b 7Q` i?2 MQM`2H�iBpBbiB+ �M/ `2H�iBpBbiB+ +�b2b- `2bT2+iBp2HvX h?2 K2�bm`2/

;`Qri? `�i2 Bb T`2b2Mi2/ 7Q` xB;x�;- �b r2HH �b 1bB`F2TQpǶb b+?2K2 rBi? 1st, 2nd, �M/ 3rd Q`/2`

b?�T2 7mM+iBQMbX h?2 K2�bm`2/ ;`Qri? `�i2b �`2 +QKT�`2/ rBi? i?2 �M�HviB+�H ;`Qri? `�i2- 1[X

eXj9X AM i?2 `2H�iBpBbiB+ +�b2- i?2 /Bz2`2Mi +m``2Mi /2TQbBi b+?2K2b b?Qr �++2Ti�#H2 �;`22K2Mi

rBi? i?2 T`2/B+i2/ K�tBKmK ;`Qri? `�i2 Q7 i?2 mMbi�#H2 KQ/2X AM i?2 MQM`2H�iBpBbiB+ +�b2- i?2

/2MbBiv /2+QKTQbBiBQM rBi? 2nd �M/ 3rd Q`/2` b?�T2 7mM+iBQMb b?Qr `2�bQM�#H2 �;`22K2Mi rBi? i?2

�M�HviB+�H T`2/B+iBQM- ?Qr2p2`- i?2 xB;x�; �M/ /2MbBiv /2+QKTQbBiBQM rBi? 1st Q`/2` b?�T2 7mM+iBQM

/Q MQi b?Qr � +HQb2 �;`22K2Mi iQ i?2 T`2/B+iBQMX AM i?2b2 +�b2b- ?Qr2p2`- i?2 �;`22K2Mi BKT`Qp2b

rBi? BM+`2�b2/ MmK#2` Q7 T�`iB+H2b T2` +2HH Nppc, r?B+? Bb �MQi?2` r�v iQ +QMi`QH MmK2`B+�H ?2�iBM;-

�T�`i 7`QK i?2 }Hi2`BM; �M/ ?B;?2`@Q`/2` b?�T2 7mM+iBQMb /Bb+mbb2/ BM a2+iBQM eXjXRX 6Q` i?2 xB;x�;

b+?2K2- r2 }M/ BKT`Qp2/ �;`22K2Mi rBi? i?2 �M�HviB+�H T`2/B+iBQM r?2M i?2 MmK#2` Q7 T�`iB+H2b

T2` +2HH Bb BM+`2�b2/c r2 ?�p2 i2bi2/ rBi? Nppc = 512. h?2 /Bb�;`22K2Mi #2ir22M i?2 �M�HviB+�H

T`2/B+iBQM- �b +QKT�`2/ iQ xB;x�; �M/ 1st Q`/2` /2MbBiv /2+QKTQbBiBQM- Bb HBF2Hv HBMF2/ iQ MmK2`B+�H

?2�iBM; �i 2�`Hv iBK2b r?B+? /BbiQ`ib i?2 K2�bm`2/ ;`Qri? `�i2- `�i?2` i?�M �M BMi`BMbB+ HBKBi�iBQM Q7

1st Q`/2` b?�T2 7mM+iBQMb BM +�Tim`BM; i?2 T?vbB+b Q7 i?2 }H�K2Mi�iBQM BMbi�#BHBivX h?2 �;`22K2Mi

#2ir22M i?2 �M�HviB+�HHv T`2/B+i2/ K�tBKmK ;`Qri? `�i2 U1[X eXj9V �M/ i?2 K2�bm`2/ ;`Qri?

`�i2b BM 6B;X eX9 bmTTQ`ib i?�i Qm` BKTH2K2Mi�iBQM Q7 i?2 1bB`F2TQp b+?2K2 Bb p�HB/- �b Bi +Q``2+iHv

+�Tim`2b i?2 T?vbB+b M2+2bb�`v iQ KQ/2H i?2 }H�K2Mi�iBQM BMbi�#BHBivX

kkd



AM 6B;bX eX8 �M/ eXe- r2 b?Qr bT�iB�H T`Q}H2b Q7 U2×VK�;M2iB+ 2M2`;v- Bz, �M/ /2MbBiv MQ`K�HBx2/

iQ BMBiB�H /2MbBiv n0, 7Q` k. bBKmH�iBQMb rBi? MQM`2H�iBpBbiB+ �M/ `2H�iBpBbiB+ #2�Kb- `2bT2+iBp2HvX

h?2 }`bi- b2+QM/- i?B`/- �M/ 7Qm`i? +QHmKMb +Q``2bTQM/ iQ /Bz2`2Mi b+?2K2b 7Q` +m``2Mi /2TQbBiBQM,

xB;x�;- 1st, 2nd, �M/ 3rd Q`/2` /2MbBiv /2+QKTQbBiBQMX AM 2�+? };m`2- i?2 bT�iB�H T`Q}H2b �`2 b?QrM

+HQb2 iQ i?2 b�im`�iBQM Q7 i?2 BMbi�#BHBivc 7Q` i?2 MQM`2H�iBpBbiB+ +�b2- i?Bb Bb �`QmM/ tωp ≈ 22.73,

�M/ 7Q` i?2 `2H�iBpBbiB+ +�b2- tωp ≈ 16.88. AM 2�+? +�b2- MQM`2H�iBpBbiB+ �M/ `2H�iBpBbiB+- i?2 7Qm`

bBKmH�iBQMb bi�`i rBi? i?2 b�K2 BMBiB�H +QM/BiBQMb- bQ �Mv bHB;?i /Bz2`2M+2b BM i?2 bT�iB�H T`Q}H2b

�`2 +�mb2/ #v i?2 /Bz2`2Mi +m``2Mi /2TQbBiBQM �H;Q`Bi?Kb 2KTHQv2/ BM 2�+? Q7 i?2 7Qm` +�b2bX

6B;m`2 eX9, hBK2 2pQHmiBQM Q7 T2`T2M/B+mH�` K�;M2iB+ 2M2`;v 7Q` U�V MQM`2H�iBpBbiB+ �M/ U#V `2H�iBpBb@
iB+ +QmMi2`bi`2�KBM; #2�K- 7Q` xB;x�;- 1st, 2nd- �M/ 3rd Q`/2` 1bB`F2TQpX aQHB/ HBM2b b?Qr i?2 K2�bm`2/
;`Qri? `�i2b- �M/ /�b?2/ HBM2b b?Qr i?2 �M�HviB+�H T`2/B+iBQM Ub22 1[X eXj9VX h?2 bBKmH�iBQMb ?2`2 �`2 j.X

kk3



6B;m`2 eX8, 6Q` i?2 MQM`2H�iBpBbiB+ +QmMi2`bi`2�KBM; b2imT Uγb ≈ 1.15V, k. bT�iB�H T`Q}H2b Q7 K�;M2iB+
2M2`;v U}`bi `QrV- z +QKTQM2Mi Q7 K�;M2iB+ }2H/ Ub2+QM/ `QrV- �M/ /2MbBiv BM mMBib Q7 BMBiB�H /2MbBiv
Ui?B`/ `QrV- 7Q` 1st, 2nd- �M/ 3rd Q`/2` 1bB`F2TQp U+QHmKMb R Ĝ 9VX h?2 bT�iB�H T`Q}H2b �`2 7`QK k. bBKm@
H�iBQMb �i tωp ≈ 22.73- r?B+? Bb M2�` b�im`�iBQM Q7 i?2 ;`Qri? Q7 i?2 mMbi�#H2 KQ/2X h?2 bT�iB�H T`Q}H2b
b?QrM ?2`2 �`2 7`QK k. bBKmH�iBQMbX

kkN



6B;m`2 eXe, aBKBH�` iQ 6B;X eX8- #mi 7Q` i?2 `2H�iBpBbiB+ +QmMi2`bi`2�KBM; b2imT Uγb ≈ 3.20V, k. bT�iB�H
T`Q}H2b Q7 K�;M2iB+ 2M2`;v U}`bi `QrV- z +QKTQM2Mi Q7 K�;M2iB+ }2H/ Ub2+QM/ `QrV- �M/ /2MbBiv BM mMBib
Q7 BMBiB�H /2MbBiv Ui?B`/ `QrV- 7Q` 1st, 2nd- �M/ 3rd Q`/2` 1bB`F2TQp U+QHmKMb R Ĝ 9VX h?2 bT�iB�H T`Q}H2b �`2
7`QK k. bBKmH�iBQMb �i tωp ≈ 16.88- r?B+? Bb M2�` b�im`�iBQM Q7 i?2 ;`Qri? Q7 i?2 mMbi�#H2 KQ/2X h?2
bT�iB�H T`Q}H2b b?QrM ?2`2 �`2 �;�BM 7`QK k. bBKmH�iBQMbX

eXjXj LmK2`B+�H *?2`2MFQp BMbi�#BHBiv

LmK2`B+�H /BbT2`bBQM BM `2H�iBpBbiB+ TH�bK� ~Qrb ;2M2`�i2b � MQMT?vbB+�H MmK2`B+�H BMbi�#BHBiv-

FMQrM �b i?2 MmK2`B+�H *?2`2MFQp BMbi�#BHBiv U:Q/7`2v- RNd9VX >2`2- r2 BMp2biB;�i2 i?2 2z2+i Q7

/Bz2`2Mi +m``2Mi /2TQbBiBQM b+?2K2b QM i?2 ;`Qri? Q7 i?2 MmK2`B+�H *?2`2MFQp BMbi�#BHBivX h?2

bBKmH�iBQMb T`2b2Mi2/ ?2`2 �`2 bBKBH�` iQ i?2 k. bBKmH�iBQMb /2b+`B#2/ BM a2+iBQM eXjXk- ?Qr2p2` r2

mb2 � bBM;H2 #2�K bi`2�KBM; BM i?2 +x /B`2+iBQM- rBi? GQ`2Mix 7�+iQ` γb ≈ 22.37- �M/ Nppc = 16X

�;�BM- i?2 TH�bK� Bb 2H2+i`QM@TQbBi`QM rBi? BMBiB�H /BK2MbBQMH2bb i2KT2`�im`2 θ0 = 2× 10−5X

AM 6B;X eXd- r2 b?Qr i?2 ;`Qri? Q7 U2×VT2`T2M/B+mH�` K�;M2iB+ 2M2`;v ⟨|Bz|2⟩/(4πnmc2), 7Q`

i?2 +m``2Mi /2TQbBi b+?2K2b xB;x�;- 1st, 2nd, �M/ 3rd Q`/2` 1bB`F2TQpX h?2 ;`Qri? Q7 i?2 BMbi�#BHBiv

kjy



Bb b?QrM rBi? `2bT2+i iQ /BK2MbBQMH2bb iBK2 tωp, rBi? i?2 TH�bK� 7`2[m2M+v /2}M2/ �b BM a2+iBQM

eXjXkX h?2 bQHB/ HBM2b b?Qr i?2 K2�bm`2/ ;`Qri? Q7 i?2 BMbi�#BHBiv- r?2`2�b /�b?2/ HBM2b b?Qr }ib

T`QTQ`iBQM�H iQ exp(δmaxt)- mb2/ iQ 2ti`�+i i?2 K�tBKmK ;`Qri? `�i2 BM 2�+? +�b2X h?2 ;`Qri?

`�i2 Q7 i?2 BMbi�#BHBiv Bb `2/m+2/ #v mb2 Q7 ?B;?2`@Q`/2` b?�T2 7mM+iBQMbc i?2 K�tBKmK ;`Qri? `�i2

7Q` i?2 bBKmH�iBQM r?B+? mb2b � 3rd Q`/2` 7Q`K@7�+iQ` Bb � 7�+iQ` Q7 irQ bK�HH2` i?�M BM i?2 1st Q`/2`

1bB`F2TQp bBKmH�iBQMX *QKT�`2/ iQ i?2 bBKmH�iBQM rBi? xB;x�; +m``2Mi /2TQbBi- i?2 bBKmH�iBQM

r?B+? mb2b � 3rd Q`/2` 7Q`K@7�+iQ` ?�b � K�tBKmK ;`Qri? `�i2 i?�i Bb � 7�+iQ` Q7 7Qm` bK�HH2`X

6B;m`2 eXd, hBK2 2pQHmiBQM Q7 T2`T2M/B+mH�` K�;M2iB+ 2M2`;v 7Q` xB;x�;- 1st, 2nd- �M/ 3rd Q`/2` 1bB`F2TQp
UbQHB/ HBM2bV- �M/ K2�bm`2/ K�tBKmK ;`Qri? `�i2b U/�b?2/VX h?2b2 bBKmH�iBQMb �`2 k.X

AM 6B;X eX3- r2 b?Qr i?2 k@bT�+2 T`Q}H2b Q7 i?2 6Qm`B2` TQr2` bT2+i`mK |B̃z(kx c/ωp, ky c/ωp)|2-

BM i?2 }`bi `Qr- �M/ i?2 bT�iB�H T`Q}H2 Q7 /2MbBiv- BM mMBib Q7 BMBiB�H /2MbBiv- BM i?2 b2+QM/ `QrX

*QHmKMb RĜ9 +Q``2bTQM/ iQ xB;x�;- 1st, 2nd, �M/ 3rd Q`/2` 1bB`F2TQp b+?2K2bX 6Q` 2�+? +m``2Mi

/2TQbBi b+?2K2- i?2 bT�iB�H T`Q}H2b �`2 b?QrM �i � bM�Tb?Qi BM iBK2 M2�` i?2 2M/ Q7 i?2 2tTQM2MiB�H

;`Qri? T?�b2 Q7 i?2 MmK2`B+�H *?2`2MFQp BMbi�#BHBiv Utωp ≈ 20, 40, 50- �M/ 70 7Q` xB;x�;- 1st, 2nd,

�M/ 3rd Q`/2` 1bB`F2TQp- `2bT2+iBp2Hvc b22 6B;X eXdVX h?2 /2MbBiv THQib b?Qr � bi`2�F T�ii2`M i?�i

Bb +?�`�+i2`BbiB+ Q7 i?2 MmK2`B+�H *?2`2MFQp BMbi�#BHBivX S`Q}H2b Q7 i?2 6Qm`B2` TQr2` bT2+i`mK �HbQ

b?Qr � bB;M�im`2 Q7 i?2 2t+Bi2/ *?2`2MFQp KQ/2bX h?2 mMbi�#H2 r�p2 MmK#2`b �`2 `2;mH�i2/ #v

kjR



i?2 2[m�iBQM UAF2v� � J�ibmKQiQ- kyR8V

ky∆y = 2arcsin

[
± ∆y

c∆t

√

tan2
(
βbkxc∆t

2

)
−

(
c
∆t

∆x
sin

(
ky∆y

2

))2
]
, UeXj8V

r?2`2 ∆t Bb i?2 bBKmH�iBQM iBK2bi2T �M/ βb = vb/c- i?2 /BK2MbBQMH2bb p2HQ+Biv Q7 i?2 #2�KX AM Qm`

bBKmH�iBQMb- ∆x = ∆y. h?2 HQ+mb Q7 r�p2MmK#2`b kx, ky b�iBb7vBM; i?2 +QM/BiBQM 1[X eXj8 Bb b?QrM

#v /�b?2/ `2/ +m`p2b BM i?2 }`bi `Qr Q7 6B;X eX3X h?2 �;`22K2Mi #2ir22M r�p2MmK#2`b T`2/B+i2/ iQ

#2 mMbi�#H2 /m2 iQ i?2 MmK2`B+�H *?2`2MFQp BMbi�#BHBiv U1[X eXj8V �M/ i?2 /Bbi`B#miBQM Q7 6Qm`B2`

TQr2` BM k@bT�+2- b?QrM BM i?2 }`bi `Qr Q7 6B;X eX3- /2KQMbi`�i2b i?�i i?2 /2MbBiv r�p2b T`2b2Mi

BM i?2 b2+QM/ `Qr Q7 6B;X eX3 BM/22/ +Q``2bTQM/ iQ MmK2`B+�H *?2`2MFQp KQ/2bX

6B;m`2 eX3, 6Q` � k.- `2H�iBpBbiB+ bBM;H2 #2�K bBKmH�iBQM Uγb ≈ 22.7V, k@bT�+2 T`Q}H2b Q7 i?2 6Qm`B2`
TQr2` bT2+i`mK |B̃z(kx c/ωp, ky c/ωp)|2 U}`bi `QrV- �M/ bT�iB�H T`Q}H2b Q7 /2MbBiv BM mMBib Q7 BMBiB�H /2MbBiv
Ub2+QM/ `QrV- 7Q` xB;x�;- 1st, 2nd- �M/ 3rd Q`/2` 1bB`F2TQp U+QHmKMb R Ĝ 9VX .�b?2/ `2/ HBM2b BM i?2 }`bi
`Qr b?Qr kx, ky b�iBb7vBM; 1[X eXj8X 6Q` 2�+? +�b2- i?2 k@bT�+2 �M/ bT�iB�H T`Q}H2b �`2 b?QrM M2�` b�im@
`�iBQM Q7 i?2 LmK2`B+�H *?2`2MFQp BMbi�#BHBivc i?2 bBKmH�iBQMb ?2`2 �`2 i?2 b�K2 �b i?Qb2 b?QrM BM 6B;X
eXdX

kjk



eX9 S2`7Q`K�M+2

AM i?Bb b2+iBQM- r2 +QKT�`2 i?2 T2`7Q`K�M+2 Q7 Qm` BKTH2K2Mi�iBQM Q7 xB;x�;- 1st, 2nd, �M/ 3rd Q`/2`

/2MbBiv /2+QKTQbBiBQM 7Q` i?2 +m``2Mi /2TQbBi bi2T Q7 i?2 SA* HQQTX

AM 6B;X eXN- r2 b?Qr i?2 �p2`�;2 *Sl iBK2 T2` bi2T 7Q` i?2 +m``2Mi /2TQbBi �b � 7mM+iBQM Q7 Nppc-

7Q` k. �M/ j. UT�M2Hb U�V �M/ U#V- `2bT2+iBp2HvVX h?2 xB;x�; �M/ 1st Q`/2` 1bB`F2TQp b+?2K2b b?Qr

bBKBH�` T2`7Q`K�M+2 BM k.- #mi i?2 xB;x�; BKTH2K2Mi�iBQM Bb 7�bi2bi BM j.- #v `Qm;?Hv � 7�+iQ` Q7

6.5 7Q` i?2 +m``2Mi /2TQbBi- �M/ 3.2 7Q` i?2 T�`iB+H2 Tmb?X 6Q` j.- i?2 �p2`�;2 iBK2 Q7 i?2 +m``2Mi

/2TQbBi bi2T- r?2M mbBM; � 3rd Q`/2` b?�T2 7mM+iBQM- Bb M2�`Hv �M Q`/2` Q7 K�;MBim/2 H�`;2` i?�M

i?2 iBK2 `2[mB`2/ #v xB;x�;X h?2 MmK#2` Q7 QT2`�iBQMb M22/2/ /m`BM; i?2 +m``2Mi /2TQbBi bi2T-

r?2M mbBM; i?2 1bB`F2TQp K2i?Q/- b+�H2b rBi? #Qi? i?2 MmK#2` Q7 T�`iB+H2b �M/ i?2 MmK#2` Q7

�``�v 2H2K2Mib Qp2` r?B+? i?2 R. T�`iB+H2 b?�T2 ?�b bmTTQ`i Ur2 +�M +�HH i?2 H�ii2` N1D
shapeVX h?2

�p2`�;2 *Sl iBK2 b?QmH/ b+�H2 `Qm;?Hv �b (Nppc×N1D
shape)

2 BM k.- �M/ (Nppc×N1D
shape)

3 BM j.X h?2

/2T2M/2M+2 QM i?2 /BK2MbBQM Q7 i?2 bBKmH�iBQM �i H2�bi T�`iHv 2tTH�BMb r?v- 7Q` }t2/ Nppc, i?2

/Bz2`2M+2 BM *Sl iBK2 #2ir22M i?2 3rd �M/ 1st Q`/2` b+?2K2b Bb ;`2�i2` BM j. i?�M BM k. Ub22 #v

+QKT�`BM; T�M2Hb U�V �M/ U#VVX

6B;m`2 eXN, 6Q` +m``2Mi /2TQbBi- i?2 K2�M *Sl iBK2 T2` bi2T- �b � 7mM+iBQM Q7 T�`iB+H2b T2` +2HH 7Q` U�V
k. �M/ U#V j.X

kjj



6B;X eXRy Bb bBKBH�` iQ 6B;X eXN- #mi ?2`2 r2 +QKT�`2 i?2 T2`7Q`K�M+2 Q7 i?2 T�`iB+H2 Tmb?2` 7Q`

i?2 /Bz2`2Mi BKTH2K2Mi�iBQMbX h?2 T2`7Q`K�M+2 Q7 2�+? b+?2K2 +�M /Bz2`- /2T2M/BM; QM ?Qr i?2

2H2+i`QK�;M2iB+ }2H/b �`2 BMi2`TQH�i2/ iQ i?2 HQ+�iBQM Q7 � T�`iB+H2X 6Q` xB;x�;- r2 +QKTmi2 }2H/

p�Hm2b pB� � HBM2�` BMi2`TQH�iBQM 7`QK u22 URNeeV H�iiB+2 TQBMib Ub22 6B;X eXRRV iQ ;`B/TQBMib- i?2M

;`B/TQBMib iQ T�`iB+H2 HQ+�iBQMc i?2 T`Q+2/m`2 Bb /2b+`B#2/ BM /2i�BH BM *�B 2i �HX UkyyjVX

6B;m`2 eXRy, 6Q` T�`iB+H2 Tmb?- i?2 K2�M *Sl iBK2 T2` bi2T- �b � 7mM+iBQM Q7 T�`iB+H2b T2` +2HH 7Q` U�V k.
�M/ U#V j.X h?Bb Bb bBKBH�` iQ 6B;X eXNX

6Q` i?2 Rst- knd- �M/ jrd Q`/2` b+?2K2b- i?2 }2H/ p�Hm2 �i � T�`iB+H2 HQ+�iBQM F (x, y, z) Bb +QKTmi2/

�b � bmK Qp2` i?2 T`Q/m+i Q7 i?2 T�`iB+H2 b?�T2 �M/ }2H/- Qp2` +2HHb r?2`2 i?2 7Q`K@7�+iQ` Bb MQMx2`Q,k

F (x, y, z) =
∑

n|S3D(in,jn,kn)̸=0

F (in, jn, kn)S
1D
x (in)S

1D
y (jn)S

1D
z (kn). UeXjeV

>2`2- in, jn, �M/ kn /2MQi2 i?2 +2HH HQ+�iBQMX h?2 }2H/b �i HQ+�iBQM F (in, jn, kn) +�M #2 +QKTmi2/

pB� HBM2�` BMi2`TQH�iBQM Q7 i?2 }2H/b /2}M2/ QM i?2 u22 URNeeV H�iiB+2X �b �M 2t�KTH2- +QMbB/2`

i?2 +�b2 F = Exc QM i?2 u22 H�iiB+2- i?2 x +QKTQM2Mi Q7 i?2 2H2+i`B+ }2H/ Bb /2}M2/ �i TQBMib

bi�;;2`2/ UrBi? `2bT2+i iQ i?2 T`BK�H ;`B/V #v ?�H7 � +2HH- (in +∆/2, jn, kn)X hQ BMi2`TQH�i2 7`QK
kh?2 }2H/ BMi2`TQH�iBQM BM k. Bb �M�HQ;Qmbc ?QKQ;2M2Biv Bb �bbmK2/ BM i?2 z /B`2+BiQM- bQ F (x, y, z) =

F (x, y) =
∑

n|S2D(in,jn)̸=0 F (in, jn)S1D
x (in)S1D

y (jn)X

kj9



u22 H�iiB+2 ;`B/TQBMib iQ KB/TQBMib Ui?2`2#v Q#i�BMBM; i?2 }`bi i2`K QM i?2 `B;?i?�M/ bB/2 Q7 1[X

eXjeV- Ex(in, jn, kn) Bb +QKTmi2/ 7`QK irQ bm``QmM/BM; TQBMib �b

Ex(in, jn, kn) =
1

2
[Ex(in +∆/2, jn, kn) + Ex(in −∆/2, jn, kn)] , UeXjdV

�M/ i?2 Qi?2` 1J }2H/ +QKTQM2Mib �`2 +QKTmi2/ bBKBH�`HvX qBi? i?2 1J }2H/b +QKTmi2/ �i

i?2 b�K2 ;`B/ TQBMib Qp2` r?B+? i?2 T�`iB+H2 b?�T2 7mM+iBQM Bb /2}M2/- 1[X eXje vB2H/b i?2 }2H/

+QKTQM2Mib �i i?2 T�`iB+H2 HQ+�iBQM- �M/ �HHQrb 7Q` +�H+mH�iBQM Q7 i?2 7Q`+2 QM � T�`iB+H2X

6`QK 1[X eXje- i?2 T�`iB+H2 Tmb? bi2T /2T2M/b QM (N1D)3 BM j.- �M/ Bb �HbQ T`QTQ`iBQM�H iQ

(Nppc)3- bQ i?2 `2[mB`2/ iBK2 b?QmH/ b+�H2 �b (Nppc × N1D
shape)

3 UQ` BM k.- (Nppc × N1D
shape)

2V- �b

BM i?2 +m``2Mi /2TQbBi bi2TX *QKT�`BM; T�M2Hb U�V BM 6B;bX eXN �M/ eXRy- �M/ �HbQ T�M2Hb U#V-

i?2 +m``2Mi /2TQbBi �M/ T�`iB+H2 Tmb? bi2Tb b?Qr bBKBH�` b+�HBM;b rBi? Nppc- 7Q` 2�+? b+?2K2X h?2

+m``2Mi /2TQbBi �M/ T�`iB+H2 Tmb? bi2Tb BM j. b?Qr bQK2 /Bz2`2M+2b 7Q` xB;x�; �M/ Rst Q`/2` /2MbBiv

/2+QKTQbBiBQMX

y

z

x

(i, j, k + 1)

(i, j, k) (i, j + 1, k)

(i+ 1, j, k)

Ey

Ez Bx

Ex
Bz

By

�x

�y

�z

6B;m`2 eXRR, .B�;`�K Q7 u22 H�iiB+2X Ex, Ey- �M/ Ez �`2 /2}M2/ �i 2/;2 KB/TQBMibc Bx, By- �M/ Bz �`2
/2}M2/ �i 7�+2 +2Mi2`bX

kj8



eX8 amKK�`v

AM i?Bb +?�Ti2`- r2 BMp2biB;�i2/ i?2 mb2 Q7 ?B;?2`@Q`/2` b?�T2 7mM+iBQMb BM SA* bBKmH�iBQMb- #v

mb2 Q7 i?2 1bB`F2TQp /2MbBiv /2+QKTQbBiBQM b+?2K2 7Q` +m``2Mi /2TQbBiBQM- �M/ +QKT�`2/ rBi? i?2

xB;x�; b+?2K2X q2 b?Qr i?�i ?B;?2`@Q`/2` b?�T2 7mM+iBQMb Qz2` BM+`2�b2/ +QMi`QH rBi? `2bT2+i iQ

MmK2`B+�H ?2�iBM;- �M/ i?�i � bKQQi?BM; }Hi2` +�M Qz2` bBKBH�` BKT`Qp2K2MibX q2 /2KQMbi`�i2

i?2 +Q``2+iM2bb Q7 Qm` BKTH2K2Mi�iBQM #v +QKT�`BM; i?2 �M�HviB+�H ;`Qri? `�i2 Q7 i?2 }H�K2Mi�iBQM

BMbi�#BHBiv iQ i?2 K2�bm`2/ ;`Qri? `�i2 BM bBKmH�iBQMbX 6Q` � `2H�iBpBbiB+ TH�bK�- r2 /2KQMbi`�i2

i?�i i?2 mb2 Q7 ?B;?2`@Q`/2` b?�T2 7mM+iBQMb Qz2`b bQK2 `2/m+iBQM BM i?2 ;`Qri? `�i2 Q7 i?2 MmK2`B+�H

*?2`2MFQp BMbi�#BHBivX G�bi- r2 �bb2bb i?2 T2`7Q`K�M+2 Q7 Qm` BKTH2K2Mi�iBQM Q7 i?2 1bB`F2TQp

/2MbBiv /2+QKTQbBiBQM b+?2K2- �M/ +QKT�`2 rBi? xB;x�;- 7Q` i?2 +m``2Mi /2TQbBi �M/ T�`iB+H2 Tmb?

bi2Tb Q7 i?2 SA* HQQT- BM #Qi? k. �M/ j.c i?2 1st Q`/2` /2MbBiv /2+QKTQbBiBQM b?Qrb bBKBH�`

T2`7Q`K�M+2 iQ xB;x�; 7Q` i?2 +m``2Mi /2TQbBi �M/ T�`iB+H2 Tmb? bi2Tb BM k.c BM j.- xB;x�; +m``2Mi

/2TQbBi Bb 7�bi2bi- �M/ �i HQr Nppc- Bib �bbQ+B�i2/ T�`iB+H2 Tmb? BKTH2K2Mi�iBQM Bb 7�bi2` i?�M i?�i

Q7 i?2 Rst Q`/2` 1bB`F2TQp b+?2K2X

eX� 1bB`F2TQp +Q2{+B2Mib

>2`2- r2 2H�#Q`�i2 QM i?2 /2`Bp�iBQM Q7 MmK2`B+�H +Q2{+B2Mib r?B+? `2H�i2 /2MbBiB2b Wx,Wy, �M/

Wz iQ 7Q`K@7�+iQ`b UBX2X- i?2 +Q2{+B2Mib BM 1[bX eXR8- eXRe- �M/ eXRdVX hQ b?Q`i2M MQi�iBQM- /2}M2

� p2+iQ` Q7 i?2 TQbbB#H2 7Q`K@7�+iQ`b ;2M2`�i2/ #v T�`iB+H2 KQiBQM BM j. QM � *�`i2bB�M ;`B/- 1[X

eX3-

v = [S(x+∆x, y +∆y, z +∆z),

S(x, y +∆y, z +∆z), S(x+∆x, y, z +∆z), S(x+∆x, y +∆y, z),

S(x, y, z +∆z), S(x, y +∆y, z)S(x+∆x, y, z),

S(x, y, z)].

UeXj3V

kje



q2 �bbmK2 i?�i i?2 /2MbBiB2b Wx,Wy, �M/ Wz �`2 HBM2�` +QK#BM�iBQMb Q7 i?2 7mM+iBQMb 1[X eX3-

Wx(x, y, z,∆x,∆y,∆z) =
8∑

i=1

aivi, UeXjNV

Wy(x, y, z,∆x,∆y,∆z) =
8∑

i=1

bivi, UeX9yV

Wz(x, y, z,∆x,∆y,∆z) =
8∑

i=1

civi. UeX9RV

>2`2- r2 +QMbB/2` i?2 r2B;?ib iQ ?�p2 bBt �`;mK2Mib- +Q``2bTQM/BM; iQ i?2 T�`iB+H2 TQbBiBQM (x, y, z)

7Q` i?2 }`bi i?`22- �M/ i?2 b?B7i (∆x,∆y,∆z) 7Q` i?2 H�bi i?`22c rBi? i?Bb MQi�iBQM-

Wx(x+∆x, y, z) ≡ Wx(x, y, z,∆x, 0, 0), UeX9kV

7Q` 2t�KTH2X Pm` i�bF Bb iQ /2i2`KBM2 i?2 +Q2{+B2Mib ai, bi, ci, bm#D2+i iQ i?2 +QMbi`�BMib UR- k- �M/

jV QM W HBbi2/ BM a2+iBQM eXkX q2 i`�MbH�i2 i?2 i?`22 +QMbi`�BMib BMiQ � bvbi2K Q7 2[m�iBQMb r?B+?

mMB[m2Hv /2i2`KBM2b i?2 k9 +Q2{+B2Mib ai, bi- �M/ ci.

h?2 }`bi +QMbi`�BMi r2 +QMbB/2`- Bi2K R- +�M #2 mM/2`biQQ/ �b 2M7Q`+BM; i?�i i?2 r2B;?ib Wx,Wy,

�M/ Wz b�iBb7v i?2 +QMiBMmBiv 2[m�iBQM U1[X eXkVX AMb2`iBM; i?2 /2}MBiBQMb eXjN- eX9y- �M/ eX9R BMiQ

1[X eXd- r2 Q#i�BM

8∑

i=1

(ai + bi + ci)vi = S(x+∆x, y +∆y, z +∆z)− S(x, y, z). UeX9jV

h?2 M2ti T`QT2`iv Q7 W- Bi2K k- 2Mbm`2b i?�i B7 i?2 T�`iB+H2 b?B7i BM � /B`2+iBQM Bb x2`Q- i?2M MQ

+m``2Mi Bb /2TQbBi2/ �HQM; i?�i /B`2+iBQMX h?Bb �HHQrb mb iQ b2i ∆x,∆y, �M/ ∆z 2�+? iQ x2`Q BM 1[X

kjd



eX9j iQ ;2i i?`22 b2ib Q7 +QMbi`�BMib-

Wx(x, y, z,∆x,∆y, 0) +Wy(x, y, z,∆x,∆y, 0) = S(x+∆x, y +∆y, z)− S(x, y, z), UeX99V

Wx(x, y, z,∆x, 0,∆z) +Wz(x, y, z,∆x, 0,∆z) = S(x+∆x, y, z +∆z)− S(x, y, z), UeX98V

Wy(x, y, z, 0,∆y,∆z) +Wz(x, y, z, 0,∆x,∆z) = S(x, y +∆y, z +∆z)− S(x, y, z), UeX9eV

Q`

8∑

i=1

aivi|∆z=0 +
8∑

i=1

bivi|∆z=0 = S(x+∆x, y +∆y, z)− S(x, y, z), UeX9dV

8∑

i=1

aivi|∆y=0 +
8∑

i=1

civi|∆y=0 = S(x+∆x, y, z +∆z)− S(x, y, z), UeX93V

8∑

i=1

bivi|∆x=0 +
8∑

i=1

civi|∆x=0 = S(x, y +∆y, z +∆z)− S(x, y, z). UeX9NV

�//BiBQM�HHv- r2 ?�p2

Wx(x, y, z,∆x,∆y, 0) = 0, UeX8yV

Wx(x, y, z,∆x, 0,∆z) = 0, UeX8RV

Wy(x, y, z, 0,∆y,∆z) = 0, UeX8kV

r?B+? vB2H/b Rk +QMbi`�BMib-

a1 = −a2, a3 = −a4, a5 = −a6, a7 = −a8, UeX8jV

b1 = −b2, b3 = −b4, b5 = −b6, b7 = −b8, UeX89V

c1 = −c2, c3 = −c4, c5 = −c6, c7 = −c8. UeX88V

kj3



G�biHv- r2 +QMbB/2` i?2 bvKK2i`v +QMbi`�BMi- Bi2K jX amTTQb2 i?�i i?2 7Q`K@7�+iQ`b �`2 BMp�`B�Mi

rBi? `2bT2+i iQ T2`Kmi�iBQM Q7 +QQ`/BM�i2b- �M/ b?B7ib �`2 B/2MiB+�H, ∆x = ∆y = ∆z = ∆. h?2M-

7Q` 2t�KTH2- S(x, y +∆, z) = S(y +∆, x, z)X JQ`2Qp2`- BMp�`B�M+2 rBi? `2bT2+i iQ T2`Kmi�iBQMb Q7

(x, y)- (y, z), �M/ (x, z) vB2H/- `2bT2+iBp2Hv- i?2 2[m�iBQMb

Wx(x, y, z,∆,∆,∆)−Wy(x, y, z,∆,∆,∆) = 0, UeX8eV

Wy(x, y, z,∆,∆,∆)−Wz(x, y, z,∆,∆,∆) = 0, UeX8dV

Wx(x, y, z,∆,∆,∆)−Wz(x, y, z,∆,∆,∆) = 0, UeX83V

Q`- BMb2`iBM; 1[bX eXjN- eX9y- �M/ eX9R-

(a1 − b1)S(x+∆, y +∆, z +∆) + (a2 − b3)S(x, y +∆, z +∆)

+ (a3 − b2)S(x+∆, y, z +∆) + (a4 − b4)S(x, y, z +∆)

+ (a5 − b5)S(x+∆, y +∆, z) + (a6 − b7)S(x, y +∆, z)

+ (a7 − b6)S(x+∆, y, z) + (a8 − b8)S(x, y, z) = 0,

UeX8NV

(b1 − c1)S(x+∆, y +∆, z +∆) + (b2 − c5)S(x+∆, y, z +∆)

+ (b3 − c3)S(x, y +∆, z +∆) + (b4 − c7)S(x, y, z +∆)

+ (b5 − c2)S(x+∆, y +∆, z) + (b6 − c6)S(x+∆, y, z)

+ (b7 − c4)S(x, y +∆, z) + (b8 − c8)S(x, y, z) = 0,

UeXeyV

kjN



(a1 − c1)S(x+∆, y +∆, z +∆) + (a2 − c3)S(x, y +∆, z +∆)

+ (a3 − c5)S(x+∆, y, z +∆) + (a4 − c7)S(x, y, z +∆)

+ (a5 − c2)S(x+∆, y +∆, z) + (a6 − c4)S(x, y +∆, z)

+ (a7 − c6)S(x+∆, y, z) + (a8 − c8)S(x, y, z) = 0.

UeXeRV

1M7Q`+BM; i?2 bvKK2i`v T`QT2`iv BM 2�+? Q7 1[bX eX8N- eXey- �M/ eXeR- r2 +�M ;`QmT iQ;2i?2` 2[mBp@

�H2Mi 7Q`K@7�+iQ`bX h?2 HBM2�`Hv BM/2T2M/2Mi i2`Kb BM 2�+? 2[m�iBQM Kmbi biBHH p�MBb?- BM/BpB/m�HHv-

�M/ r2 Q#i�BM i?2 +QMbi`�BMib

a8 = b8, a4 = b4, a5 = b5, a1 = b1, a7 − b6 = b7 − a6, a3 − b2 = b3 − a2, UeXekV

b8 = c8, b3 = c3, b6 = c6, b1 = c1, b4 − c7 = c4 − b7, b2 − c5 = c2 − b5, UeXejV

a8 = c8, a1 = c1, a6 = c4, a3 = c5, a4 − c7 = c6 − a7, a2 − a3 = c2 − a5. UeXe9V

aQHpBM; i?2 UQp2`+QMbi`�BM2/- #mi biBHH +QMbBbi2MiV b2i Q7 1[bX eX9j- eX9d- eX93- eX9N- eX8j- eX89- eX88-

eXek- eXej- �M/ eXe9- r2 Q#i�BM i?2 +Q2{+B2Mib-

a1 =
1

3
, a2 = −1

3
, a3 =

1

6
, a4 = −1

6
, a5 =

1

6
, a6 = −1

6
, a7 =

1

3
, a8 = −1

3
,

b1 =
1

3
, b2 = −1

3
, b3 =

1

6
, b4 = −1

6
, b5 =

1

6
, b6 = −1

6
, b7 =

1

3
, b8 = −1

3
,

c1 =
1

3
, c2 = −1

3
, c3 =

1

6
, c4 = −1

6
, c5 =

1

6
, c6 = −1

6
, c7 =

1

3
, c8 = −1

3
.

UeXe8V

eX" LmK2`B+�H ?2�iBM; BM k.

6B;X eXRk b?Qrb i?2 2pQHmiBQM Q7 /BK2MbBQMH2bb i2KT2`�im`2 �M/ 7`�+iBQM�H 2``Q` 7Q` � b2i Q7 bBKm@

H�iBQMb rBi? BMBiB�H /BK2MbBQMH2bb i2KT2`�im`2b θ0 = 10−5, 10−4- �M/ 10−3- BM k.X �T�`i 7`QK #Qt

/BK2MbBQMb �M/ i?2 /Bbi`B#miBQM mb2/ 7Q` BMBiB�HBx�iBQM Q7 i?2 TH�bK� Ub22 1[X eXjjV- i?2 MmK2`B+�H

k9y



T�`�K2i2`b Q7 i?2b2 bBKmH�iBQMb �`2 i?2 b�K2 �b BM i?2 j. +�b2b T`2b2Mi2/ BM a2+iBQM eXjXRX

6B;m`2 eXRk, aBKBH�` iQ 6B;X eXk- #mi 7Q` k. `�i?2` i?�M j. bBKmH�iBQMbc UU�V Ĝ U/VV 1pQHmiBQM Q7 /BK2M@
bBQMH2bb i2KT2`�im`2 �M/ UU2V Ĝ U?VV 7`�+iBQM�H 2``Q` BM � mMB7Q`K TH�bK� rBi? BMBiB�H /BK2MbBQMH2bb i2K@
T2`�im`2b θ0 = 10−5, 10−4, �M/ 10−3- 7Q` xB;x�;- 1st, 2nd- �M/ 3rd Q`/2` 1bB`F2TQp U+QHmKMb R Ĝ 9- `2bT2+@
iBp2HvVX

k9R



�X S2`7Q`K�M+2 �M/ T�`�HH2H b+�HBM; Q7 TRISTAN-MP

>2`2- r2 T`2b2Mi +Q/2 T2`7Q`K�M+2 K2�bm`2K2Mib �M/ T�`�HH2H b+�H�#BHBiv /�i� 7Q` i?2 SA* +Q/2

TRISTAN-MPX AM a2+X �XR- r2 T`2b2Mi K2�bm`2K2Mib Q7 i?2 +QKTmiBM; iBK2 M22/2/ iQ mT/�i2

QM2 +QKTmi�iBQM�H +2HH UtcellV �M/ QM2 +QKTmi�iBQM�H T�`iB+H2 UtprtVc i?2 MmK#2`b `2TQ`i2/ ?2`2

+Q``2bTQM/ iQ mT/�i2 iBK2b M22/2/ BM j. bBKmH�iBQMbX AM a2+X �Xk- r2 T`2b2Mi i?2 T2`7Q`K�M+2 Q7

TRISTAN-MP r?2M b+�HBM; iQ � H�`;2 MmK#2` Q7 MQ/2bX h?2 i2bib r2`2 T2`7Q`K2/ QM ai�KT2/2k �i

i?2 h2t�b �/p�M+2/ *QKTmiBM; *2Mi2` Uh�**VX

�XR *Q/2 T2`7Q`K�M+2

h�#H2 �XR b?Qrb i?2 `272`2M+2 p�Hm2b 7Q` i?2 +QKTmi�iBQM�H iBK2 M22/2/ iQ mT/�i2 QM2 +2HH UtcellV

�M/ QM2 T�`iB+H2 UtprtV- 7Q` j. bBKmH�iBQMb mbBM; TRISTAN-MPX J2�bm`2K2Mib r2`2 Q#i�BM2/ 7`QK

bBKmH�iBQMb Q7 +QmMi2`bi`2�KBM; TH�bK� #2�Kb rBi? T2`BQ/B+ #QmM/�`v +QM/BiBQMb- rBi? � +QMbi�Mi

MmK#2` Q7 T�`iB+H2b �M/ +2HHb- �M/ `2bmHib r2`2 �p2`�;2/ Qp2` k8y iBK2 Bi2`�iBQMbX 1�+? +QKTmi�@

iBQM�H +2HH r�b BMBiB�HBx2/ rBi? irQ T�`iB+H2bX �HH /B�;MQbiB+b BM i?2 +Q/2 r2`2 Qz- BX2X i?2 r`BiBM;

Q7 >.68 QmiTmi iQ /BbF r�b /Bb�#H2/X

h?2 i2bib QM ai�KT2/2k r2`2 T2`7Q`K2/ mbBM; #Qi? EMB;?ib G�M/BM; UELGV �M/ aFvH�F2 UaEsV

MQ/2bX 6Q` ELG MQ/2b- i?2 i2bib r2`2 T2`7Q`K2/ rBi? � +QKTmi�iBQM�H /QK�BM Q7 Lx × Ly × Lz =

544×10000×16 +2HHb �bbB;M2/ iQ 2�+? MQ/2- �M/ e3 i�bFb T2` MQ/2 UrBi?BM i?2 `2+QKK2M/2/ `�M;2

e9Ĝe3VX 6Q` aEs MQ/2b- i?2 i2bib r2`2 T2`7Q`K2/ rBi? � +QKTmi�iBQM�H /QK�BM Q7 Lx ×Ly ×Lz =

384 × 10000 × 16 +2HHb �bbB;M2/ iQ 2�+? MQ/2- �M/ 93 i�bFb T2` MQ/2X AM #Qi? b2ib Q7 i2bib- i?2

/QK�BM r�b /2+QKTQb2/ �HQM; i?2 x /B`2+iBQM- }tBM; i?2 +QKTmi�iBQM�H HQ�/ T2` +Q`2 BM 2�+? +�b2

iQ #2 i?2 b�K2- BX2X � /QK�BM Q7 Lx×Ly×Lz = 8×10000×16 +2HHb r�b �bbB;M2/ iQ 2�+? +Q`2X h?2

K2�bm`2K2Mib T`2b2Mi2/ BM h�#H2 �XR K�v #2 BMi2`T`2i2/ �b i?2 iBK2 `2[mB`2/ #v � ivTB+�H +Q`2

Ur?2M �p2`�;BM; Qp2` �HH +Q`2b BM QM2 MQ/2V iQ mT/�i2 QM2 T�`iB+H2 �M/ QM2 +2HHX �b r2 b?Qr BM a2+X

k9k



avbi2K iBK2f+2HH ǵtcellǶ (µb) iBK2fT�`iB+H2 ǵtprtǶ (µb)
ai�KT2/2k UELGV yXyNN yXe3
ai�KT2/2k UaEsV yXy33 yXke

h�#H2 �XR, S2`7Q`K�M+2 Q7 TRISTAN-MP QM ai�KT2/2k- 7Q` EMB;?iǶb G�M/BM; UELGV �M/ aFvH�F2 UaEsV
MQ/2bX

�Xk- i?2 2{+B2M+v Q7 TRISTAN-MP /Q2b MQi /2+`2�b2 bB;MB}+�MiHv r?2M b+�HBM; iQ KQ`2 i?�M QM2

MQ/2- bQ i?2 `2bmHib T`2b2Mi2/ BM h�#H2 �XR +�M #2 mb2/ �b BM/B+�iBp2 };m`2b 7Q` H�`;2` bBKmH�iBQMbX

�Xk S�`�HH2H b+�HBM;

q2 T2`7Q`K2/ � r2�F b+�HBM; i2bi QM ai�KT2/2k- 7`QK R mT iQ e9 MQ/2b Ue3 mT iQ 9j8k +Q`2bV

QM ELG MQ/2b- �M/ R mT iQ Re MQ/2b U93 mT iQ de3 +Q`2bV QM aEs MQ/2bX h?2 T�`�HH2H b+�HBM;

K2�bm`2K2Mib �`2 b?QrM BM 6B;X �XRX

6Q` i?2 r2�F b+�HBM; i2bi- i?2 T`Q#H2K bBx2 r�b BM+`2�b2/ HBM2�`Hv rBi? i?2 MmK#2` Q7 MQ/2b

mb2/- }tBM; i?2 +QKTmi�iBQM�H HQ�/ T2` MQ/2X �;�BM- r2 mb2/ � T2`BQ/B+ bBKmH�iBQM #Qt rBi? irQ

T�`iB+H2b T2` +2HH- �M/ +QKTmi�iBQM�H HQ�/ T2` T`Q+2bbQ` Q7 Lx×Ly×Lz = 10000×8×16 +2HHbX h?2

K2�bm`2/ T�`�HH2H 2{+B2M+v- /2}M2/ �b i?2 `�iBQ Q7 �+im�H +QKTmiBM; iBK2 T2` Bi2`�iBQM iQ i?2 B/2�H

iBK2 T2` Bi2`�iBQM U#2M+?K�`F2/ iQ R MQ/2 BM 6B;X �XRV- `2K�BMb `2K�`F�#Hv +QMbi�Mi r?2M b+�HBM;

iQ KQ`2 i?�M QM2 MQ/2X h?Bb DmbiB}2b i?2 +?QB+2 Q7 ǵ�p2`�;BM;Ƕ Qp2` QM2 MQ/2 r?2M K2�bm`BM; i?2

`272`2M+2 p�Hm2b 7Q` i?2 iBK2 M22/2/ iQ mT/�i2 QM2 T�`iB+H2 �M/ QM2 +2HH Ub22 h�#H2 �XR BM a2+X �XRVX

k9j



6B;m`2 �XR, S�`�HH2H 2{+B2M+v 7Q` i?2 r2�F b+�HBM; i2bi QM ai�KT2/2k- 7Q` #Qi? ELG �M/ aEs MQ/2bc
7`QK R mT iQ e9 MQ/2b UELGc e3 mT iQ 9j8k +Q`2bV- �M/ 7`QK R mT iQ Re MQ/2b UaEsc 93 mT iQ de3 +Q`2bVX

k99



"X WidPy, hQQH 7Q` pBbm�HBx�iBQM �M/ �M�HvbBb Q7
TRISTAN-MP /�i�

hQ �HHQr 7Q` QM@i?2@~v pBbm�HBx�iBQM �M/ �M�HvbBb Q7 TRISTAN-MP /�i�- r2 /2p2HQT2/ i?2 BMi2`�+@

iBp2 iQQH ǵWidPy-Ƕ r?B+? Bb #mBHi 7Q` Python 3.6 mbBM; i?2 PyQt5 �M/ PyQtgraph U�mi?Q`, GmF2

*�KT�;MQH�c b22 ?iiT,ffrrrXTv[i;`�T?XQ`;fV HB#`�`B2bX h?2 iQQH WidPy Bb /2bB;M2/ BM i?2 b�K2

bTB`Bi �b i?2 IDL rB/;2i wid.pro U�mi?Q`b, �M�iQHv aTBiFQpbFv- GQ`2MxQ aB`QMB- �M/ l`B E2b?2iV

�M/ Python T�+F�;2 Iseult U�mi?Q`, S�i`B+F *`mKH2vc b22 ?iiTb,ff;Bi?m#X+QKfT+`mKH2vfAb2mHiVX

6B;X "XR b?Qrb � b+`22Mb?Qi Q7 i?2 WidPy BMi2`7�+2X

WidPy Bb BMi2M/2/ 7Q` ;2M2`�H@Tm`TQb2 pBbm�HBx�iBQM Q7 TRISTAN-MP /�i�- #mi �HbQ BM+Hm/2b 72�@

im`2b i?�i �`2 bT2+B}+ iQ bBKmH�iBQMb Q7 K�;M2iB+ `2+QMM2+iBQM,

Ç PTiBQM iQ /BbTH�v � +QMiQm` /2HBM2�iBM; i?2 `2+QMM2+iBQM `2;BQM- �++Q`/BM; iQ mb2` b2H2+i2/
i?`2b?QH/ p�Hm2c

Ç aHB/2` +QMi`QHHBM; i?2 `2+QMM2+iBQM i?`2b?QH/ p�Hm2- dthreshc i?2 `2+QMM2+iBQM `2;BQM Bb b2@
H2+i2/ #�b2/ QM � KBtBM; +`Bi2`BQM #2ir22M `B;?i@i�;;2/ �M/ H27i@i�;;2/ T�`iB+H2b Ub22 1[X
kXdVc

Ç ǵ.`�;@�M/@/`QTǶ #Qt r?B+? �HHQrb 7Q` b2H2+iBQM Q7 T�`iB+H2b BM � ;Bp2M `2;BQM �M/ /BbTH�vb i?2
+Q``2bTQM/BM; 2M2`;v bT2+i`mKX

� b?Q`i /2KQMbi`�iBQM �M/ imiQ`B�H QM WidPy +�M #2 7QmM/ �i ?iiTb,ff;Bi?m#X+QKfK`Qr�MRjdfrB/TvX

h?2 WidPy T`QD2+i Bb HB+2Mb2/ mM/2` i?2 :SGpj GB+2Mb2X
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6B;m`2 "XR, a+`22Mb?Qi Q7 i?2 WidPy BMi2`7�+2X .`QT/QrM K2Mmb QM i?2 H27i �HHQr 7Q` /BbTH�v Q7 /Bz2`2Mi
}2H/b Q7 TRISTAN-MP QmiTmi Ui?2 i?`22 p2`iB+�H T�M2Hb BM i?2 KB//H2 /BbTH�v i?2 b2H2+i2/ }2H/bVc � bHB/2`
�M/ �``Qr #miiQMb QM i?2 H27i �HHQr 7Q` b2H2+iBQM Q7 i?2 iBK2bi2T �i r?B+? iQ /BbTH�v }2H/bX 6Q` bK�HH /�i�
}H2b- i?2 6Sa bHB/2` QM i?2 H27i K�v #2 mb2/ iQ +QMi`QH i?2 7`�K2`�i2 7Q` i?2 KQpB2 b2iiBM;- r?B+? Ur?2M
2M�#H2/V bi2Tb i?`Qm;? i?2 QmiTmi }H2b b2[m2MiB�HHv- /BbTH�vBM; � KQpB2 BM `2�H iBK2X Pi?2` +QMi`QHb �M/
BM7Q`K�iBQM �#Qmi i?2 bBKmH�iBQM �`2 �HbQ +QMi�BM2/ QM i?2 H27iX
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*X AKTH2K2Mi�iBQM Q7 1bB`F2TQp /2MbBiv /2+QKTQbBiBQM
AM *?X e- r2 T`2b2Mi i2bib Q7 i?2 1bB`F2TQp UkyyRV /2MbBiv /2+QKTQbBiBQM �H;Q`Bi?K- r?B+? r2

?�p2 BKTH2K2Mi2/ BM i?2 2H2+i`QK�;M2iB+ T�`iB+H2@BM@+2HH +Q/2 TRISTAN-MP UaTBiFQpbFv- kyy8V- �

K�bbBp2Hv@T�`�HH2H p2`bBQM Q7 TRISTAN U"mM2K�M- RNNjVX >2`2- r2 b?Qr �b �M 2t�KTH2 Qm` BKTH2@

K2Mi�iBQM UBM mMQTiBKBx2/ 7Q`KV Q7 i?2 jrd@Q`/2` 1bB`F2TQp b+?2K2X AM i?2 2t�KTH2 #2HQr- i?2

�H;Q`Bi?K Bb r`Bii2M 7Q` `2�/�#BHBiv `�i?2` i?�M bT22/X

q2 +QMbB/2` � T�`iB+H2 i?�i KQp2b 7`QK TQbBiBQM p1 = (x1, y1, z1) iQ p2 = (x2, y2, z2)X 6B`bi- r2

+QKTmi2 i?2 jrd Q`/2` b?�T2 7mM+iBQMb r?2M i?2 T�`iB+H2 Bb �i p1, Sx1- Sy1- �M/ Sz1X h?2b2 �``�vb

�`2 +QKTmi2/ �++Q`/BM; iQ 1[X eXk3X Sx1- Sy1- �M/ Sz1 �`2 H2M;i?@bBt �``�vbc dx1- dy1- �M/ dz1

�`2 /Bbi�M+2b 7`QK p1 iQ i?2 T`BK�H ;`B/ TQBMi (⌊x1⌋, ⌊y1⌋, ⌊z1⌋),

if (dx1.le.0.5) then

Sx1(2) = (-1/6.)*(dx1 - 1.)*(dx1 - 1.)*(dx1 - 1.)

Sx1(3) = (2/3.) + 0.5*(dx1 - 2.)*dx1*dx1

Sx1(5) = (1/6.)*dx1*dx1*dx1

!Sx1(4)=(1/6.)*(1.+3.*dx1*(1.+dx1-dx1*dx1))

Sx1(4) = 1. - Sx1(5) - Sx1(3) - Sx1(2)

iterx1min = 2

iterx1max = 5

elseif (dx1.gt.0.5) then

Sx1(5) = (1/6.)*dx1*dx1*dx1

Sx1(4) = (2/3.) + 0.5*(-1. - dx1)*(1. - dx1)*(1. - dx1)

Sx1(2) = (1/6.)*(1. - dx1)*(1. - dx1)*(1. - dx1)

!Sx1(3)=(1/6.)*(1.+3.*(1.-dx1)*(2.-(1.-dx1)*(1.-dx1)-dx1))

Sx1(3) = 1. - Sx1(5) - Sx1(4) - Sx1(2)

iterx1min = 2

iterx1max = 5

endif
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if (dy1.le.0.5) then

Sy1(2) = (-1/6.)*(dy1 - 1.)*(dy1 - 1.)*(dy1 - 1.)

Sy1(3) = (2/3.) + 0.5*(dy1 - 2.)*dy1*dy1

Sy1(5) = (1/6.) *dy1*dy1*dy1

!Sy1(4) = (1/6.)*(1.+3.*dy1*(1.+dy1-dy1*dy1))

Sy1(4) = 1. - Sy1(5) - Sy1(3) - Sy1(2)

itery1min = 2

itery1max = 5

elseif (dy1.gt.0.5) then

Sy1(5) = (1/6.)*dy1*dy1*dy1

Sy1(4) = (2/3.) + 0.5*(-1. - dy1)*(1. - dy1)*(1. - dy1)

Sy1(2) = (1/6.)*(1. - dy1)*(1. - dy1)*(1. - dy1)

!Sy1(3)=(1/6.)*(1.+3.*(1.-dy1)*(2.-(1.-dy1)*(1.-dy1)-dy1))

Sy1(3) = 1. - Sy1(5) - Sy1(4) - Sy1(2)

itery1min = 2

itery1max = 5

endif

#ifndef twoD

if (dz1.le.0.5) then

Sz1(2) = (-1/6.)*(dz1 - 1.)*(dz1 - 1.)*(dz1 - 1.)

Sz1(3) = (2/3.) + 0.5*(dz1 - 2.)*dz1*dz1

Sz1(5) = (1/6.)*dz1*dz1*dz1

!Sz1(4)=(1/6.)*(1.+3.*dz1*(1.+dz1-dz1*dz1))

Sz1(4) = 1. - Sz1(5) - Sz1(3) - Sz1(2)

iterz1min = 2

iterz1max = 5

elseif (dz1.gt.0.5) then

Sz1(5) = (1/6.)*dz1*dz1*dz1

Sz1(4) = (2/3.) + 0.5*(-1. - dz1)*(1. - dz1)*(1. - dz1)

Sz1(2) = (1/6.)*(1. - dz1)*(1. - dz1)*(1. - dz1)

!Sz1(3) = (1/6.)*(1.+3.*(1.-dz1)*(2.-(1.-dz1)*(1.-dz1)-dz1))

Sz1(3) = 1. - Sz1(5) - Sz1(4) - Sz1(2)

iterz1min = 2

iterz1max = 5

endif

#endif
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q2 +QKTmi2 �HbQ i?2 jrd Q`/2` b?�T2 7mM+iBQMb r?2M i?2 T�`iB+H2 Bb �i p2, Sx2- Sy2- �M/ Sz2c

?2`2- dx2- dy2- �M/ dz2 �`2 /Bbi�M+2b 7`QK p2 iQ i?2 T`BK�H ;`B/ TQBMi (⌊x2⌋, ⌊y2⌋, ⌊z2⌋)V,

if (dx2.le.0.5) then

Sx2(2+shifti) = (-1/6.)*(dx2 - 1.)*(dx2 - 1.)*(dx2 - 1.)

Sx2(3+shifti) = (2/3.) + 0.5*(dx2 - 2.)*dx2*dx2

Sx2(5+shifti) = (1/6.)*dx2*dx2*dx2

!Sx2(4)=(1/6.)*(1.+3.*dx2*(1.+dx2-dx2*dx2))

Sx2(4+shifti) = 1. - Sx2(5+shifti) - Sx2(3+shifti) &

- Sx2(2 + shifti)

iterx2min = 2 + shifti

iterx2max = 5 + shifti

elseif (dx2.gt.0.5) then

Sx2(5+shifti) = (1/6.)*dx2*dx2*dx2

Sx2(4+shifti) = (2/3.) + 0.5*(-1. - dx2)*(1. - dx2)*(1. - dx2)

Sx2(2+shifti) = (1/6.)*(1. - dx2)*(1. - dx2)*(1. - dx2)

Sx2(3+shifti) = 1. - Sx2(5+shifti) - Sx2(4+shifti) &

- Sx2(2 + shifti)

iterx2min = 2 + shifti

iterx2max = 5 + shifti

endif

if (dy2.le.0.5) then

Sy2(2+shiftj) = (-1/6.)*(dy2 - 1.)*(dy2 - 1.)*(dy2 - 1.)

Sy2(3+shiftj) = (2/3.) + 0.5*(dy2 - 2.)*dy2*dy2

Sy2(5+shiftj) = (1/6.) *dy2*dy2*dy2

Sy2(4+shiftj) = 1. - Sy2(5+shiftj) - Sy2(3+shiftj) - Sy2(2+shiftj)

itery2min = 2 + shiftj

itery2max = 5 + shiftj

elseif (dy2.gt.0.5) then

Sy2(5+shiftj) = (1/6.)*dy2*dy2*dy2

Sy2(4+shiftj) = (2/3.) + 0.5*(-1. - dy2)*(1. - dy2)*(1. - dy2)

Sy2(2+shiftj) = (1/6.)*(1. - dy2)*(1. - dy2)*(1. - dy2)

Sy2(3+shiftj) = 1. - Sy2(5+shiftj) - Sy2(4+shiftj) &

- Sy2(2 + shiftj)

itery2min = 2 + shiftj

itery2max = 5 + shiftj

endif
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iterxmin = min(iterx1min, iterx2min)

iterxmax = max(iterx1max, iterx2max)

iterymin = min(itery1min, itery2min)

iterymax = max(itery1max, itery2max)

#ifndef twoD

if (dz2.le.0.5) then

Sz2(2+shiftk) = (-1/6.)*(dz2 - 1.)*(dz2 - 1.)*(dz2 - 1.)

Sz2(3+shiftk) = (2/3.) + 0.5*(dz2 - 2.)*dz2*dz2

Sz2(5+shiftk) = (1/6.) *dz2*dz2*dz2

Sz2(4+shiftk) = 1. - Sz2(5+shiftk)-Sz2(3+shiftk) &

-Sz2(2 + shiftk)

iterz2min = 2 + shiftk

iterz2max = 5 + shiftk

elseif (dz2.gt.0.5) then

Sz2(5+shiftk) = (1/6.)*dz2*dz2*dz2

Sz2(4+shiftk) = (2/3.) + 0.5*(-1. - dz2)*(1. - dz2) &

*(1. - dz2)

Sz2(2+shiftk) = (1/6.)*(1. - dz2)*(1. - dz2)*(1. - dz2)

Sz2(3+shiftk) = 1. - Sz2(5+shiftk) - Sz2(4+shiftk) &

- Sz2(2 + shiftk)

iterz2min = 2 + shiftk

iterz2max = 5 + shiftk

endif

iterzmin = min(iterz1min,iterz2min)

iterzmax = max(iterz1max,iterz2max)

#endif

qBi? i?2 b?�T2 7mM+iBQMb �i p1 �M/ p2 /2}M2/- r2 +QKTmi2 i?2 +?�`;2 r2B;?ib Wx, Wy- �M/ Wz

UbBt@#v@bBt �``�vbV �++Q`/BM; iQ 1[bX eXR8- eXRe- �M/ eXRd,
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do iter = 1,6

DSx(iter) = Sx2(iter) - Sx1(iter)

DSy(iter) = Sy2(iter) - Sy1(iter)

DSz(iter) = Sz2(iter) - Sz1(iter)

enddo

do iter2 = 1,6

do iter1 = 1,6

do iter = 1,6

Wx(iter, iter1, iter2) = &

DSx(iter)*(Sy1(iter1)*Sz1(iter2) &

+ 0.5*DSy(iter1)*Sz1(iter2) &

+ 0.5*Sy1(iter1)*DSz(iter2) &

+ (1/3.)*DSy(iter1)*DSz(iter2))

Wy(iter, iter1, iter2) = &

DSy(iter1)*(Sx1(iter)*Sz1(iter2) &

+ 0.5*DSx(iter)*Sz1(iter2) &

+ 0.5*Sx1(iter)*DSz(iter2) &

+ (1/3.)*DSx(iter)*DSz(iter2))

Wz(iter, iter1, iter2) = &

DSz(iter2)*(Sx1(iter)*Sy1(iter1) &

+ 0.5*DSx(iter)*Sy1(iter1) &

+ 0.5*Sx1(iter)*DSy(iter1) &

+ (1/3.)*DSx(iter)*DSy(iter1))

enddo

enddo

enddo

h?2 r2B;?ib Wx, Wy- �M/ Wz /2i2`KBM2 i?2 +m``2Mi iQ /2TQbBi QM i?2 ;`B/X h?2 /2TQbBi2/ +m``2Mib

/m2 iQ x- y- �M/ z KQiBQM �`2 +QKTmi2/ �M/ i?2M biQ`2/ i2KTQ`�`BHv BM b2p2M@#v@b2p2M �``�vb tmpx-

tmpy- �M/ tmpz,
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do iter = 1,6

do iter1 = 1,6

do iter2 = 1,6

if(iter.eq.1) then

tmpx(iter, iter1, iter2) = q*Wx(iter, iter1, iter2)

else

tmpx(iter, iter1, iter2) = tmpx(iter-1, iter1, iter2) &

+ q*Wx(iter, iter1, iter2)

endif

enddo

enddo

enddo

do iter = 1,6

do iter1 = 1,6

do iter2 = 1,6

if(iter1.eq.1) then

tmpy(iter, iter1, iter2) = q*Wy(iter, iter1, iter2)

else

tmpy(iter, iter1, iter2) = tmpy(iter, iter1-1, iter2) &

+ q*Wy(iter, iter1, iter2)

endif

enddo

enddo

enddo

do iter = 1,6

do iter1 = 1,6

do iter2 = 1,6

if(iter2.eq.1) then

tmpz(iter, iter1, iter2) = q*Wz(iter, iter1, iter2)

else

tmpz(iter, iter1, iter2) = tmpz(iter, iter1, iter2-1) &

+ q*Wz(iter, iter1, iter2)

endif

enddo

enddo

enddo

h?2 ;HQ#�H +m``2Mi �``�vb curx- cury- �M/ curz �`2 mT/�i2/ �++Q`/BM; iQ i?2 /2TQbBi2/ +m``2Mib
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tmpx- tmpy- �M/ tmpz,

do iter=1,6

do iter1=1,6

do iter2=1,6

curx(i1-3+iter, j1-3+iter1, k1-3+iter2) = &

curx(i1-3+iter, j1-3+iter1, k1-3+iter2) &

+ tmpx(iter, iter1, iter2)

cury(i1-3+iter, j1-3+iter1, k1-3+iter2) = &

cury(i1-3+iter, j1-3+iter1, k1-3+iter2) &

+ tmpy(iter, iter1, iter2)

curz(i1-3+iter, j1-3+iter1, k1-3+iter2) = &

curz(i1-3+iter, j1-3+iter1, k1-3+iter2) &

+ tmpz(iter, iter1, iter2)

enddo

enddo

enddo

.m`BM; i?2 T�`iB+H2@Tmb? bi2T- i?2 2H2+i`B+ �M/ K�;M2iB+ }2H/b �`2 BMi2`TQH�i2/ iQ i?2 T�`iB+H2

HQ+�iBQM BM � r�v i?�i Bb +QMbBbi2Mi rBi? i?2 +?QB+2 Q7 T�`iB+H2 bi2M+BH Ub22 1[X eXjeVX AM i?2 #HQ+F

Q7 +Q/2 #2HQr- Sxp- Syp- �M/ Szp �`2 i?2 b?�T2 7mM+iBQMb- �M/ ex_p- ey_p- ez_p- bx_p- by_p- �M/

bz_p �`2 i?2 2H2+i`QK�;M2iB+ }2H/b BMi2`TQH�i2/ iQ i?2 T`BK�H ;`B/TQBMibX

k8j



#ifndef twoD

do iter3 = iter3min,iter3max

do iter2 = iter2min,iter2max

ex0=ex0 + sum(ex_p(ip-3+iter1min:ip-3+iter1max, &

jp-3+iter2, kp-3+iter3)

*Sxp(iter1min:iter1max))*Syp(iter2)*Szp(iter3)

ey0=ey0 + sum(ey_p(ip-3+iter1min:ip-3+iter1max, &

jp-3+iter2, kp-3+iter3)

*Sxp(iter1min:iter1max))*Syp(iter2)*Szp(iter3)

ez0=ez0 + sum(ez_p(ip-3+iter1min:ip-3+iter1max, &

jp-3+iter2, kp-3+iter3)

*Sxp(iter1min:iter1max))*Syp(iter2)*Szp(iter3)

bx0=bx0+sum(bx_p(ip-3+iter1min:ip-3+iter1max, &

jp-3+iter2, kp-3+iter3)

*Sxp(iter1min:iter1max))*Syp(iter2)*Szp(iter3)

by0=by0 + sum(by_p(ip-3+iter1min:ip-3+iter1max, &

jp-3+iter2, kp-3+iter3)

*Sxp(iter1min:iter1max))*Syp(iter2)*Szp(iter3)

bz0=bz0+sum(bz_p(ip-3+iter1min:ip-3+iter1max, &

jp-3+iter2, kp-3+iter3)

*Sxp(iter1min:iter1max))*Syp(iter2)*Szp(iter3)

enddo

enddo

#else

do iter2 = iter2min,iter2max

do iter1 = iter1min,iter1max

lpp = (ip-3+iter1) + iy*(jp-3+iter2-1)

lpd = (ip-3+iter1) + iy*(jd-3+iter2-1)

ldp = (id-3+iter1) + iy*(jp-3+iter2-1)

ldd = (id-3+iter1) + iy*(jd-3+iter2-1)

ex0 = ex0 + ex(ldp, 1, 1)*Sxd(iter1)*Syp(iter2)

ey0 = ey0 + ey(lpd, 1, 1)*Sxp(iter1)*Syd(iter2)

ez0 = ez0 + ez(lpp, 1, 1)*Sxp(iter1)*Syp(iter2)

bx0 = bx0 + bx(lpd, 1, 1)*Sxp(iter1)*Syd(iter2)

by0 = by0 + by(ldp, 1, 1)*Sxd(iter1)*Syp(iter2)

bz0 = bz0 + bz(ldd, 1, 1)*Sxd(iter1)*Syd(iter2)

enddo

enddo

#endif
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_272`2M+2b
�#`�KQrB+x- JX �X- *?2M- sX- E�iQ- aX- G�bQi�- CX@SX- � _2;2p- PX RNN8- �TCG- 9j3

�Hp2b- 1X SX- :`BbK�v2`- hX- 6QMb2+�- _X �X- � aBHp2- GX PX kyR9- L2r CX S?vbX- Re- yj8yyd

�Hp2b- 1X SX- :`BbK�v2`- hX- J�`iBMb- aX 6X- 2i �HX kyRk- �TCG- d9e- R9

�MBH2- �X JX RNNy- _2H�iBpBbiB+ ~mB/b �M/ K�;M2iQ@~mB/b- oQHX kR U*�K#`B/;2 lMBp2`bBiv S`2bbV

"�HH- .X- Px2H- 6X- Sb�HiBb- .X- *?�M- *X@FX- � aB`QMB- GX kyRd- �`sBp,Rdy8XyekNjpR

"�HH- .X- ƹx2H- 6X- Sb�HiBb- .X- � Fr�M *?�M- *X kyRe- h?2 �bi`QT?vbB+�H CQm`M�H- 3ke- dd

"�HH- .X- aB`QMB- aX- � ƹx2H- 6X kyR3- �TC- 3ke- dd

"2+FrBi?- EX- >�rH2v- CX 6X- � E`QHBF- CX >X kyy3- �TC- ed3- RR3y

"2`HQF- hX- � S7`QKK2`- *X kyRR- JL_�a- 938- Ny3

"B`/b�HH- *X EX- � G�M;/QM- �X "X RNNR- SH�bK� S?vbB+b pB� *QKTmi2` aBKmH�iBQM

"B`/b�HH- *X EX- � J�`QM- LX RN3y- CQm`M�H Q7 *QKTmi�iBQM�H S?vbB+b- je- R

"B`M- CX- .`�F2- CX 6X- a?�v- JX �X- 2i �HX RN8d- CX :2QT?vbX _2bX- Rye- jdR8

"HmK2M- qX- .`�xBM- SX :X- � "BHHBM;b- .X 6X RNd8- CX 6HmB/ J2+?X- dR- jy8

"Q/Q- :X- JB;MQM2- �X- � _QbM2`- _X kyy9- S?vbX _2pX 1- dy- yjejy9

"QH/v`2p- aX- � GQm`2B`Q- LX 6X kyRd- �TC- 399- Rk8

"Q`Bb- CX RNdy- BM S`Q+22/BM;b Q7 i?2 6Qm`i? *QM72`2M+2 QM LmK2`B+�H aBKmH�iBQM Q7 SH�bK�b-
L�p�H _2b2�`+? G�#Q`�iQ`v- j

"Q`QpbFv- CX 1X- >2bb2- JX- "B`M- CX- � EmxM2ibQp�- JX JX kyy3- CX Q7 :2QT?vbX _2bX- RRj- �ydkRNy

"`2i- �X kyRk- �`sBp,Rky8Xek8N

"mM2K�M- PX RN8N- S?vbX _2pX- RR8

ěX RNNj- BM *QKTmi2` aT�+2 SH�bK� S?vbB+b, aBKmH�iBQM h2+?MB[m2b �M/ aQ7ir�`2- 2/X >X hX .X
:mv2MM2 � CX CX >mMi U1a�V

"mM2K�M- PX- LBb?BF�r�- EX@AX- � L2m#2`i- hX RNNj- BM SH�bK� S?vbB+b �M/ *QMi`QHH2/ Lm+H2�`
6mbBQM UAh*@9V- 2/X >X J�ibmKQiQ- uX PKm`�- � 1X aBM/QMB Uh2``� a+B2MiB}+V- k38

*�B- .X- GB- uX- LBb?BF�r�- EX@AX- � 2i �HX kyyj- BM G2+im`2 LQi2b BM S?vbB+b- "2`HBM aT`BM;2` o2`H�;-
oQHX eR8- aT�+2 SH�bK� aBKmH�iBQM- 2/X CX "Ƀ+?M2`- *X .mK- � JX a+?QH2`- k8Ĝ8j

k88



*�bb�F- SX �X- GBm- uX >X- � a?�v- JX �X kyRd- CX SH�bK� S?vbX- 3j- dR83jy8yR

*?�2H- �X- _Qr�M- JX- L�`�v�M- _X- CQ?MbQM- JX- � aB`QMB- GX kyR3- JL_�a- 9d3- 8kyN

*?�2H- �X �X- L�`�v�M- _X- � a�/QrbFB- �X kyRd- JQMi?Hv LQiB+2b Q7 i?2 _Qv�H �bi`QMQKB+�H
aQ+B2iv- 9dy- kjed

*?�M/`�b2F?�`- aX RNeR- 9k- jek

*?Bm- >X RNdj- S?vbX 6HmB/b- Re- 3k8

*QKBbbQ- GX- � "?�ii�+?�`D22- GX kyRe- CX SH�bK� S?vbX- 3k- 8N83kyeyR

*QKBbbQ- GX- � aB`QMB- GX kyR3- S?vbX _2pX G2iiX- RkR- k88RyR

.�?HBM- CX hX- .`�F2- CX 6X- � arBb/�F- JX kyR9- S?vbX Q7 SH�bK�b- kR- yNkjy9

ěX kyR8- S?vbX Q7 SH�bK�b- kk- Ryydy9

.�HHBH�`- uX- 2i �HX kyRd- a+B2M+2- j83- RkNN

.�m;?iQM- qX- � E�`BK�#�/B- >X kyyd- S?vbX Q7 SH�bK�b- R9- ydkjyj

.�m;?iQM- qX- L�F�Km`�- hX EX JX- E�`BK�#�/B- >X- _Qvi2`b?i2vM- oX- � GQ`BM;- "X kyR9-
S?vbB+b Q7 SH�bK�b- kR

.�rbQM- CX JX RNek- S?vbX 6HmB/b- 8

ěX RN3j- _2pB2rb Q7 JQ/2`M S?vbB+b- 88

.BtQM- :X RNd3- aT2+B�H _2H�iBpBiv- i?2 6QmM/�iBQM Q7 J�+`Qb+QTB+ S?vbB+b U*�K#`B/;2 lMBpX
S`2bb- *�K#`B/;2V

.Q2H2K�M- aX- 2i �HX kyy3- L�im`2- 988- d3

ěX kyyN- �bi`QkyRy, h?2 �bi`QMQKv �M/ �bi`QT?vbB+b .2+�/�H am`p2v- a+B2M+2 q?Bi2 S�T2`b-
h2+?X `2TX

.`�F2- CX 6X- JX- aX- *?2- >X- � a?�v- JX �X kyye- L�im`2- 99j- 88j

.`�F2- CX 6X- PT?2`- JX- arBb/�F- JX- � *?�KQmM- CX LX kyRy- �bi`QT?vbX CX- dyN- Nej

.mM;2v- CX qX RN8j- S?BHX J�;X- 99- dk8

.m`�M- _X "X- h+?2F?QpbFQv- �X- � :B�MMBQb- .X kyRd- JL_�a- 9eN- 9N8d

.vbQM- 6X RNey- S?vbX 6HmB/b- j- R88

1�birQQ/- CX SX- JBbi`v- _X- S?�M- hX .X- 2i �HX kyR3- :2QT?vbB+�H _2b2�`+? G2ii2`b- 98- 98eN

1�birQQ/- CX SX- S?�M- hX .X- .`�F2- CX 6X- 2i �HX kyRj- S?vbX _2pX G2iiX- RRy- kk8yyR

k8e



1bB`F2TQp- hX wX kyyR- *QKTmi�iBQM�H S?vbB+b *QKKmMB+�iBQMb- Rj8- R99

6�;�M2HHQ- JX- *�HB7�MQ- 6X- � S2;Q`�`Q- 6X kyy3- S?vbX _2pX G2iiX- Ryy- yR8yyR

6�;�M2HHQ- JX- *�HB7�MQ- 6X- S2;Q`�`Q- 6X- �M/`2mbbB- hX- � "2`F�//�- aX kyRk- SH�bK� S?vbB+b
�M/ *QMi`QHH2/ 6mbBQM- Ryy- yR8yyR

62`KQ- _X GX- .`�F2- CX 6X- � arBb/�F- JX kyRk- S?vbX _2pX G2iiX- Ry3- k88yy8

62``�`B- �X- h`mbbQMB- 1X- � w�MBM2iiB- GX RN3y- JL_�a- RNj- 9eN

:Q/7`2v- "X RNd9- CQm`M�H Q7 *QKTmi�iBQM�H S?vbB+b- R8- 8y9

:`BbK�v2`- hX- �Hp2b- 1X SX- 6QMb2+�- _X �X- � aBHp2- GX PX kyRj- S?vbX _2pX G2ii- RRR- yR8yy8

:mQ- 6X- GB- sX- GB- >X- 2i �HX kyRe- h?2 �bi`QT?vbB+�H CQm`M�H- 3R3- GN

>�;;2`iv- *X *X- a?�v- JX �X- .`�F2- CX 6X- S?�M- hX .X- � J+>m;?- *X hX kyR8- :2QT?vbB+�H
_2b2�`+? G2ii2`b- 9k- Ne8d

>�KHBM- LX- � L2rK�M- qX kyRj- S?vbX _2pX 1- 3d- y9jRyR

>�`/22- SX 1X kyy9- �T�aa- kNj- RRd

>�`/22- SX 1X- JBxmMQ- uX- � LBb?BF�r�- EX@AX kyyd- �T�aa- jRR- k3R

>2M`B- SX- *2``B- aX aX- *�HB7�MQ- 6X- 2i �HX kyRj- S?vbX Q7 SH�bK�b- ky- RykRR3

>2bb2- JX- � w2MBi�MB- aX kyyd- S?vbX Q7 SH�bK�b- R9- RRkRyk

>Q- GX *X kyy3- �MMX _2pX �bi`QMX �bi`QT?vbX- 9e- R

>Q+FM2v- _X qX- � 1�birQQ/- CX qX RN33 U*_* S`2bbV

>Qb?BMQ- JX kyR3- �TCG- 3e3- k

>Qb?BMQ- JX- >B`�B/2- EX- � JmF�B- hX kyyR- 1�`i?- SH�M2ib �M/ aT�+2- 8j- ekd

>Qr2b- :X :X kyRy- JL_�a- 9yN- R

>m#�- CX .X kyy8- S?vbX Q7 SH�bK�b- Rk- yRkjkk

A;mK2Mb?+?2p- AX oX- L�`�v�M- _X- � �#`�KQrB+x- JX �X kyyj- �TC- 8Nk- Ry9k

AF2v�- LX- � J�ibmKQiQ- uX kyR8- Sm#HB+�iBQMb Q7 i?2 �bi`QMQKB+�H aQ+B2iv Q7 C�T�M- ed- e9

C�`Qb+?2F- *X >X- h`2mK�MM- _X �X- G2b+?- >X- � a+?QH2`- JX kyy9- S?vbB+b Q7 SH�bK�b- RR- RR8R

CQ?MbQM- JX .X- 2i �HX kyR8- a+B2M+2- j8y- Rk9k

E�r�xm`�- uX- "�`M2b- JX- � a+?2FQ+?B?BM- �X �X kyRN- SL�a- RRe- ddR

k8d



EQKBbb�`Qp- aX aX RNNN- JL_�a- jyj- j9j

EQMB;H- �X RN3y- S?vbX 6HmB/b- kj- Ry3j

G�T2Mi�- :X kyR8- EBM2iB+ SH�bK� aBKmH�iBQM, S�`iB+H2 AM *2HH J2i?Q/-
/QB,RyXRjR9yf_:XkXRXjjRNXk3yR

G2- �X- 1;2/�H- CX- � .�m;?iQM- qX kyRe- S?vbB+b Q7 SH�bK�b- kj- R

G2- �X- 1;2/�H- CX- .�m;?iQM- qX- 6Qt- qX- � E�ix- LX kyyN- S?vbX _2pX G2iiX- Ryk- y38yyR

G22- aX uX- G22- 1X- EBK- EX >X- 2i �HX kyR8- S?vbX Q7 SH�bK�b- kk- RkkRj

GB- sX- :mQ- 6X- GB- >X- � "B`M- CX kyR3- �TC- 388- 3y

GB- sX- :mQ- 6X- GB- >X- � GB- :X kyR8- h?2 �bi`QT?vbB+�H CQm`M�H- 3RR- Gk9

ěX kyRd�- h?2 �bi`QT?vbB+�H CQm`M�H- 39j- kR

GB- uX@SX- um�M- 6X- � q�M;- ZX .X kyRd#- JL_�a- 9e3- k88k

GBm- uX@>X- .�m;?iQM- qX- E�`BK�#�/B- >X- GB- >X- � :�`v- aX SX kyR9- S?vbX Q7 SH�bK�b- kR-
ykkRRj

GBm- uX@>X- >2bb2- JX- :mQ- 6X- 2i �HX kyRd- S?vbX _2pX G2iiX- RR3- y38RyR

GBm- wX sX- 2i �HX RN33- :2QT?vbX _2bX G2iiX- R8- d8k

GBpBM;biQM- qX- >�`p2v- CX qX- J�H�Mmb?2MFQ- PX oX- � q2#bi2`- GX kyye- aQHX S?vbX- kjN- 9R

GQ`/ E2HpBMX R3dR- S?BHQbX J�;X- 9k- jek

GQm`2B`Q- LX 6X- � "QH/v`2p- aX kyRd- �TC- 38y- R3k

GQm`2B`Q- LX 6X- a+?2FQ+?B?BM- �X �X- � wQ++Q- �X kyRj- S?vbX _2pX G2iiX- RRR- yk8yyk

J�Fr�M�- EX- GB- >X- :mQ- 6X- � GB- sX kyRd- CX S?vbX, *QM7X a2`X- 3jd- yRkyy9

J�HH2i- �X- a+?2FQ+?B?BM- �X �X- � *?�M/`�M- "X .X :X kyRd- JL_�a- 9e3- 93ek

J2Hx�MB- JX- q�H/2`- _X- 6QHBMB- .X- qBMBb/Q2`z2`- *X- � 6�p`2- CX JX kyR9- �bi`QMQKv � �bi`Q@
T?vbB+b- 8dy- �RRR

J2Hx�MB- JX- qBMBb/Q2`z2`- *X- q�H/2`- _X- 2i �HX kyRj- �bi`QMQKv � �bi`QT?vbB+b- 883- �Rjj

JB;MQM2- �X- J�iiB�- :X- � "Q/Q- :X kyR3- S?vbX Q7 SH�bK�b- k8- yNkRR9

JB;MQM2- �X- w�MMB- *X- hx272`�+Qb- SX- 2i �HX kyRR- �TCa- RN3

JBm`�- �X- � S`Bi+?2ii- SX GX RN3k- CX Q7 :2QT?vbX _2bX- 3d- d9jR

k83



JBxmMQ- uX- >�`/22- SX 1X- � LBb?BF�r�- EX@AX kyye- SQaJZqe- 3e

JQx2`- 6X- � S`Bi+?2ii- SX kyRy- S?vbB+b hQ/�v- ej- j9

JmMQx- SX �X- � "Ƀ+?M2`- CX kyR3- S?vbX _2pX 1- N3- y9jky8

L�`�v�M- _X- � J+*HBMiQ+F- CX 1X kyy3- L2r �bi`QMQKv _2pB2rb- 8R- djj

L�`�v�M- _X- � uB- AX RNN9- h?2 �bi`QT?vbB+�H CQm`M�H- 9k3- RjRe

ěX RNN8�- �TC- 98k- dRy

ěX RNN8#- h?2 �bi`QT?vbB+�H CQm`M�H- 98k- dRy

L�a�X kyy3- >�HHQr22M aiQ`Kb Q7 kyyj aiBHH i?2 a+�`B2bi- https://www.nasa.gov/topics/

solarsystem/features/halloween_storms.html- �++2bb2/, yd@k9@kyRN

LBb?BF�r�- AX EX- >�`/22- SX 1X- .mi�M- AX- 2i �HX kyRk- �TC- dNj- ey

LQ`i?`QT- hX :X RNeR- �MMX Q7 S?vbX- R8- R

ěX RNej�- _2pX :2QT?vbX- R- j

ěX RNej#- �/B�#�iB+ JQiBQM Q7 *?�;2/ S�`iB+H2b- oQHX kR UAMi2`b+B2M+2 Sm#HBb?2`bV

LmK�i�- _X- � GQm`2B`Q- LX kyR8- CX SH�bK� S?vbX- 3R- jy83RykyR

PbK�MQp- wX- JB;MQM2- �X- J�bb�;HB�- aX- "Q/Q- :X- � 62``�`B- �X kyy3- �bi`QMQKv � �bi`QT?vbB+b-
9Ny- 9Nj

S�`F2`- 1X LX RN8d- CX :2QT?vbX _2bX- ek- 8yN

ěX RNej- �TX CX- 3- Rdd

ěX RNdj- �TX CX- R3y- k9d

S?�M- hX .X- a?�v- JX �X- :QbHBM;- CX hX- 2i �HX kyRj- :2QT?vbB+�H _2b2�`+? G2ii2`b- 9y- 99d8

S`Bi+?2ii- SX GX kyyj- BM G2+im`2 LQi2b BM S?vbB+b- "2`HBM aT`BM;2` o2`H�;- oQHX eR8- aT�+2 SH�bK�
aBKmH�iBQM- 2/X CX "Ƀ+?M2`- *X .mK- � JX a+?QH2`- RĜk9

Zm�i�2`i- 1X- .Q`H�M/- qX- � >�KK2ii- :X qX kyyk- h?2 �bi`QT?vbB+�H CQm`M�H- 8dd- 8k9

Zm�i�2`i- 1X- � :`mxBMQp- �X RNNN- �TC- 8ky- k93

_2bbH2`- aX JX- h+?2F?QpbFQv- �X- Zm�i�2`i- 1X- *?�M/`�- JX- � :�KKB2- *X 6X kyR8- JQMi?Hv
LQiB+2b Q7 i?2 _Qv�H �bi`QMQKB+�H aQ+B2iv- 989- R393

_2bbH2`- aX JX- h+?2F?QpbFQv- �X- Zm�i�2`i- 1X- � :�KKB2- *X 6X kyRd�- JL_�a- 9ed- jey9

ěX kyRd#- JQMi?Hv LQiB+2b Q7 i?2 _Qv�H �bi`QMQKB+�H aQ+B2iv- 9ed- jey9

k8N
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_B++B- SX- G�T2Mi�- :X- � "`�+F#BHH- CX lX kyyj- S?vbX Q7 SH�bK�b- Ry- j889

_B[m2HK2- JX �X- Zm�i�2`i- 1X- a?�`K�- SX- � aTBiFQpbFv- �X kyRk- h?2 �bi`QT?vbB+�H CQm`M�H-
8y

_B[m2HK2- JX �X- Zm�i�2`i- 1X- � o2`b+?�`2M- .X kyR8- h?2 �bi`QT?vbB+�H CQm`M�H- 3yy- kd

_Qr�M- JX 1X- aB`QMB- GX- � L�`�v�M- _X kyRd- �TC- 38y- kN U_aLRdV

_v�M- "X _X- _2bbH2`- aX JX- .QH2M+2- CX *X- :�KKB2- *X- � Zm�i�2`i- 1X kyR3- �TC- 3e9- Rke

a�/QrbFB- �X- aB`QMB- GX- �#�`+�- .X- 2i �HX kyRj- JQMi?Hv LQiB+2b Q7 i?2 _Qv�H �bi`QMQKB+�H
aQ+B2iv- 9jk- 9d3

a�/QrbFB- �X- qB2H;mb- JX- L�`�v�M- _X- 2i �HX kyRd- JQMi?Hv LQiB+2b Q7 i?2 _Qv�H �bi`QMQKB+�H
aQ+B2iv- 9ee- dy8

a�pBixFv- �X- � :QH�v- JX CX 1X RNe9- �M�HviB+�H *?2KBbi`v- je- Rekd

a+?BM/H2`- EX- � >2bb2- JX RN33- CX :2QT?vbX _2bX- Nj- 889d

a+?Q2|2`- EX JX- .`�F2- CX 6X- � arBb/�F- JX kyRR- h?2 �bi`QT?vbB+�H CQm`M�H- d9j- dy

a+?Q2|2`- EX JX- .`�F2- CX 6X- arBb/�F- JX- � EMBx?MBF- EX kyRj- h?2 �bi`QT?vbB+�H CQm`M�H-
de9- Rke

a2`pB+2- �X hX RN3e- �TC- jyd

a?�H�#v- JX- "`Q/2`B+F- �X 1X- *?�M;- SX- 2i �HX kyRd- h?2 �bi`QT?vbB+�H CQm`M�H- 39R- 8k

a?�v- JX �X- 6`�F2- CX 6X- � arBb/�F- JX kyyd- S?vbX _2pX G2iiX- NN- R88yyk

a?�v- JX �X- >�;;2`iv- *X *X- J�ii?�2mb- qX >X- 2i �HX kyR3- S?vbX Q7 SH�bK�b- k8- yRkjy9

a?�v- JX �X- >�;;2`iv- *X *X- S?�M- hX .X- 2i �HX kyR9- S?vbX Q7 SH�bK�b- kR- RkkNyk

a?mFH�- *X- .�b- �X- � S�i2H- EX kyRe- S?vbX Q7 SH�bK�b- kj- y3kRy3

aAGaPqQ`H/ .�i� *2Mi2`X R3R3ĜkyRd- AMi2`M�iBQM�H amMbTQi LmK#2` JQMi?Hv "mHH2iBM �M/ QMHBM2
+�i�HQ;m2

aB`QMB- GX kyR8- �TC- 3yy- 3N

aB`QMB- GX- :B�MMBQb- .X- � S2i`QTQmHQm- JX kyRe- JQMi?Hv LQiB+2b Q7 i?2 _Qv�H �bi`QMQKB+�H
aQ+B2iv- 9ek- 93

aB`QMB- GX- � L�`�v�M- _X kyR8- �TC- 3yy- 33

aB`QMB- GX- S2i`QTQmHQm- JX- � :B�MMBQb- .X kyR8- JQMi?Hv LQiB+2b Q7 i?2 _Qv�H �bi`QMQKB+�H
aQ+B2iv- 98y- R3j

key



aB`QMB- GX- � aTBiFQpbFv- �X kyRR- h?2 �bi`QT?vbB+�H CQm`M�H- dke- d8

ěX kyR9- �TCG- d3j- R

aTBiFQpbFv- �X kyy8- �AS *QM72`2M+2 S`Q+22/BM;b- 3yR- j98

ai2BM#2`;- :X- 2i �HX kyyd- �MMX :2QT?vb- k8- k9jN

aiQM2- CX JX- S`BM;H2- CX 1X- � "2;2HK�M- JX *X RNNN- JL_�a- jRy- Ryyk

ar22i- SX �X RN83- BM A�l avKTQbBmK e- 1H2+i`QK�;M2iB+ S?2MQK2M� BM *QbKB+�H S?vbB+b- 2/X
"X G2?M2`i- oQHX Rkj- k8Ĝ8j

avM;2- CX GX RN8d- h?2 `2H�iBpBbiB+ :�b ULQ`i?@>QHH�M/ Sm#HBb?BM; *QKT�MvV

h+?2F?QpbFQv- �X- L�`�v�M- _X- � J+EBMM2v- CX *X kyRR- JL_�a G2ii2`b- 9R3- GdN

h2M"�`;2- CX JX- .�m;?iQM- qX- E�`BK�#�/B- >X- >Qr2b- :X :X- � .Q`H�M/- qX kyRj- S?vbX Q7
SH�bK�b- kR- ykydy3

h?2 1>h *QHH�#Q`�iBQM- 2i �HX kyRN- �TCG- 3d8

lK2/�- hX- PKm`�- uX- hQKBM�;�- hX- � J�ibmKQiQ- >X kyyj- *QKTmi�iBQM�H S?vbB+b *QKKm@
MB+�iBQMb- R8e- dj

lx/2MbFv- .X �X kyRR- aT�+2 a+B2M+2 _2pB2rb- Rey- 98

lx/2MbFv- .X �X- GQm`2B`Q- LX 6X- � a+?2FQ+?B?BM- �X �X kyRy- S?vbX _2pX G2iiX- Ry8- Re

o�v- CX@GX kyy3- S?vbB+b Q7 SH�bK�b- R8- y8edyR

oQM >2HK?QHix- >X- � JQM�ib- EX R3e3- S`2mbbX �F�/X qBbbX "2`HBM- kj- kR8

q�M;- aX- *?2M- GX@CX- "2bb?Q- LX- 2i �HX kyRe- CX Q7 :2QT?vbX _2bX- RkR- j

q2`M2`- :X _X- � lx/2MbFv- .X �X kyRd- �TCG- 39j- k
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